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Gravitational Energy

 Tatal → (quasi-)local level

 Black hole thermodynamics (internal energy, entropy, angular momentum)

 Penrose inequality

 Numerical



Gravitational Energy

 known that these quantities cannot be given by a local density.

 Modern understanding: 

 Quasi-local (associated with a closed 2-surface),

 they have no unique formula

 they have no reference frame independent description 

 GR pseudo-tensors: Einstein 1915, Hilbert 1916, Lorentz 1916, Klein 1918 
Papapetrou ‘48, Bergmann-Thompson ‘53, Møller ‘58, Landau-Lifshitz ‘62, Weinberg 
‘72(MTW)

 Quasi-local ideas: Goldberg ’58, Møller ‘61, Witten spinor ‘83, Brown & York ‘93, Bicak
& Katz & Lynden-Bell ‘95, Chen & Nester & Tung ‘95, Epp ‘00, Petrov-Katz ‘02, 
Kijiowski ‘97, Liu-Yau ‘03, Wang-Yau ’09

 Wald formalism (generalize BY to any diffeomorphism covariant theory)

[L.B. Szabados, Living Rev. Relativ. 12 (2009) 4]



Brown-York mass for the first Law of BH 
thermodynamics (GR)



Wald Formalim for the first Law of BH 
thermodynamics (diffeomorphism covariant)



Wald Formalim for the first Law of BH 
thermodynamics Phys. Rew. D 48 3427 (‘93)

 0th Law:                                                                                                                            

(in an arbitrary theory of gravity, a BH with constant surface gravity will “Hawking radiate” 
at                      )

 1st Law:          

D-form

(D-1)-form

(So 𝐐 as the Noether charge (D-2)-form relative to, local symmetry, vector filed 𝜒𝑎. ) 

 Noether charge :   



Einstein-Aether Theory

 在這裡鍵入方程式。



Einstein-Aether Theory

 Eddington-Finkelstein:

 The Killing and aether voctor is:  

 From the renormalization condition:  

 Define a spacelike vector:  



Universal horizon
[Blas & Sibiryakov, Phys. Rev. D 84 (2011) 124043.]

 KH:      𝜒𝑎𝜒
𝑎 = 0

 UH:      𝑢𝑎𝜒
𝑎 = 0,

 [Blas & Sibiryakov, Phys. Rev. D
84 (2011) 124043]

 [K. Lin, O. Goldoni, MF da Silva, A. 
Wang, Phys. Rev. D. 91 024047] 



Causal structure with broken Lorentz 
Symmetry

 [Kai Lin, Elcio Abdalla, Rong-Gen Cai& Anzhong Wang, IJMPD 23, No. 13 (2014) 
1443004]



Einstein-Maxwell-Aether Theory

Killing horizon: 

Universal horizon: 



Surface gravity: (T)emperature



Smarr Formula

 D=4, the Noether charge:

 The Smarr formula at UH: 



Smarr Formula

 c14 =0 : 



Smarr Formula

 c123 =0 : 



Discussion

 We apply quasi-local energy idea to some alternative gravity theory

 We can investigate quasi-local energy in horizon thermodynamics.

 For entropy, 𝑆 =
𝐴𝑈𝐻

4
?  

 Integral formula to differential formula



Thank you


