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Mainly, in Nf=8

3. Eigenvalues and Anomalous dimension
♠ Nf=8 is a candidate for the walking.
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1. Introduction





What happens in the walking/conformal phase?

In the topological nature,



★ Index theorem

★ Leutwyler-Smilga relation

★ Banks-Casher relation

In hadron phase: 

★ Flavor singlet Pseudo-scalar meson ⇐ (famous) U(1) problem

★ Eigenvalue distribution

Fµν
�Fµνfermionic chiral zero mode ⇔ gluonic

fermionic zero mode

ρ(λ) in p- and ε-regime, 

ν(λ) =

� λ

−λ
ρ(λ)dλ

Witten-Veneziano formula 

fπ �
�

NcIn Veneziano limit: O(1/Nc) expansion, because of 
Nf

Nc
� 1

�Q2
top�/V = Σmf/Nf

�ψ̄ψ� = lim
m→0

lim
V→∞

�
dλρ(λ)

2m

λ2 +m2
= πρ(λ = 0)



2. Topological charge and susceptibility
Mainly, in Nf=8

♠ Nf=8 is a candidate for the walking.



Gradient flow (Wilson flow, Symanzik flow)

Key technology in the lattice studies, nowadays.

M. Luscher, (2009, 2010)

∂tV (x, µ) = −g20{∂x,µSg(Vt)}Vt(x, µ), Vt(x, µ)|t=0 = U(x, µ),

Example) In the continuum QED,

In QCD and BSM, 



4th order Runge-Kutta method

(M.Luscher, JHEP1008 (2010) 071)

Wilson flow (SWilson) → Symanzik flow (SSymanzik)

Our case: 

ε=0.03
(If ε=0.1 for instance, RK doesn’t solve correctly or 5th order RK is needed.



We re-use LatKMI configurations generated for 
the flavor-singlet scalar meson.

Tree-level Symanzik gauge + HISQ fermions

L^3 x (4L/3)

Periodic boundary condition in spatial-dir. 

Anti-PBC in time-dir.

L=12, 18, 24, 30, 36, 42, (48)



Qtop vs  Symanzik flow time

t2Eplaq vs  flow time

In Nf=8 at mf=0.06 on L=24

Qtop vs  #trajectory
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t0 vs mπ  : Scale determination:

 t2E vs t (flow time) in Nf=16

Nf=4;  flat in mπ→0

Nf=12;  blowup in mπ→0

Nf=8;  ? in mπ→0



Nf=8 Finite volume study of χtop 
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χ = Cmf + f(a) f(a): lattice artifact

χ1/4 = (Cmf + f(a))1/4

χ1/4 = Am
1

1+γ

f

χ1/4 vs mf

Nf=8 and 12 data and fit

both ChPT and Hyperscaling
→ It seems to be good.

γ=1.04(4) in Nf=8

(blue line)

(green line)

γ=0.43(5) in Nf=12
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Nf=4:  χ1/4/mπ & χ1/4√8t0 for mπ & √8t0 → 0
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steep slope

flat

Nf=8:  between Nf=4 and 12  



Summary-(1):   Qtop and χtop 

it is difficult with current data to determine 
whether Nf=8 is confining/walking/conformal.

From Qtop and χtop,

However,  
χtop  in Nf=8  is just between Nf=4 and 12.

If χtop  in Nf=4 is regarded as in the hadron phase
If χtop  in Nf=12 is regarded as in the conformal phase

⇒ Nf=8 is in the near-conformal/walking phase.

{ Nf

NAF
f

N crit
f

Asymptotic non-free

Conformal window

Walking Technicolor

QCD-like

(near the conformal edge)

We have to confirm this conjecture.

γ=1.04(4)

γ(Nf=12)=0.43(5)



3. Eigenvalues and Anomalous dimension



Banks-Casher relation

ρ(λ) is measured in the dynamical gauge background. 
⇒ 

ν(λ,mf ) =

� λ

0
ρmf (ω)dω ,  λ=√EV(D†HISQDHISQ) , for D†HISQDHISQ+mf2  

If the system is in the conformal,

α+ 1 =
4

1 + γ

γ is a function of λ and mf; γ=γ(λ, mf)

α+ 1 =
ln ν2 − ln ν1
lnλ2 − lnλ1

where λ2 = λ1 +∆

ν(λ,mf ) = d1λ
α+1

ρmf (λ) = �ρ(λ)�mf
�O�mf =

�
dUO(U) det(iλ(U) +mf ) exp(−Sg(U))

⇒ local γ (γeff)

�ψ̄ψ� = lim
m→0

lim
V→∞

�
dλρ(λ)

2m

λ2 +m2
= πρ(λ = 0)

★ Contribution of λ~0 region (IR) 
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Nf=8, mf=0.04,  mode number counting, ν(λ) log-log plot

Nf=8, mf=0.04,  spectral density, ρmf(λ) log-log plot
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Effective γeff from ρ(λ) and ν(λ)

γeff =0.5~0.7 for   λ>0.1~0.2 (>>mf)
This value is smaller than γ from the spectroscopy.

from ν(λ)from ρmf(λ)



At λ~0, ρ(λ) has the strong dependence of Δλ(=bin size of histogram).
For finer Δλ,  ρ(λ~0) has a peak. → mass deformed effect?
ρmf (λ) = c0 + c1λ

α is not valid.

ν(λ,mf ) = d0λ+ d1λ
α+1 doesn’t describe exactly this behavior.

ν(λ,mf ) =

� λ

0
ρmf (ω)dω

Behavior and Care in λ~0 region:



At λ~0, ρ(λ) has the strong dependence of Δλ(=bin size of histogram).
For finer Δλ,  ρ(λ~0) has a peak. → mass deformed effect?

Behavior and Care in λ~0 region:

Is it similar to the ε-regime ChPT?
c.f.   H.Fukaya et al., PRL104(2010)122002
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Furthermore;  to consider λ~0 (IR) region

Size independent for λ>0.2 >> mf
Nf=8, mf=0.04,  ν(λ)
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It seems that ν(λ) is independent of mf 
for λ>0.2 >> mf

⇒ γ obtained from λ>0.1~0.2 ≡ the anomalous dimension?

For λ<0.1,  ν(λ) is not simple power behavior.



Summary-(2): EV and γ

From EV distribution and the mode number counting,

smaller than that from spectroscopy (γ=0.7~1.0)

Why?
We estimate γ from large λregion.   (λ>>mf)

Our simulation is done in mf≠0 dynamical gauge background. 
⇒ How to take mf→0 ?

⇒ near UV λ? (very far from IR?)

At λ~0, the peak in ρ(λ) appears. Is this similar to theε-regime ChPT? 
(Due to mass deformed, mf≠0 effect ?)

⇒ We should make clear.

⇒ How to treat λ~0 region ?

γ =0.5~0.7 (Nf=8)  for   λ>0.1~0.2 (>>mf)



Summary 

 SU(3) gauge theories with 8 HISQ quarks.

µ

( ) (µ)

Preliminary (data updated: 2013→2014→2015)

 Topological charge & susceptibility ⇒ 
          + Gradient flow 

 Dirac Eigenvalue Distribution (Mode Number Counting)
   ⇒ Anomalous dimension ⇒ but, small value

Fµν
�Fµν

We have a lot of issues to understand a large Nf QCD

γ=1.04(4) in Nf=8
it is difficult with current data to determine whether Nf=8 is confining/walking/conformal.

Care of λ=0 region and mf→0



What we are doing, What we are planning.
Furthermore, 



(1) Index theorem

(3) Leutwyler-Smilga relation

(2) Banks-Casher relation

(4) Flow ⇒ smearing (smoothing)

(5) Glueball, String tension (Wilson loop), Polyakov loop

(6) Flavor singlet scalar meson (re-calc.), Cross Corr. with G-ball

(7) Flavor singlet Pseudo-scalar meson ⇒ probe of U(1)A

(0) In each Qtop sector

Discussion: In conformal/walking phase



After the flow,  
it is possible to obtain the clear signal of EVs of staggered fermions.

original, t=0

flowed, t=1.125
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Chirality in the spectral-”flow”

⇒ After the flow, the (would-be) zero mode appears with 
definite chiralities=±1.

⇒ good application to the topological insights



(1) Index theorem

(3) Leutwyler-Smilga relation

(2) Banks-Casher relation

(4) Flow ⇒ smearing (smoothing)

(5) Glueball, String tension (Wilson loop), Polyakov loop

(6) Flavor singlet scalar meson (re-calc.), Cross Corr. with G-ball

(7) Flavor singlet Pseudo-scalar meson ⇒ probe of U(1)A

(0) In each Qtop sector

Discussion: In conformal/walking phase



effective mass, mG = log
CH(t)

CH(t+ 1)

t=0:  no plateau →　cannot extract mG

t>0:  plateau (?),  better signal than t=0 case → mG or mG√t0

t

(0++)



(1) Index theorem

(3) Leutwyler-Smilga relation

(2) Banks-Casher relation

(4) Flow ⇒ smearing (smoothing)

(5) Glueball, String tension (Wilson loop), Polyakov loop

(6) Flavor singlet scalar meson (re-calc.), Cross Corr. with G-ball

(7) Flavor singlet Pseudo-scalar meson ⇒ probe of U(1)A

(0) In each Qtop sector

Discussion: In conformal/walking phase



η’ mass

U(1)A in conformal phase ?

mη’ in Nc<Nf<Nfcr and Nf>Nfcr ?

In the region of Nf/Nc <<1 or >>1 ?

�ψ̄ψ� = lim
m→0

lim
V→∞

�
dλρ(λ)

2m

λ2 +m2
= πρ(λ = 0) =0

Witten-Veneziano formula,  Veneziano limit ?

mη’ ?

?�∂µj5µ� Qtop χtop ρ(λ), , ,Instanton ,?



In Progress & In the near future

(1) Index theorem

(3) Leutwyler-Smilga relation

(2) Banks-Casher relation

(4) Flow ⇒ smearing (smoothing)

(5) Glueball, String tension (Wilson loop), Polyakov loop

(6) Flavor singlet scalar meson (re-calc.), Cross Corr. with G-ball

(7) Flavor singlet Pseudo-scalar meson ⇒ probe of U(1)A

(0) In each Qtop sector



Thank you 


