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Walking technicolor

Nf massless fermions + SU(NTC) gauge at O(1) TeV

Model requirement:
• Spontaneous chiral symmetry breaking
• Slow running (walking) coupling in wide scale range

SU(3) gauge theory
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Small Nf Middle Nf Large Nf ≤ 16
Chiral symmetry breaking ← phase boundary → Conformal

• Large anomalous mass dimension γ∗ ∼ 1 in walking region
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Walking technicolor

Nf massless fermions + SU(NTC) gauge at O(1) TeV

Model requirement:
• Spontaneous chiral symmetry breaking
• Slow running (walking) coupling in wide scale range
• Large anomalous mass dimension γ∗ ∼ 1 in walking region

• Higgs ≈ Light composite scalar
pNGB (technidilaton)

of scale symmetry breaking

mHiggs/vEW ∼ 0.5 = mσ/(
√
NdF )

F : decay constant, Nd : number of weak doublets

usual QCD mσ/F ∼ 4–5
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Conditions of walking technicolor

• Spontaneous chiral symmetry breaking
• Slow running (walking) coupling in wide scale range
• Large anomalous mass dimension γ∗ ∼ 1 in walking region
• Light composite scalar

Question: Such a theory really exists?

Nonperturbative calculation is important.
→ numerical calculation with lattice gauge theory
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Recent studies in our project
Purpose in our project

Search for candidate of walking technicolor

Systematic investigation of Nf dependence
SU(3) gauge theory with Nf = 0,4,8,12,16 fermions

Common setup for all Nf : Improved staggered action (HISQ/Tree)
Cheaper calculation cost + small lattice systematic error

HISQ: ’07 HPQCD and UKQCD; HISQ/Tree: ’12 Bazakov et al.

Basic physical quantities: mπ, Fπ, mρ, 〈ψψ〉
Nf = 4: PRD86(2012)054506:PRD87(2013)094511 [Poster: Kurachi]
Nf = 8: PRD87(2013)094511 [Talk: Nagai (Thu.)]
Nf = 12: PRD86(2012)054506 [Talk: Ohki (Thu.)]

Nf = 8 may be candidate of walking theory
some results updated from papers

[Poster]
Nf = 12 glueball: [Rinaldi], Nf = 16: [Yamazaki]
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Recent study of LatKMI Collaboration
Search for candidate of walking technicolor

Nf = 12: PRD86(2012)054506; Nf = 8: PRD87(2013)094511

chiral broken → walking → conformal increasing Nf

Signal of phase

• Chiral broken phase
Simulations at mf *= 0

mf → 0: mπ → 0 and Fπ *= 0 ⇒
Fπ

mπ

mπ→0−−−−→ ∞

• Conformal phase
Simulations at mf *= 0: scale invariance breaking

→ bound states (mesons)
Hyperscaling with anomalous dimension γ∗ at small mf

mH = CH m
1/(1+γ∗)
f

Fπ = CF m
1/(1+γ∗)
f

⇒
Fπ

mπ

mπ→0−−−−→ constant

Different mf(mπ) dependence in two phases
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Recent study of LatKMI Collaboration
Nf = 12: PRD86(2012)054506; Nf = 8: PRD87(2013)094511 + updates

Fπ/mπ → ∞ Fπ/mπ → constant
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Recent study of LatKMI Collaboration
Nf = 12: PRD86(2012)054506; Nf = 8: PRD87(2013)094511 + updates

Chiral broken Conformal
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Recent study of LatKMI Collaboration
Nf = 12: PRD86(2012)054506; Nf = 8: PRD87(2013)094511 + updates

Chiral broken Conformal
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Recent study of LatKMI Collaboration
Nf = 12: PRD86(2012)054506; Nf = 8: PRD87(2013)094511 + updates

Chiral broken Fπ → F *= 0 Conformal Fπ → Cm
1/(1+γ)
f
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Recent study of LatKMI Collaboration
Nf = 12: PRD86(2012)054506; Nf = 8: PRD87(2013)094511 + updates

Chiral broken Fπ → F *= 0 Conformal Fπ → Cm
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f
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Recent study of LatKMI Collaboration
Nf = 12: PRD86(2012)054506; Nf = 8: PRD87(2013)094511 + updates

Chiral broken Fπ → F *= 0 Conformal Fπ → Cm
1/(1+γ)
f
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Recent study of LatKMI Collaboration
Search for candidate of walking technicolor

Nf = 12: PRD86(2012)054506; Nf = 8: PRD87(2013)094511 + updates

Nf = 4 QCD: Spontaneous chiral symmetry breaking

Nf = 12 QCD: Consistent with conformal phase

Nf = 8 QCD may be a candidate of Walking technicolor
• Spontaneous chiral symmetry breaking

Fπ/mπ → ∞ and Fπ *= 0 towards mf → 0
• Slow running (walking) coupling in wide scale range

Approximate hyperscaling in Fπ

• Large anomalous mass dimension γ∗ ∼ 1 in walking region
γ = 0.6–1.0: Hyperscaling-like behavior of mπ, Fπ, mρ

• Light composite scalar ⇐ Important to check!

Next: Flavor-singlet scalar in (approximate) conformal theory
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Composite flavor-singlet scalar
in Nf = 12 and 8 QCD



Difficulty of flavor-singlet scalar meson

• Flavor non-singlet scalar meson SNS(t) =
∑

&x

ψa(&x, t)ψb(&x, t) (a *= b)

〈0|SNS(t)S
†
NS(0)|0〉 = = −C(t)

c.f. mπ, Fπ from non-singlet pseudoscalar

O(100) configurations × O(1) D−1[U ](x, y)

• Flavor-singlet scalar meson S(t) =
∑

&x

ψa(&x, t)ψa(&x, t)

〈0|S(t)S†(0)|0〉 = −C(t) + (Nf/4)D(t) (disconnected)

D(t) = −
2

Much harder but essential for flavor-singlet

O(10000) configurations × O(100) D−1[U ](x, x)
using noise reduction method

’97 Venkataraman and Kilcup
9



Difficulty of flavor-singlet scalar meson

• Flavor non-singlet scalar meson SNS(t) =
∑

&x

ψa(&x, t)ψb(&x, t) (a *= b)

〈0|SNS(t)S
†
NS(0)|0〉 = = −C(t)

c.f. mπ, Fπ from non-singlet pseudoscalar

O(100) configurations × O(1) D−1[U ](x, y)

• Flavor-singlet scalar meson S(t) =
∑

&x

ψa(&x, t)ψa(&x, t)

〈0|S(t)S†(0)|0〉 = −C(t) + (Nf/4)D(t) (disconnected)

D(t) = −
2

Much harder but essential for flavor-singlet
O(10000) configurations × O(10) D−1[U ](x, x)

using noise reduction method
’97 Venkataraman and Kilcup

used in Nf = 2+ 1 η′: Gregory et al.; Nf = 12 σ: Jin and Mawhinney
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Composite flavor-singlet scalar in Nf = 12 QCD



Purpose of Nf = 12 QCD calculation

Why Nf = 12

• Investigated by many groups
’08,’09 Appelquist et al., ’10 Deuzeman et al., ’10,’12 Hasenfratz,

’11 Fodor et al., ’11 Appelquist et al., ’11 DeGrand, ’11 Ogawa et al.,

’12 Lin et al., ’12,’13 Iwasaki et al., ’12,’13 Itou, ’12 Jin and Mawhinney, and · · ·

In our work PRD86(2012)054506 [Talk: Ohki (Thu.)]

consistent behavior with conformal phase

• A few studies of flavor-singlet scalar in conformal theory
1. SU(2) Adjoint Nf = 2 glueball: ’09 Del Debbio et al.
2. SU(3) Nf = 12 meson: ’12 Jin and Mawhinney

c.f. SU(3) Nf = 12 meson: ’13 LH Collaboration

Purpouse of this work
Understand properties of flavor-singlet scalar in Nf = 12

regarded as pilot study of Nf = 8 theory
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Flavor-singlet scalar in Nf = 12 QCD
PRL111(2013)162001

Simulation parameters

• β = 4 HISQ/Tree action
calculation of mσ

• Huge number of configurations
measuring every 2 tarj.

• Four mf on more than two volumes

• Noise reduction method with Nr = 64

• Local meson operator of (1⊗ 1)

L, T mf confs
24,32 0.05 11000

0.06 14000
0.08 15000
0.10 9000

30,40 0.05 10000
0.06 15000
0.08 15000
0.10 4000

36,48 0.05 5000
0.06 6000

Machines: ϕ at KMI, CX400 at Kyushu Univ.
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Effective mass in Nf = 12 PRL111(2013)162001

mf = 0.06, L = 24 with Nconf = 14000
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with smaller error
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X+(t) = 2X(t) +X(t+1)+X(t− 1)

Good signal of mσ from D(t)
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Effective mass in Nf = 12 PRL111(2013)162001
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mf dependence in Nf = 12 PRL111(2013)162001

mσ from fit of 3D(t) with t = 4–8
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Reasonable signals with almost 10% statistical error
Systematic error from fit range dependence of mσ

Finite volume effect under control ← 2 larger volumes agree
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Flavor-singlet state from Glueball operator
[Poster: Rinaldi]

Flavor-singlet scalar (0++glueball) operator from U

Oi =

Glueball spectroscopy: operators

! eigenstates of the Hamiltonian are classified according to the 
irreducible representations of the cubic group

! suitable gauge-invariant operators must be constructed that 
respect the symmetries

! vacuum contributions must be subtracted in the scalar case

! improved operators are obtained by blocking and smearing 
algorithms

Lucini, Rago, ER JHEP08(2010)

J
H
E
P
0
8
(
2
0
1
0
)
1
1
9

J A1 A2 E T1 T2

0 1 0 0 0 0

1 0 0 0 1 0

2 0 0 1 0 1

3 0 1 0 1 1

4 1 0 1 1 1

Table 1. Subduced representations J ↓ GO of the octahedral group up to J = 4. This table
illustrates the spin content of the irreducible representations of GO in terms of the continuum J .

3 Extracting glueball masses

In this section we present the construction of our operators and we review the general

methodology for extracting glueball masses. While the standard variational procedure and

the construction of operators in irreducible representations of the cubic lattice group is well

known, this is, up to our knowledge, the first systematic attempt of inserting scattering

and torelon operators into the variational set, in order to rule out from the spectrum

contributions of these spurious states.

Symmetries of the lattice spectrum. At finite lattice spacing a the continuum rota-

tion group is not an exact symmetry of the system. The full continuum rotational symmetry

is dynamically restored only when a → 0. On the lattice, eigenstates of the Hamiltonian

have to fall into the irreducible representations of the octahedral point group GO, the sym-

metry group of the cube. The octahedral point group has 5 irreducible representations A1,

A2, E, T1 and T2 respectively with dimensions 1, 1, 2, 3, 3.

Since we are interested in the glueball spectrum of the gauge theory in the continuum,

we need to consider GO as a subgroup of the complete rotation group SO(3): irreducible

representations of SO(3) are decomposed in terms of those of GO. Irreducible representa-

tions of integer spin J in SO(3) restricted to GO are referred to as subduced representations

J ↓ GO. When considered as a representation of GO, the (2J +1) degeneracy of the contin-

uum spin J state is split onto different irreducible representations of GO. A simple example

of this kind of pattern is the spin 2 (tensor) glueball, whose 5 polarisations are seen on

the lattice as different states, 2 in the E and 3 in the T2 representation of GO. Due to

the breaking of continuum rotational symmetry on the lattice, the aforementioned pattern

of degeneracies is exact in the limit a → 0, but it is only approximate at finite a. Com-

paring the measured glueball spectrum with the expected pattern of degeneracy can give

information on the relevance of lattice artifacts.

Near the continuum limit, it is possible to identify the masses of spin J glueballs by

matching the patterns of degeneracies of the subduced representations J ↓ GO from the

degeneracy coefficients. We report these coefficients up to J = 4 in table 1. For any given

operator Ō on the lattice, we define a rotation transformation as Ri(Ō) where the index i

labels all the elements of the group GO.

Since a generic representation of the group will not be irreducible, in order to create

states that transform only in a given symmetry channel, we will need to create an appro-

– 4 –

{A1(1), A2(1), E(2), T1(3), T2(3)}

OG(t) =
1

L3

�

x∈L3

Tr




�

l∈W(x)

Ul



 O
(R)
G (t) =

24�

α=1

a(R)
α Rα [OG(t)]

O
(A1)(t)− �0|O(A1)|0�

Tuesday, 19 March 13

〈0|Oi(t)O
†
j(0)|0〉 − 〈0|Oi|0〉〈0|O

†
j |0〉, i, j = a, b, c

Same difficulty as meson operator → Huge statistical noise

Noise reduction techniques (Lucini, Rago, Rinaldi;JHEP08(2010)119)

• Fatting link
• Large size operator
• Diagonalization of correlation function matrix

Same mσ is obtained from meson and glueball correlators, in principle.

→ Reliability test of result
14



Comparison of effective mass in Nf = 12
meff(t) = log(CH(t)/CH(t+1)) t21−−−→ mH

Glueball correlator and meson D(t)
Results: comparison with gluonic observables Preliminary
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Larger error in glueball correlator

Reasonably consistent in large t
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mf dependence in Nf = 12 PRL111(2013)162001

mσ from fit of 3D(t) with t = 4–8
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Consistent mass from glueball operator calculation
→ show only meson results in the following pages

Consistent mass from glueball operator calculation
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mf dependence in Nf = 12 PRL111(2013)162001

mσ from fit of 3D(t) with t = 4–8

0 0.02 0.04 0.06 0.08 0.1 0.12
mf

0

0.1

0.2

0.3

0.4

0.5

0.6

m

σ (L=24)
σ (L=30)
σ (L=36)
hyperscaling fit

Hyperscaling test with fixed γ using larget volume at each mf

mσ = Cm
1/(1+γ)
f with γ = 0.414 from hyperscaling of mπ

PRD86(2012)054506

Consistent hyperscaling as mπ
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mf dependence in Nf = 12 PRL111(2013)162001

mσ from fit of 3D(t) with t = 4–8
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Lighter than π in all mf

Much different from Nf = 2 QCD

Conformal symmetry may make σ light
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mf dependence in Nf = 12 PRL111(2013)162001

mσ from fit of 3D(t) with t = 4–8
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mf dependence in Nf = 12 PRL111(2013)162001

mσ from fit of 3D(t) with t = 4–8
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Conformal symmetry may make σ light

Encouranging for observing light scalar
in approximate conformal theory
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Composite flavor-singlet scalar in Nf = 8 QCD



Flavor-singlet scalar in Nf = 8 QCD

Nf = 8 QCD may be candidate of walking theory; PRD87(2013)094511

[Talk: Nagai (Thu.)]

If flavor-singlet scalar is light

→ Possibility of composite Higgs (technidilaton)

Required conditon to explain mHiggs/vEW ∼ 0.5

mσ/F ∼ 1 in mf = 0 limit

c.f. usual QCD mσ/F ∼ 4–5

Purpose

1. Different from usual QCD?

2. Estimate mσ/F in mf = 0 limit

17



Flavor-singlet scalar in Nf = 8 QCD
report of preliminary results arXiv:1309.0711

Maybe candidate of walking theory; PRD87(2013)094511

Simulation parameters

• β = 3.8 HISQ/Tree action
calculation of mσ

• Huge number of configurations
measuring every 2 tarj.

• Five mf with three volumes

• Noise reduction method with Nr = 64

• Local meson operator of (1⊗ 1)

L, T mf confs
24,32 0.03 36000

0.04 50000
0.06 18000

30,40 0.02 8000
0.03 16500
0.04 12900

36,48 0.02 5000
0.015 3200

All results are preliminary.

Machines: ϕ at KMI, CX400 at Nagoya Univ.,
CX400 and HA8000 at Kyushu Univ.
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mf dependence in Nf = 8

mσ from fit of 2D(t) with t = 6–11
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Reasonable signals with statistical error < 20%
Systematic error from fit range dependence of mσ

Finite volume effect seems under control
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mf dependence in Nf = 8

mσ from fit of 2D(t) with t = 6–11
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Reasonable signals with statistical error < 20%
Systematic error from fit range dependence of mσ

mσ ∼ mπ in all mf
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mf dependence in Nf = 8

mσ from fit of 2D(t) with t = 6–11
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Reasonable signals with statistical error < 20%
Systematic error from fit range dependence of mσ

mσ ∼ mπ in all mf , much different from Nf = 2 QCD
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Chiral extrapolation (1) in Nf = 8
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linear fit

mσ = m0 +Amf : m0 = 0.054(28)( 8
70) →

mσ

F/
√
2
= 3.8(2.0)(1.45.0)

F = 0.0202(13)(5467) updated from PRD87(2013)094511

Fπ/
√
2 = 93 MeV in usual QCD
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Chiral extrapolation (2) in Nf = 8
ChPT with scale symmetry breaking ’13 Matsuzaki and Yamawaki
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0 + C ·m2
π + (chiral log of mπ)
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mσ ∼ mπ → C ∼ 1
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Chiral extrapolation (2) in Nf = 8
ChPT with scale symmetry breaking ’13 Matsuzaki and Yamawaki
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σ = m2

0 + C ·m2
π + (chiral log of mπ)
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’04 SCALAR Collaboration

mσ ∼ mπ → C ∼ 1: different from Nf = 2 QCD
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Chiral extrapolation (2) in Nf = 8
ChPT with scale symmetry breaking ’13 Matsuzaki and Yamawaki

m2
σ = m2

0 + C ·m2
π + (chiral log of mπ)
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linear fit

m2
0 < 0: data not in mσ > mπ region

Need to check mσ > mπ at smaller mf as in usual QCD
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Comparison of mσ in Nf = 8 with mHiggs

F/
√
2 = 123 GeV; One-family model (four-doublet fermions)

• Simple linear fit
mσ

F/
√
2
= 3.8(2.0)(1.45.0)

consistent with mHiggs = 125 GeV ∼ F/
√
2 within lower error

• ChPT with spontaneous scale symmetry breaking

m2
σ = −0.015(10)( 3

19)

consistent with m2
Higgs ∼ F2/2 within 1.6 standard deviations

• Several other fits, e.g., m2
σ/(Fπ/

√
2)2 = d0 + d1m

2
π

reasonably consistent results with above

Possibility to reproduce mHiggs
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Summary

Flavor-singlet scalar is important in walking technicolor theory.
Difficult due to huge noise in lattice simulation

⇒ Noise reduction method and large Nconf O(10000)

Results of Nf = 12 QCD (consistent behaviors with conformal phase)
- mσ < mπ; much different from small Nf QCD
- Conformal symmetry may make σ light

Results of Nf = 8 QCD (maybe candidate of walking technicolor)
- mσ ∼ mπ; much different from small Nf QCD
- Might be reflection of approximate conformal symmetry
- Need more data at smaller mf for reliable chiral extrapolation
- Several fit results suggest

Possibility of light composite scalar → mHiggs ∼ vEW

(technidilaton)
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