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Why SU(2)?

•Phenomenologically, Nc=2 and 3 equally interesting#
e.g.) A. Hietanen, R. Lewis, C. Pica, F. Sannino, arXiv:1308.4130#

•Different feature from SU(3) gauge theory#
-Deconfine transition is of 2nd order when Nf =0.#
- Pattern of χ-symmetry breaking: SU(2Nf)→Sp(2Nf)#

•Open question: vacuum alignment problem#
SUL(2)×UY(1) may not be broken.



Goal and How

To see whether this theory is IR conformal or not,#

• running coupling and mass!

• spectroscopy#

are independently studied on the lattice.
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II. Running coupling and mass#
Phys.Rev. D88 (2013) 094504



Perturbation Theory
Perturbative predictions for g2FP for SU(2) gauge theory in the MS scheme

＿

Nf 5 6 7 8 9 10

2-loop - 143.56 35.59 15.79 7.48 2.90

3-loop MS 38.10 20.68 13.25 8.65 5.26 2.47

4-loop MS - 30.10 15.21 9.55 5.58 2.52

TABLE I: The perturbative predictions for the IRFP, g2
FP, in the MS scheme for SU(2) gauge

theory.

II. PERTURBATION THEORY

In this section, we examine the perturbative predictions of the lower end of the conformal

window, the value of the fixed point and the mass anomalous dimension at the fixed point

by adopting the MS scheme [45].

A. fixed point

We define the β-function by

β(g2(L)) = L
∂ g2(L)

∂L
= b1 g4(L) + b2 g6(L) + b3 g8(L) + b4 g10(L) + · · · , (1)

where g(L) is the gauge coupling renormalized at length scale L. For SU(Nc) gauge theory

with Nf flavors in the fundamental representation, the first four coefficients are known in the

MS (and MS) scheme [46] (see Appendix A). Provided that two coupling constants defined

in two arbitrary schemes, g1 and g2 are related as

g2
1 = g2

2 [1 + c1g
2
2 + O(g4

2) ], (2)

the first two coefficients b1 and b2 are proven to be scheme-independent. We can also see

that, if g1 is the single-valued function of g2, the existence of the infrared fixed point (IRFP)

is scheme-independent. For Nc = 2 and Nf = 11, b1 vanishes and b2 is negative. Thus,

asymptotic freedom is lost for Nf ≥ 11. The perturbative predictions for the IRFP, g2
FP, in

SU(2) gauge theory with Nf flavors are summarized in Table I.

It should be noted that within the perturbation theory the existence of IRFP is mainly

determined by the sign of the highest order term considered in the β function. For example,

at the two-loop (three-loop) approximation, b2 < 0 for Nf ≥ 6 (Nf ≥ 4), and the IRFP

exists in the same Nf region. This is also true for SU(3) gauge theory as shown in Tab. II.

4
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Schrödinger Functional (SF) scheme

e−Γ[B] = ∫DUDψDψ e−S[U,ψ,ψ,C,C’]	

C, C’: gauge link at boundaries set by hand	

B : background gauge field set by C and C’	

Γ[B] : effective action	

!

Tree level: Γ0[B] = −1/[2 g02] ∫d4x Tr[ BμνBμν]	

     Γ[B] = −1/[2 gSF(L)2] ∫d4x Tr[ BμνBμν] + ...	

!
By changing L, “running” is measured.

__

time	

(Dirichlet)

space L	

(periodic)

0

L C’

C

Luscher, Weisz, Wolff, NPB(1991)

http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Luscher%2C%20Martin%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Weisz%2C%20Peter%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Wolff%2C%20Ulli%22


Previous studies with SF
Consistent with IR conformal	

• F. Bursa, L. Del Debbio, L. Keegan, C. Pica and T. Pickup, PLB 696, 374 (2011)	


- Unimproved Wilson. Max V=164	


- g2(IRFP) ~ 4 or larger	


• T. Karavirta, J. Rantaharju, K. Rummukainen and K. Tuominen, JHEP 1205,003(2012)	

- Improved Wilson (clover). Max V=164 for coupling (204 for running mass)	


- g2(IRFP) ~ 12	


No indication of IRFP	

• Fleming’s talk [arXiv:1311.4889]	


- Unimproved Wilson with smeared links. Max V=244	

- No evidence for IRFP below g2 ~ 30
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This work	

- Unimproved Wilson,  Max V=244 

- Perturbative improvement of scaling violation



Perturbative improvement
Define Discrete Beta Function B(u,s) by	


B(u,s) = 1/g2(s L) − 1/u        where u = g2 (L), s: step scaling factor	


Lattice DBF can be expressed as double expansion in 1/l (=a/L) and u;	


BLat(u,s,l) = 1/g2(s L, l) − 1/u	


                = B(u,s) + u  ( a1 / l + b1 / l2 + c1 / l3 + … )	


                              + u2 ( a2 / l + b2 / l2 + c2 / l3 + … )	


                              + u3 ( a3 / l + b3 / l2 + c3 / l3 + … )	


                              + …
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We explicitly calculated the O(u) error by lattice PT and removed that.

In the continuum limit, we assume that 1/l scaling violation dominates.



Perturbative improvement
Define Discrete Beta Function B(u,s) by	


B(u,s) = 1/g2(s L) − 1/u        where u = g2 (L), s: step scaling factor	


Lattice DBF can be expressed as double expansion in 1/l (=a/L) and u;	


BLat(u,s,l) = 1/g2(s L, l) − 1/u	


                = B(u,s) + u  ( a1 / l + b1 / l2 + c1 / l3 + … )	


                              + u2 ( a2 / l + b2 / l2 + c2 / l3 + … )	


                              + u3 ( a3 / l + b3 / l2 + c3 / l3 + … )	


                              + …

We explicitly calculated the O(u) error by lattice PT and removed that.

In the continuum limit, we assume that 1/l scaling violation dominates.



N. Yamada                                                                             Origin of Mass 2013@CP³-Origins, SDU, Odense, Denmark, August 22, 2013 

Continuum limit: linear in 1/l

In the weak coupling region, 
consistent with constant.	


In the strong coupling region, 
large scaling violation observed.	

Scaling violation remains linear.
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FIG. 2: Linear extrapolation of DBF to the continuum limit for s = 1.5.

D. Extraction of the continuum DBF

The continuum limit is taken for a fixed rescaling factor s=3/2 or 2 and with an input

value of u. The extrapolation is carried out for every jackknife ensemble, and the statistical

error in the continuum limit is estimated by the single elimination jackknife method.

Figures 2 and 3 show the continuum limit of Blat
1 (u, s, l) for s = 1.5 and 2 at the four

representative values of 1/u corresponding to u = 2 to 10, where the values in the con-

tinuum limit are shown in filled symbols. The results with (circles) and without (squares)

perturbative improvement are shown there. It turns out that the improvement shifts the

data and the continuum limit downward, and thus the continuum values with and without

improvement disagree as expected from the non-monotonic behavior of δ(1)(s, l).

While at 1/u = 0.5 the data show a small scaling violation or even no violation, non-zero

slope clearly appears in the strong coupling region. In general, the linear extrapolation

appears to be valid, and hence the continuum limit is expected to be reliable. However, at
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s=3/2
B(u,s) = 1/g2(s L) − 1/u  with  u =g2 (L)



DBF in the continuum limit

0.06 ≤ 1/uFP ≤ 0.15 	

Analysis with s=2 gives consistent result.
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FIG. 4: 1/u dependence of B(u, s) with s=2 (left) and 1.5 (right). The four-loop perturbative

prediction is also shown.

The DBF with one value of s does not have to agree with that with different value of s.

However, if the IRFP exists, the DBF for arbitrary s vanishes at the IRFP. Figure 4 shows

the 1/u dependence of the continuum DBF with s =2 (left) and s = 3/2 (right), where the

results are compared with the perturbative result found at the four-loop in the MS scheme.

The continuum DBF without the coarsest data point for s=2 (open squares) is consistent

with zero in 0.11 ≤ 1/u ≤ 0.13, which means that in this region the running coupling

constant reaches an IRFP. Note that, in the region of u where the DBF is positive it is

nontrivial for the continuum limit to exist. It is observed that the continuum limit using the

full data set for s = 2 appears to reach IRFP at 1/u ∼ 0.1 smaller than the case without

the coarsest data point.

The behavior of the continuum DBF with s = 3/2 (right panel of Fig. 4) is similar to

that with s = 2. In this case, the possible location of the IRFP is slightly more ambiguous

than the s = 2 case due to larger statistical error. We observe that the continuum DBF

is consistent with zero in 0.06 ≤ 1/u ≤ 0.15 for s = 3/2. Since this uncertainty covers

the possible range of the IRFP for s=2, we take the results at s=3/2 as the conservative

estimate for the IRFP.
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B(u,s) = 1/g2(s L) − 1/u  with  u =g2 (L)



Mass of Standard model fermions

•CsSF(μ): ETC dependent coefficient	


•CsSF-Lat(μ): finite renormalization connecting Lat to SF	


•〈SRLat(μ)〉: chiral condensate	


•ZSSF(μ1)/ZSSF(μ2): Calculated in this work

mensionless coefficient and is of O(1) at µ = METC. Its precise value depends on an explicit

ETC model. Eq. (8) does not depend on the scheme nor the scale2.

From eq. (4), the condensate at µ = METC can be written in terms of the condensate at

any other scale as

⟨ SX
R(1/METC) ⟩ =

ZX
S (1/METC)

ZX
S (a)

⟨ SX
R(a) ⟩ , (9)

where the lattice cutoff a is chosen as an example. The first factor on the r.h.s. describes

the running of the scalar bilinear operator, or equivalently the running of the renormalized

mass, and is calculated in the following sections with the SF scheme. Thus X is set to SF.

The second factor ⟨ SX
R(a) ⟩ can be determined on the lattice in the lattice regularization

scheme and thus needs a finite renormalization

SSF
R (a) = CSF−Lat

S (a) SLat
R (a), (10)

connecting the SF and the lattice schemes, The factor CSF−Lat
S (a) can be calculated nonper-

turbatively as well on the lattice, although we do not calculate it in this paper.

After all, the masses of fermions in the SM is expressed as

mSM,f =
CSF

S (1/METC)

M2
ETC

ZSF
S (1/METC)

ZSF
S (a)

CSF−Lat
S (a) ⟨ SLat

R (a) ⟩ (11)

=
CSF

S (1/METC)

M2
ETC

ZSF
S (1/METC)

ZSF
S (a)

CSF−Lat
S (a)

⟨ SLat
R (a) ⟩
f 3
πT

× (246GeV)3 , (12)

where in the last equation the condensate is normalized by the technipion decay constant

fπT
=246 GeV. The mass anomalous dimension is required in estimating the second factor

ZSF
S (1/METC)/ZSF

S (a) and is the main subject of this work.

In the classical TC model, the scalar condensate at µ = MTC is estimated to be M3
TC,

and the other factors are naturally assumed to be of O(1). Assuming METC ∼ 1,000 TeV

and MTC ∼ 1 TeV, mSM,f ends up with M3
TC/METC ∼ 1 MeV, and hence even the strange

quark mass can not be explained.

In WTC model, it is expected that the huge enhancement of the second factor in eq. (12)

occurs due to walking with large γm. To explain this, we denote the second factor as

σSF
P (u, s) =

ZSF
P (L)

ZSF
P (sL)

= exp

(
∫ sL

L

dL′γ
SF
m (u(L′))

L′

)

= exp

(

∫ σSF(u,s)

u

du′ γ
SF
m (u′)

βSF(u′)

)

, (13)

2 In this argument, QCD and any other interactions and the corresponding scale dependences are ignored.

7

SRLat : renormalized, iso-singlet scalar bilinear operator



Anomalous dimension via Running of ZP
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0, l)

stable. If c were not available, the first term would be replaced with another free parameter,

making the statistical error somewhat larger. In Fig. 5, it is seen that Z lat
P decreases with l

at a fixed g2
0. It is the tendency which is necessary for WTC to work.

B. step scaling function and its improvement

The lattice step scaling function for ZP is defined by

Σlat
P,0(u, s, l) =

Z lat
P (g2

0, l)

Z lat
P (g2

0, s · l)

∣

∣

∣

∣

u=g2
SF

(g2
0
,l)

. (46)

We implement the one-loop improvement as for the running coupling. To this purpose, we

define the measure of the discretization error by

δP,0(u, s, l) =
Σlat

P,0(u, s, l) − σPT
P (u, s)

σPT
P (u, s)

= δ(1)
P (s, l)u + O(u2), (47)

In principle, the improvement coefficient δ(1)
P (s, l) can be calculated by perturbation theory.

Since the coefficient respecting our SF setup is not available, we follow the prescription

adopted in Ref. [51] and determine it by fitting δP,0 to a linear function of u. In the fit to

determine δ(1)
P (s, l), σPT

P (u, s) in eq. (47) has to be specified. We take the one-loop prediction

σP (u, s)|LO =

(

σ(u, s)

u

)
27

40

, (48)

20

 = σPSF(u,s) + u  ( a1 / l + b1 / l2 + c1 / l3 + … )	


                   + u2 ( a2 / l + b2 / l2 + c2 / l3 + … )	


                   + u3 ( a3 / l + b3 / l2 + c3 / l3 + … )	


                   + …
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(
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where u(L) = g2(L) is introduced. The lower end of the integration range σSF(u, s) is the

solution of

∫ σSF(u,s)

u

du′

βSF(u′)
= ln(s). (14)

When u is very close to the fixed point, γm becomes almost constant over a wide range of

the renormalization scale. Then, σSF
P (u, s) can be approximated as

σSF
P (u, s) ≈ sγ

∗

m (15)

where γ∗m is the mass anomalous dimension at the fixed point. Substituting s =

METC/MTC ∼ 1000 and assuming γ∗m ∼ 1, σX
P (u, s) gives a huge enhancement by s to

the fermion masses in eq. (12).

On the lattice one can calculate σSF
P (u, s). If the IRFP exists, the mass anomalous

dimension at the fixed point is extracted by

γ∗m =
ln σSF

P (u, s)

ln s
. (16)

IV. SIMULATION DETAILS

The scale dependence of the gauge coupling and the mass is calculated in the Schrödinger

functional (SF) scheme [43, 44]. The detailed setup is almost the same as our previous

work [37] except for those subject to the number of colors, and is described in Appendix B.

We adopt the unimproved Wilson fermion action and the Wilson plaquette gauge action,

and no improvement is implemented at the action level. Instead, at the step of analysis, the

discretization errors are removed perturbatively as described below.

A. Definition of the running coupling

With the gauge boundary conditions (B4) and (B5), the absolute minimum of the action

is given by a color-electric background field denoted by B(x). Then, the effective action can

be defined as a function of B by

Γ[B] = − ln ZSF(C ′, ρ̄′, ρ′ ; C, ρ̄, ρ), (17)

8

At u=uFP,



Anomalous dimension via Running of ZP

We numerically determined the O(u) error.	


In the continuum limit, we assume that 1/l scaling violation dominates.
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adopted in Ref. [51] and determine it by fitting δP,0 to a linear function of u. In the fit to

determine δ(1)
P (s, l), σPT

P (u, s) in eq. (47) has to be specified. We take the one-loop prediction

σP (u, s)|LO =

(

σ(u, s)

u

)
27
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, (48)
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 = σPSF(u,s) + u  ( a1 / l + b1 / l2 + c1 / l3 + … )	


                   + u2 ( a2 / l + b2 / l2 + c2 / l3 + … )	


                   + u3 ( a3 / l + b3 / l2 + c3 / l3 + … )	


                   + …

mensionless coefficient and is of O(1) at µ = METC. Its precise value depends on an explicit

ETC model. Eq. (8) does not depend on the scheme nor the scale2.

From eq. (4), the condensate at µ = METC can be written in terms of the condensate at

any other scale as

⟨ SX
R(1/METC) ⟩ =

ZX
S (1/METC)

ZX
S (a)

⟨ SX
R(a) ⟩ , (9)

where the lattice cutoff a is chosen as an example. The first factor on the r.h.s. describes

the running of the scalar bilinear operator, or equivalently the running of the renormalized

mass, and is calculated in the following sections with the SF scheme. Thus X is set to SF.

The second factor ⟨ SX
R(a) ⟩ can be determined on the lattice in the lattice regularization

scheme and thus needs a finite renormalization

SSF
R (a) = CSF−Lat

S (a) SLat
R (a), (10)

connecting the SF and the lattice schemes, The factor CSF−Lat
S (a) can be calculated nonper-

turbatively as well on the lattice, although we do not calculate it in this paper.

After all, the masses of fermions in the SM is expressed as

mSM,f =
CSF

S (1/METC)

M2
ETC

ZSF
S (1/METC)

ZSF
S (a)

CSF−Lat
S (a) ⟨ SLat

R (a) ⟩ (11)

=
CSF

S (1/METC)

M2
ETC

ZSF
S (1/METC)

ZSF
S (a)

CSF−Lat
S (a)

⟨ SLat
R (a) ⟩
f 3
πT

× (246GeV)3 , (12)

where in the last equation the condensate is normalized by the technipion decay constant

fπT
=246 GeV. The mass anomalous dimension is required in estimating the second factor

ZSF
S (1/METC)/ZSF

S (a) and is the main subject of this work.

In the classical TC model, the scalar condensate at µ = MTC is estimated to be M3
TC,

and the other factors are naturally assumed to be of O(1). Assuming METC ∼ 1,000 TeV

and MTC ∼ 1 TeV, mSM,f ends up with M3
TC/METC ∼ 1 MeV, and hence even the strange

quark mass can not be explained.

In WTC model, it is expected that the huge enhancement of the second factor in eq. (12)

occurs due to walking with large γm. To explain this, we denote the second factor as

σSF
P (u, s) =

ZSF
P (L)

ZSF
P (sL)

= exp

(
∫ sL

L

dL′γ
SF
m (u(L′))

L′

)

= exp

(

∫ σSF(u,s)

u

du′ γ
SF
m (u′)

βSF(u′)

)

, (13)

2 In this argument, QCD and any other interactions and the corresponding scale dependences are ignored.

7

where u(L) = g2(L) is introduced. The lower end of the integration range σSF(u, s) is the

solution of

∫ σSF(u,s)

u

du′

βSF(u′)
= ln(s). (14)

When u is very close to the fixed point, γm becomes almost constant over a wide range of

the renormalization scale. Then, σSF
P (u, s) can be approximated as

σSF
P (u, s) ≈ sγ

∗

m (15)

where γ∗m is the mass anomalous dimension at the fixed point. Substituting s =

METC/MTC ∼ 1000 and assuming γ∗m ∼ 1, σX
P (u, s) gives a huge enhancement by s to

the fermion masses in eq. (12).

On the lattice one can calculate σSF
P (u, s). If the IRFP exists, the mass anomalous

dimension at the fixed point is extracted by

γ∗m =
ln σSF

P (u, s)

ln s
. (16)

IV. SIMULATION DETAILS

The scale dependence of the gauge coupling and the mass is calculated in the Schrödinger

functional (SF) scheme [43, 44]. The detailed setup is almost the same as our previous

work [37] except for those subject to the number of colors, and is described in Appendix B.

We adopt the unimproved Wilson fermion action and the Wilson plaquette gauge action,

and no improvement is implemented at the action level. Instead, at the step of analysis, the

discretization errors are removed perturbatively as described below.

A. Definition of the running coupling

With the gauge boundary conditions (B4) and (B5), the absolute minimum of the action

is given by a color-electric background field denoted by B(x). Then, the effective action can

be defined as a function of B by

Γ[B] = − ln ZSF(C ′, ρ̄′, ρ′ ; C, ρ̄, ρ), (17)

8

At u=uFP,



Continuum limit of γm

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0.4

 0  0.2  0.4  0.6  0.8  1

ln
 σ

P
(u

,s
)/

ln
 s

 (
=
γ m

)

1/u

s=2

MSbar 3/4
f(x)

s=2 unimp

FIG. 8: Continuum limit of γm at s = 2 without improvement.

 0

 0.5

 1

 1.5

 2

 0  0.1  0.2  0.3  0.4  0.5

ln
 σ

P
(u

,s
)/

ln
 s

 (
=
γ m

)

1/u

s=2 and 3/2

MSbar 3/4
s=3/2,  all

s=2 w/o coarest

FIG. 9: Continuum limit of γm.

neglecting O(a2) or higher order scaling violations is not significantly large.

In order to confirm the existence of the IRFP or even determine the more precise value

of the fixed point, data from larger lattices with high statistics are necessary. It is, however,

difficult to do with machines currently available to us, and probably more efficient methods

or approaches are necessary to go further. The conformal window can also be studied by
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difficult to do with machines currently available to us, and probably more efficient methods

or approaches are necessary to go further. The conformal window can also be studied by
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Simulation Parameters:!
Unimproved Wilson fermions + Wilson plaquette	

3 Volumes: 163x32, 243x48, 323x64	

Single lattice spacing: β = 2.0	

Nf=6 and Nf=2 ← to compare with chirally broken theory	

!

Special care on FSE!
Quark mass dependence of various quantities is carefully 
examined in the FSE-free region. (FSE=Finite Size Effect)	

Dependence in χ-broken theory ≠ Dependence in conformal theory	
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FIG. 24: The quark mass dependence of aMP /(amPCAC)1/2 in two-flavor theory.
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theory.
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FIG. 26: The quark mass dependence of

aMP /(amPCAC)α with α = 0.73 in six-flavor

theory.

fP appears to vanish in the chiral limit, mPCAC → 0. However, this seems to originate

from the bounded behavior of the pseudoscalar meson mass MP in the chiral limit at finite

volume: Eq. (9) implies that fP will vanish unless MP approaches to zero for mPCAC → 0.

34
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aMP/(amq)1/2

The way to approach to the chiral 
limit is different.	


In Nf=6, aMP ∝ (amq)α with α > 1/2 
near the chiral limit	


IRFP⇒MP∝(mq)α*with α*=1/(1+γ*)	


α>1/2 indicates γ* < 1.
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FIG. 23: The quark mass dependence of X1/2 = aMP /(amPCAC)1/2 in six-flavor theory. X1/2

decreases below amPCAC ! 0.3 until the finite size effect shows up.

for α = 0.66 (γ ≡ 1/α− 1 ≃ 0.52) and α = 0.73 (γ ≃ 0.3) in Figs. 25 and 26, respectively.

Those figures indicate that the exponent αMP
suggested in the present spectroscopy study

at β = 2.0 is compatible with that found in the study of the running coupling constant

defined in the Schrödinger functional scheme

0.26 ≤ γ⋆, SF ≤ 0.74 . (20)

As discussed in Sec. II E, the spectrum and the dynamics at low energy, which could also

be affected by the representations of fermions, determine the qualitative behavior of the

finite size effect. It is thus necessary to scrutinize the dependence of other observables, such

as fP and the subtracted chiral condensate, on quark masses and lattice sizes.

B. decay constant

Figure 27 shows the quark mass dependence of the decay constant fP of the lightest

pseudoscalar meson P in unit of the lattice spacing a obtained through Eq. (9). There,
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fP appears to vanish in the chiral limit, mPCAC → 0. However, this seems to originate

from the bounded behavior of the pseudoscalar meson mass MP in the chiral limit at finite

volume: Eq. (9) implies that fP will vanish unless MP approaches to zero for mPCAC → 0.
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Nf=2

the existing data shown in Fig. 8. It is thus plausible to consider that they approximate

the mass dependence in the infinite volume very well (Unexpectedly, the size is too small

to take the thermodynamic limit.). Meanwhile, Fig. 8 indicates that the shape of the mass

dependence of the subtracted chiral condensate is convex upward. The linear extrapolation

to such data will thus tend to overestimate the chiral limit. Despite this fact, we first try to

fit a linear function

f2 (x = amPCAC) = a0 + a1x , (12)

to the data of amPCAC < 0.1, and get the result

a0 = 0.0250 (28) , a1 = 3.136 (38) . (13)

We also fit a quadratic function

f3 (x = amPCAC) = b0 + b1x+ b2x
2 , (14)

to all the data, and find

b0 = 0.0190 (19) , b1 = 3.397 (29) , b2 = −2.368 (74) . (15)

Both are not incompatible with the non-vanishing VEV in the thermodynamic limit.
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FIG. 9: B defined by Eq. (16) in two-flavor theory at β = 2.0.

For a given quark mass and volume, we define aB by

aB ≡ a

〈
ψψ

〉
subt

f 2
P

. (16)

18

Even for the Wilson fermion, the Ward-Takahashi identity with respect to the axial-vector

current can be written down [54]

δab ·
〈
ψψ

〉
subt

(mPCAC, L/a) = 2mPCAC · (2κ)2
∑

n

〈
P a(n)P b(0)

〉
, (11)

where P a(n) = ψT aγ5ψ for SU(NF ) generators T a. Through this identity, the subtracted

chiral condensate in the Wilson fermion is calculated using the right hand side of Eq. (11).

The quantity in Eq. (11) actually requires the multiplicative renormalization constants to

be confronted with the continuum physics. Those constants are short-distance quantities,

and are thus considered not to affect to the observation on the essence of the long distance

dynamics of the system.

Recently,
〈
ψψ

〉
subt

was used to monitor the phase structure of many-flavor Wilson

fermions at the strong coupling limit (β = 0) [55], and to study the chiral phase tran-

sition at finite temperature [56]. However, as long as we know, the properties of
〈
ψψ

〉
subt

have not been investigated thus far. We will examine them in Sec. III before we use
〈
ψψ

〉
subt

to study the occurence of chiral symmetry breaking in NF = 6 theory.

E. finite size effect

The simulation must be done for the system put in a finite box. All the quantities

measured in the box thus receive more or less the effect due to this limitation. As is done

in the statistical mechanics, as long as the size of the effect is small enough that it can

be treated as a correction 1, the information on the dependence of the quantities upon the

system size and the boundary condition may help to extract the long distance dynamics of

the system.

In this work, the finite size effect will actually play a crucial role to investigate the dy-

namical features of the target gauge theory. The purpose of this subsection is to provide

the materials that form the basis of the forthcoming analysis in regard to this point; the

summary of the known facts on the finite size effects in the system with spontaneous break-

down of chiral symmetry, simply abbreviated as χ/-theory, and the observation on those in

the IR-conformal system.

1 We recall that the inverse of the lattice size, 1/l = a/L, is one of relevant perturbations.

9

－aB = a 〈ψψ〉subt / fP 2



Assuming IRFP and Hyper-scaling⇒ aB∝(mq)−|1−γ*|/(1+γ*)	

Increasing toward the chiral limit
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f2 (x = amPCAC) = a0 + a1x , (12)

to the data of amPCAC < 0.1, and get the result

a0 = 0.0250 (28) , a1 = 3.136 (38) . (13)

We also fit a quadratic function

f3 (x = amPCAC) = b0 + b1x+ b2x
2 , (14)

to all the data, and find

b0 = 0.0190 (19) , b1 = 3.397 (29) , b2 = −2.368 (74) . (15)

Both are not incompatible with the non-vanishing VEV in the thermodynamic limit.
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Even for the Wilson fermion, the Ward-Takahashi identity with respect to the axial-vector
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where P a(n) = ψT aγ5ψ for SU(NF ) generators T a. Through this identity, the subtracted

chiral condensate in the Wilson fermion is calculated using the right hand side of Eq. (11).
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fermions at the strong coupling limit (β = 0) [55], and to study the chiral phase tran-

sition at finite temperature [56]. However, as long as we know, the properties of
〈
ψψ

〉
subt
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to study the occurence of chiral symmetry breaking in NF = 6 theory.
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The simulation must be done for the system put in a finite box. All the quantities

measured in the box thus receive more or less the effect due to this limitation. As is done

in the statistical mechanics, as long as the size of the effect is small enough that it can

be treated as a correction 1, the information on the dependence of the quantities upon the

system size and the boundary condition may help to extract the long distance dynamics of

the system.

In this work, the finite size effect will actually play a crucial role to investigate the dy-

namical features of the target gauge theory. The purpose of this subsection is to provide

the materials that form the basis of the forthcoming analysis in regard to this point; the

summary of the known facts on the finite size effects in the system with spontaneous break-
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FIG. 8: Subtracted chiral condensate in two-flavor theory at β = 2.0 and two different volumes,

163 (blue cross dots) and 243 (black circle dots). No detectable finite size effect is observed, and

the linear fit (dotted line) to the data of quark masses amPCAC < 0.1 and the quadratic fit to all

data are performed. Only the fit curves with the central values for the coefficients are drawn.

breaking in the foregoing analysis. Here, we discuss the utility of
〈
ψψ

〉
subt

.

The subtracted chiral condensate
〈
ψψ

〉
subt

is dominated by the contribution proportional

to mPCAC and its chiral limit seems to be well below O(1) in the lattice unit. The result

for
〈
ψψ

〉
subt

at β = 2.0 in the two-flavor theory is shown in Fig. 8, which implies that it is

actually the case. This is the first indication of the utility of
〈
ψψ

〉
subt

as the counterpart

of the chiral condensate in the continuum. Contrastingly, the chiral limit of
〈
ψψ

〉
directly

calculated as in Eq. (10) is O(1) in the lattice unit, reflecting the dominance of cubic UV

divergence.

From Eq. (11), the subtracted chiral condensate is proportional to mPCAC. Therefore,

in order for
〈
ψψ

〉
subt

to produce a finite and non-vanishing VEV in the thermodynamic

limit, the four-volume sum of pseudoscalar correlator must diverge linearly with respect to

mPCAC. The four-volume sum is regular with respect to the quark mass at finite volume, and

a singularity is possibly developed only in the infinite volume limit, compatible with Fig. 1.

Practically, what we can do at best is to examine if the data are not incompatible with the

non-vanishing VEV in the chiral limit as follows. First, no finite size effect can be seen in

17

－



IRFP ⇒ a3 〈ψψ〉subt ∝ (amq) + (amq)(3-γ*)/(1+γ*) + …	


Fit to this form by assuming IRFP and γ* < 1⇒ γ*~ 0.51	


Compatible with the SF result, 0.26 ≤ γm ≤ 0.74

a3〈ψψ〉subt

－

Nf=6
C. chiral condensate
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FIG. 29: The subtracted chiral condensate versus amPCAC in six-flavor theory. The lines are

drawn for the individual sizes of lattices just to guide the eyes.

We next focus on the chiral condensate. We recall the result of the hyperscaling analysis

applied to the chiral condensate [28]. In the attractive basin of the IR fixed point, the non-

analytic and universal term with the exponent αqq =
3−γ⋆
1+γ⋆

for the mass anomalous dimension

γ⋆ is expected to emerge. The analysis thus far indicates that γ⋆ < 1 provided that the six-

flavor theory turns out to be IR-conformal. Then, αqq > 1. Therefore, the analytic term

linear in the quark mass dominates the chiral condensate at small quark mass.

Figure 29 shows the result for the subtracted chiral condensate
〈
ψψ

〉
subt

in the six-flavor

theory. The lines in that figure are drawn to guide the eyes to the plots of the individual

sizes of lattices. The three lines overlap with each other. We stress the non-triviality of

this fact, and then make an important observation on the properties of the data of the

subtracted chiral condensate, which is crucial for our succeeding analysis. The subtracted

chiral condensate
〈
ψψ

〉
subt

(mPCAC, L/a) defined in Eq. (11) will diminish more rapidly once
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calculated as in Eq. (10) is O(1) in the lattice unit, reflecting the dominance of cubic UV

divergence.
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in order for
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to produce a finite and non-vanishing VEV in the thermodynamic

limit, the four-volume sum of pseudoscalar correlator must diverge linearly with respect to

mPCAC. The four-volume sum is regular with respect to the quark mass at finite volume, and

a singularity is possibly developed only in the infinite volume limit, compatible with Fig. 1.

Practically, what we can do at best is to examine if the data are not incompatible with the

non-vanishing VEV in the chiral limit as follows. First, no finite size effect can be seen in
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IV. Summary and outlook



Summary and Outlook
• Running coupling: consistent with the IRFP.!

• Mass anomalous dimension: 0.26 ≤ γm ≤ 0.74.	


• Quark mass dependence of several quantities are 
different from those in 2-flavor theory, and γm 
extracted is consistent with 0.26 ≤ γm ≤ 0.74.!

• In order to establish IRFP, simulations with 
improved actions are on-going.
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Slope in the extrapolation

Slope ~ O(u2) as expected
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Improvement really works?

Without improvement, the continuum limit clearly undershoot 
even in perturbative regime.	


⇒ improvement is necessary

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0.4

 0  0.2  0.4  0.6  0.8  1

ln
 σ

P
(u

,s
)/

ln
 s

 (
=
γ m

)

1/u

s=2

MSbar 3/4
f(x)

s=2 unimp

FIG. 8: Continuum limit of γm at s = 2 without improvement.
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FIG. 9: Continuum limit of γm.

neglecting O(a2) or higher order scaling violations is not significantly large.

In order to confirm the existence of the IRFP or even determine the more precise value

of the fixed point, data from larger lattices with high statistics are necessary. It is, however,

difficult to do with machines currently available to us, and probably more efficient methods

or approaches are necessary to go further. The conformal window can also be studied by
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