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Controversy over the IR behaviour 
of SU(3) gauge theory with 12 flavour. 
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Strategy/challenges for the lattice search of IRFP

• Spectrum: Large finite-volume effects.

• Finite-size scaling a’la M. Fisher : universal curves.

• Running coupling: (slow) running within error.
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Outline

• Step scaling. 

• Two schemes on the twisted box:

   Twisted Polyakov Loop (TPL) scheme.

   Wilson flow (WF) scheme.

• Numerical (preliminary) results.

• Outlook.
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The step-scaling method
The idea

                                                                                                             M.  Luscher, P.  Weisz, U.  Wolff, 1991.

2

I. INTRODUCTION

σ(u) = lim
a→0

Σ, rσ =
σ(u)

u

fixed points
−→ 1. (1)
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Step Scaling function

σ(u) = ḡ2(2L)|u=ḡ2(L)

Tune g’0 to give 
the same  value of u.

This is calculated as

same

σ(u) = lim
L→∞

Σ(u, L)

L = 4 L = 6

u = ḡ2
lat(g0, L = 4) u = ḡ2

lat(g
′

0, L = 6)

Σ(u, L = 4) = ḡ2
lat(g0, L = 8) Σ(u, L = 6) = ḡ2

lat(g
′

0, L = 12)

g0

g0 g
′

0

g
′

0

In this work, g2lat(g0,L) is given by interpolation
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The step-scaling method
The practice

Massless unimproved staggered fermions with Wilson’s plaquette gauge action.

Compute        at many     for each volume, and then interpolate volume by volume.
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lat(g0, L = 4) u = ḡ2
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I. INTRODUCTION

σ(u) = lim
a→0

Σ, rσ =
σ(u)

u

fixed points
−→ 1. (1)
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Very challenging to pin down percentage-level effects in                        .

Main obstacles: statistical error and systematic effect in the continuum extrapolation.
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The Twisted-Polyakov-Loop scheme
The boundary condition

• Gauge field:

• Fermion:

• The fermion “smell” dof: 

Twisted Polyakov Loop scheme
Twisted Boundary Condition

• Uµ(x + ν̂L) = ΩνUµ(x)Ω
†
ν, ν = 1,2,

where the twist matrices Ων satisfy

Ω1Ω2 = e2iπ/3Ω2Ω1, ΩµΩ
†
µ = 1, (Ωµ)3 = 1, Tr(Ωµ) = 0.

’t Hooft, 1979.

• If ψ(x + ν̂L) = Ωνψ(x) ⇒ ψ(x + ν̂L + ρ̂L) = ΩρΩνψ(x) "= ΩνΩρψ(x)

• The ”smell” d.o.f. for fermions, Ns = Nc:

ψa
α(x + ν̂L) = eiπ/3Ωab

ν ψ
b
β(x)(Ων)

†
βα.

G.Parisi, 1983.

G. ‘t Hooft, 1979
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TPL scheme
The Twisted-Polyakov-Loop scheme

The correlators

• Polyakov loops in the twisted directions:

• The renormalised coupling constant:

• Special feature:

Twisted Polyakov Loop scheme
The scheme

G.M.de Divitiis et al., 1994

• Polyakov loops in the twisted direction:

P1(y, z, t) = Tr〈ΠjU1(j, y, z, t)Ω1e2iyπ/3L〉 (gauge and translation invariant).

• The coupling constant

g2
TP(L) = 1

k
〈
∑

y,zP1(y,z,L/2)P ∗
1(0,0,0)〉

〈
∑

x,yP3(x,y,L/2)P ∗
3(0,0,0)〉,

where k = 1
24π2

∑∞
n=−∞

(−1)n

n2+(1/3)2 ∼ 0.031847

• Special feature: At L → ∞, g2
TP → 1

k
∼ 32 if there is no IRFP.
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Autocorrelation of the coupling
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Autocorrelation time grows with physical volume.
Very challenging to have good statistics for large volumes at low beta.

L/a = 20 (24) simulated using 100 (300) GPU’s (thanks to NCHC Taiwan).
Thursday, August 8, 13
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Bare-coupling interpolation
TPL scheme
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not practical to go further IR.
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Continuum extrapolation
TPL scheme
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Result without the L/a=24 lattices
TPL scheme 20
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FIG. 12: rσ(u) from the central procedure.
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FIG. 13: Plots for rσ(u) obtained from our procedures for estimating systematic errors. Top left: rσ(u) from simple
polynomial interpolation in β, Eq. (39). Top right: rσ(u) by performing the continuum extrapolation using quadratic
function in (a/L)2. The rest is the same as the central procedure. Bottom left: rσ(u) by performing the continuum
extrapolation using linear function in (a/L)2, with L/a = 7, 8, 10. Bottom right: rσ(u) by performing the continuum
extrapolation using linear function in (a/L)2, with L/a = 6, 7, 8, 10.

Next, we discuss the estimation of systematic effects arising from the β−value (bare-coupling) interpolation and
the continuum extrapolation. For this purpose, we perform the changes in the central procedure. These changes
are carried out independently, i.e., we vary one component in the central procedure, while keeping the other fixed.

We begin by varying the β−interpolation in the central procedure. This is carried out by changing the non-
decreasing fit function in Eq. (36), to the simple polynomial form in Eq. (39) with the constraint of Eq. (40) and

C-JDL, K.Ogawa, H.Ohki, E.Shintani,  JHEP 1208 (2012) 096
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Result with the L/a=24 lattices
TPL scheme
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The Gradient Flow

• “Diffusion” of the gauge fields:

                                                                             

• The radius of diffusion is 

• Local operators are also diffused.

J
H
E
P
0
8
(
2
0
1
0
)
0
7
1

where Aµ is the fundamental gauge field in QCD (see appendix A for unexplained notation;

differentiation with respect to the “flow time” t is abbreviated by a dot). Evidently, for

increasing t and as long as no singularities develop, the flow equation (1.1) drives the

gauge field along the direction of steepest descent towards the stationary points of the

Yang-Mills action.

In lattice QCD, the simplest choice of the action of the gauge field U(x, µ) is the Wilson

action [1]

Sw(U) =
1

g2
0

∑

p

Re tr{1 − U(p)}, (1.3)

where g0 is the bare coupling, p runs over all oriented plaquettes on the lattice and U(p)

denotes the product of the link variables around p. The associated flow Vt(x, µ) of lattice

gauge fields (the “Wilson flow”) is defined by the equations

V̇t(x, µ) = −g2
0 {∂x,µSw(Vt)}Vt(x, µ), Vt(x, µ)|t=0 = U(x, µ), (1.4)

in which ∂x,µ stands for the natural su(3)-valued differential operator with respect to the

link variable Vt(x, µ) (see appendix A). The existence, uniqueness and smoothness of the

Wilson flow at all positive and negative times t is rigorously guaranteed on a finite lat-

tice [2]. Moreover, from eq. (1.4) one immediately concludes that the action Sw(Vt) is a

monotonically decreasing function of t. The flow therefore tends to have a smoothing effect

on the field and it is, in fact, generated by infinitesimal “stout link smearing” steps [3].

The Wilson flow previously appeared in ref. [4] in the context of trivializing maps of

field space. Familiarity with this paper is not assumed, but some mathematical results

obtained there will be used here again. An important goal in the following is to find out

whether the expectation values of local observables constructed from the gauge field at

positive flow time can be expected to have a well-defined continuum limit. Evidence for

the existence of the limit is provided by performing a sample calculation to one-loop order

of perturbation theory directly in the continuum theory, using dimensional regularization,

and through a numerical study of the SU(3) gauge theory at three values of the lattice

spacing. Two applications of the Wilson flow are then discussed, one concerning the scale-

setting in lattice QCD and the other the question of how exactly the topological (instanton)

sectors emerge when the lattice spacing goes to zero.

2 Properties of the Wilson flow at small coupling

The aim in this section partly is to show that the Wilson flow can be studied straight-

forwardly in perturbation theory and partly to check that the expectation values of local

gauge-invariant observables calculated at positive flow time are renormalized quantities.

For simplicity the perturbation expansion is discussed in the continuum theory using

dimensional regularization. The gauge group is taken to be SU(N) and it is assumed that

there are Nf flavours of massless quarks. As a representative case, the observable
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where Aµ is the fundamental gauge field in QCD (see appendix A for unexplained notation;
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and so on. In particular, in D dimensions the leading-order equation implies

Bµ,1(t, x) =

∫

dDy Kt(x − y)Aµ(y), (2.11)

Kt(z) =

∫

dDp

(2π)D
eipze−tp2

=
e−z2/4t

(4πt)D/2
, (2.12)

which shows explicitly that the flow is a smoothing operation. More precisely, the gauge

potential is averaged over a spherical range in space whose mean-square radius in four

dimensions is equal to
√

8t.

The higher-order equations (2.7) can be solved one after another by noting that

Bµ,k(t, x) =

∫ t

0
ds

∫

dDy Kt−s(x − y)Rµ,k(s, y). (2.13)

Recalling eqs. (2.9),(2.10), it is clear that this formula generates tree-like expressions, where

the fundamental field Aµ is attached to the endpoints of the trees.

2.3 Expansion of 〈E〉

When the series (2.6) is inserted in

〈E〉 =
1

2
〈∂µBa

ν∂µBa
ν − ∂µBa

ν∂νBa
µ〉 + fabc〈∂µBa

νBb
µBc

ν〉 +
1

4
fabef cde〈Ba

µBb
νB

c
µBd

ν〉, (2.14)

a sequence of terms of increasing order in g0 is obtained. The lowest-order term is

E0 =
1

2
g2
0〈∂µBa

ν,1∂µBa
ν,1 − ∂µBa

ν,1∂νB
a
µ,1〉 (2.15)

and the terms at the next order are

E1 = g3
0f

abc〈∂µBa
ν,1B

b
µ,1B

c
ν,1〉, (2.16)

E2 = g3
0〈∂µBa

ν,2∂µBa
ν,1 − ∂µBa

ν,2∂νB
a
µ,1〉. (2.17)

Each of these terms is a power series in the gauge coupling, which may be worked out by

expressing the coefficients Bµ,k(t, x) through the fundamental field Aµ(x) and by expanding

the correlation functions of the latter using the standard Feynman rules.

In practice it is advantageous to pass to momentum space by inserting the Fourier

representations

Ba
µ,1(t, x) =

∫

p
eipxe−tp2

Ãa
µ(p), (2.18)

Ba
µ,2(t, x) = ifabc

∫ t

0
ds

∫

q,r
ei(q+r)xe−s(q2+r2)−(t−s)(q+r)2

×
{

δµλrσ − δµσqλ +
1

2
δσλ(q − r)µ

}

Ãb
σ(q)Ãc

λ(r), (2.19)
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Figure 1: Local fields Ot(x) constructed at flow time t > 0 depend on the fundamental field variables in a
region of space-time approximately 2

√
8t wide (red area). Further away from the point x, the sensitivity to

the basic fields decreases like a Gaussian and very rapidly becomes totally negligible.

The smoothing property of the gradient flow and the associated quark flow implies that correla-
tion functions of fields at non-zero flow times have no short-distance singularities. Renormalization
is nevertheless required, but turns out to be extremely simple. Explicitly, if Ot(x) is a bare, gauge-
invariant composite field at flow time t > 0 of degree n and  n in the quark and antiquark fields, the
renormalized field is given by

OR,t = (Zχ)
1
2 (n+  n)Ot , (2.9)

where the renormalization constant Zχ is independent of t. In particular, the field (2.7) does not
require renormalization and the chiral densities (2.8) renormalize with the same factor Zχ .

The proof of these statements [2, 3] is based on an exact representation of the correlation
functions through a local field theory in 4+1 dimensions, the extra dimension being the flow time.
Zinn–Justin and Zwanziger [8] introduced the representation many years ago in their work on the
renormalization of the Langevin equation. In the pure gauge theory, the latter actually coincides
with the flow equation (2.1) except for the fact that it includes a noise term, which complicates the
situation and requires a renormalization of the Langevin time, for example.

3. Chiral condensate

In lattice QCD, the expectation value of the scalar density  uu+  dd of the up and down quarks
diverges like the second or third inverse power of the lattice spacing when the continuum limit is
taken. The divergent terms are proportional to the light-quark masses if the lattice theory preserves
chiral symmetry, but also in these cases their subtraction tends to give rise to important significance
losses or even some conceptual issues. Using the gradient flow, this problem can now be elegantly
bypassed [3].

3.1 Flow-time dependent condensate

Since the flow equations are chirally invariant, the quark field at non-zero flow times, χ(t,x),
transforms in the same way as the fundamental field ψ(x) under global chiral rotations. In particu-
lar, the light-quark chiral densities

Srst ±Prst , r,s ∈ {u,d}, (3.1)

4

Figure taken from M.Luscher, Lattice 2013
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i.e., to leading order the Wilson flow is the heat flow. We also observe that di↵erent

momentum modes do not couple to each other at this order. Together with the fact that

the zero momentum mode B0(0, x0, t) does not contribute to the observable of interest,

E(t) = 1
4Gµ⌫

G

µ⌫

, we can safely neglect the special treatment that the boundary conditions

of the zero momentum mode B0(0, x0, t) would otherwise require in the following discussion.

We have to solve the heat equation respecting the boundary conditions (2.14). This is

easily done by using appropriate heat kernels

B̃

k,1(p, x0, t) = e

�p

2
t

Z

T

0
dx00K

D(x0, x
0
0, t)Ãk

(p, x00) , (2.19a)

B̃0,1(p, x0, t) = e

�p

2
t

Z

T

0
dx00K

N (x0, x
0
0, t)Ã0(p, x

0
0) (p 6= 0) . (2.19b)

Since the boundary conditions of the field B̃

µ,1(p, x0, t) are inherited from the boundary

conditions of the heat kernels, we have to choose them with the correct boundary condi-

tions. Heat kernels with either Dirichlet (KD(x, x0, t)) or Neumann (KN (x, x0, t)) boundary

conditions can be constructed from the basic periodic (KP (x, x0, t)) heat kernel in [0, L]

given by

K

P (x, x0, t) =
1

L

X

p

e

�p

2
t

e

ıp(x�x

0)
,

✓

p =
2⇡n

L

; n 2 Z
◆

. (2.20)

Explicit expressions are given in appendix B.

Our observable, the energy density hE(t, x0)i, has an expansion in powers of g0. The

leading contribution is given by

E0(t, x0) = g

2
0

2
h@

µ

B

a

⌫,1@µB
a

⌫,1 � @

µ

B

a

⌫,1@⌫B
a

µ,1i . (2.21)

We are going to split the computation in two parts, one involving only the spatial compo-

nents of G
µ⌫

, and the other involving the mixed time-space components of G
µ⌫

Es

0(t, x0) =
g

2
0

2
h@

i

B

a

k,1@iB
a

k,1 � @

i

B

a

k,1@kB
a

i,1i , (2.22)

Em

0 (t, x0) =
g

2
0

2
h@0Ba

k,1@0B
a

k,1 � @0B
a

k,1@kB
a

0,1i . (2.23)

Inserting for instance expression (2.19) into (2.22) we obtain

Es

0(t, x0) = � g

2
0

2L6

X

p,q

e

�t(p2+q

2)
e

ı(p+q)x
Z

T

0
dx00dy

0
0K

D(x0, x
0
0, t)K

D(x0, y
0
0, t)

⇥
h

p

i

q

i

hÃa

k

(p, x00)Ã
a

k

(q, y00)i � p

i

q

k

hÃa

i

(p, x00)Ã
a

k

(q, y00)i
i

. (2.24)

The final result is obtained inserting the SF gluon propagator [31, 32]. Since our observable

is invariant under gauge transformations of the A
µ

(x) field we will use the Feynman gauge,

where the expression for the gluon propagator turns out to be more easy (for additional

details see appendix C).3

hÃa

i

(p, x0)Ã
b

k

(q, y0)i = L

3
�

ab

�

ik

�

p,�q

1

T

X

p0

s

p0(x0)sp0(y0)

p2 +
�

p0
2

�2 +O(g20) . (2.25)

3
We have checked that the result is independent of the gauge choice.
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the fields over a region of radius
p
8t. The somewhat surprising result of [18, 27] is that

correlation functions made of this smoothed field have a well-defined continuum limit.

In particular the energy density in SU(N) Yang-Mills theory in infinite volume has the

perturbative behavior

hE(t)i = 1

4
hG

µ⌫

G

µ⌫

i = 3(N2 � 1)g2MS

128⇡2
t

2
(1 + c1g

2
MS +O(g4MS)) . (2.3)

At a scale µ = 1/
p
8t, c1 is a numerical constant and gMS(µ) is the renormalized coupling

in the MS scheme. Therefore one can define a running coupling constant ↵(µ) from

t

2hE(t)i = 3(N2 � 1)

32⇡
↵(µ) . (2.4)

These expressions are valid in infinite volume. What about the Schrödinger Functional?

The computation is completely analogous, but we have to impose the correct boundary

conditions to the gauge fields. As we have mentioned in the SF gauge fields are restricted

to a box of dimensions L

3 ⇥ T . They are periodic in the three spatial directions and the

spatial components have Dirichlet boundary conditions at x0 = 0 and x0 = T . We are

going to work exclusively with zero boundary fields, which means

B

µ

(x+ k̂L, t) = B

µ

(x, t) , (2.5)

B

k

(x, t)|
x0=0,T = 0 . (2.6)

The flow equation (2.1) has to be solved maintaining these boundary conditions at all flow

times t. To apply the idea of finite-size scaling, as has previously been done in [23] in a

periodic box, one simply has to run the renormalization scale with the size of the finite

volume box given by L via

µ =
1p
8t

=
1

cL

. (2.7)

Here c is a dimensionless constant that represents the fraction of the smoothing range over

the total size of the box. In this way the flow coupling will not depend on any scale other

than L. The renormalization scheme will depend on the values of c, ⇢ = T/L and1 x0/T

g

2
GF(L) = N�1(c, ⇢, x0/T )t

2hE(t, x0)i
�

�

�

t=c

2
L

2
/8
, (2.8)

where N�1(c, ⇢, x0/T ) will be computed in the next section in order to ensure

g

2
GF = g

2
0 +O(g40) . (2.9)

2.2 Continuum

Our computation follows the lines of [27]. First we consider the modified flow equation

dB
µ

dt
= D

⌫

G

⌫µ

+ ↵D

µ

@

⌫

B

⌫

, B

µ

(x, 0) = A

µ

(x) . (2.10)

1
Note that in the SF the boundary conditions break the invariance under time translations. Therefore

hE(t, x0)i will depend explicitly on x0.
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t > 0 are automatically finite [27]. One can use the expectation value of the energy density,

hE(t)i = 1

4
hG

µ⌫

(t)G
µ⌫

(t)i , (1.1)

where G
µ⌫

(t) is the field strength of the gauge field at flow time t, to give a non-perturbative

definition of the gauge coupling. This idea was applied to set the scale in lattice simula-

tions [18, 28], to tune anisotropic lattices [29] and more recently in a similar context of this

work (finite-size scaling, but using a box with periodic boundary conditions) to compute

the step scaling function in SU(3) with four fermion species [30].

In this paper we investigate the perturbative behavior of the Wilson flow in the

Schrödinger functional. This motivates us to propose a gradient flow coupling

g

2
GF(L) = N�1

t

2hE(t)i = g

2
MS +O(g4MS), (1.2)

with a normalization factor N to be determined later, valid for an arbitrary SU(N) gauge

field coupled (or not) to fermions. Relating t and L the coupling depends only on one

scale, the size of the finite volume box, and therefore can be used for a finite-size scaling

procedure in the same way as the traditional SF coupling.

The paper is organized as follows: in the next section we investigate the perturbative

behavior of hE(t)i in the SF, both in the continuum and on the lattice. Section 3 uses this

information to define the gradient flow coupling in the SF, and to discuss some practical

issues: cuto↵ e↵ects, boundary fields and fermions. In section 4 we investigate this coupling

numerically on a set of lattices in a physical volume of L ⇠ 0.4 fm and finally conclude in

section 5. Details needed for the computation have been summarized in form of appendices:

a summary with some useful notation A, heat kernels B, propagators in the SF C and finally

some practical details on how to integrate the Wilson flow in numerical simulations D.

2 Perturbative behavior of the Wilson flow in the SF

We would like to start this section by recalling the original proposal of using the Wilson

flow and the energy density as a definition for a coupling in gauge theories [18]. Later it

will become clear what role the SF setup plays.
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Continuum extrapolation
Wilson flow scheme

Large artefacts
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Preliminary result
Wilson flow scheme
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Remarks and outlook

• Calculation in the TPL scheme shows no definite 
conclusion for IR comformality hitherto.

• On the other hand, the Gradient Flow scheme 
offers a very nice/promising tool.

• We are currently generating data to go further IR 
in the Gradient Flow scheme.
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