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Higher representations:
(Sannino, Tuominen ’04)

-Walking with less flavors: 
phenomenologically viable 
Technicolor models

- Study on the lattice 
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Higher representations:
(Sannino, Tuominen ’04)

-Walking with less flavors: 
phenomenologically viable 
Technicolor models

- Study on the lattice 

Lots of efforts during last 4...5 years.

SU(2) adjoint: (Catteral et al., Hietanen et al., Del Debbio et al.,...)
SU(2) fundamental: (Del Debbio et al., Karavirta et al.,...)
SU(3) fundamental: (Appelquist et al., Kuti et al.,...)
SU(3) sextet: (De Grand et al.,...)
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Some history: SU(2) gauge + 2 adjoint Wilson fermions on the lattice

Strong coupling boundary at �L ⇠ 2

Seems volume independent: Lattice artifact?

Lattice phase diagram and spectrum (Hietanen, Rantaharju, Rummukainen, Tuominen, JHEP 0905 (2009).

Non-QCD like continuum physics?
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Measure the coupling at �L � 2

SU(2) with 2 fundamentals 
as a control case:
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Wilson fermions:

Large (O(a)) lattice artifacts

Measure the coupling at �L � 2

SU(2) with 2 fundamentals 
as a control case:

0 5 10 15 20
L/a

0

3

6

9

12

g2

`L=2.2
`L=2.5
`L=2.8
`L=3.1
`L=3.5

fundamental rep.

0 2 4 6 8
g2

-0.04

0

0.04

0.08

`

fit (g*
2 = 2.2, b = 7)

1-loop
2-loop
3-loop MS
4-loop MS

Similar behavior observed also in
Del Debbio et al., 
De Grand et al. 

4 8 12 16 20 24
L/a

0

1

2

3

4

5

6

g2

`L=2.05
`L=2.2
`L=2.5
`L=3
`L=3.5
`L=4.5
`L=8

g*
2 = 2.2

SU(2) with 2 adjoints:

(Hietanen, Rummukainen, Tuominen, PRD 81 (2009).)



Wilson fermions:

Large (O(a)) lattice artifacts

Need improved actions.
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Chromoelectric background field from fixed boundaries:

Coupling defined as response to changes of the background field:

U

k

(x)|(x0=0) = exp(aC

k

(⌘)), U

k

(x)|(x0=L) = exp(aC

0
k

(⌘))

g20
g2

=
@S

@⌘

�
@Scl.

@⌘

Measuring the coupling using the Schrödinger functional (=background field)

µ ⇠ 1/L

Ck =
i

L
diag(�1(⌘), . . . ,�n(⌘)) C 0

k =
i

L
diag(�0

1(⌘), . . . ,�
0
n(⌘))



Chromoelectric background field from fixed boundaries:

Coupling defined as response to changes of the background field:

U

k

(x)|(x0=0) = exp(aC

k

(⌘)), U

k

(x)|(x0=L) = exp(aC

0
k

(⌘))

g20
g2

=
@S

@⌘

�
@Scl.

@⌘

Measuring the coupling using the Schrödinger functional (=background field)

µ ⇠ 1/L

Ck =
i

L
diag(�1(⌘), . . . ,�n(⌘)) C 0

k =
i

L
diag(�0

1(⌘), . . . ,�
0
n(⌘))

�1 = �⌘ �0
1 = ⌘ � ⇢

�0
2 = ⇢� ⌘�2 = ⌘ ⌘ = ⇡/4, ⇢ = ⇡

SU(2):

Fundamental rep.



Chromoelectric background field from fixed boundaries:

Coupling defined as response to changes of the background field:

U

k

(x)|(x0=0) = exp(aC

k

(⌘)), U

k

(x)|(x0=L) = exp(aC

0
k

(⌘))

g20
g2

=
@S

@⌘

�
@Scl.

@⌘

Measuring the coupling using the Schrödinger functional (=background field)

µ ⇠ 1/L

Ck =
i

L
diag(�1(⌘), . . . ,�n(⌘)) C 0

k =
i

L
diag(�0

1(⌘), . . . ,�
0
n(⌘))

�1 = �⌘ �0
1 = ⌘ � ⇢

�0
2 = ⇢� ⌘�2 = ⌘ ⌘ = ⇡/4, ⇢ = ⇡

SU(2):

Fundamental rep.

�1 = ⌘ � ⇢

�2 = ⌘(⌫ � 1/2)

�3 = �⌘(⌫ + 1/2) + ⇢

�0
1 = ��1 � 4⇢

�0
2 = ��3 + 2⇢

�0
3 = ��2 + 2⇢ ⌘ = 0, ⇢ = ⇡/3, ⌫ = 0

SU(3):

Fundamental rep.



Simpr = S0 + a

5
csw

X

x

 ̄(x)
i

4
�

µ⌫

F

µ⌫

(x) (x) + �S

G,b

+ �S

F,b

ct c̃t
Two counterterms due to 
nontrivial boundaries

Improvement: Luscher, Narayanan, Weisz, Wolff  (hep-lat/9207009)
Developed and tested for QCD (fundamental rep. fermions).



Simpr = S0 + a

5
csw

X

x

 ̄(x)
i

4
�

µ⌫

F

µ⌫

(x) (x) + �S

G,b

+ �S

F,b

ct
csw = 1

ct = 1 + c(1)t g20

c̃t = 1 + c̃(1)t g20

c̃t
Two counterterms due to 
nontrivial boundaries

Improvement: Luscher, Narayanan, Weisz, Wolff  (hep-lat/9207009)
Developed and tested for QCD (fundamental rep. fermions).



Simpr = S0 + a

5
csw

X

x

 ̄(x)
i

4
�

µ⌫

F

µ⌫

(x) (x) + �S

G,b

+ �S

F,b

ct
csw = 1

ct = 1 + c(1)t g20

c̃t = 1 + c̃(1)t g20

c̃t
Two counterterms due to 
nontrivial boundaries

Improvement: Luscher, Narayanan, Weisz, Wolff  (hep-lat/9207009)
Developed and tested for QCD (fundamental rep. fermions).

Perturbative stepscaling:

⌃(u, s, L/a) = g2(g0, sL/a)|g2(g0,L/a)=u

= u+ [⌃1,0(s, L/a) + ⌃1,1(s, L/a)Nf ]u2
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Nontrivial calculation of the counterterms required for higher representations. 

(T. Karavirta et al. JHEP 1106 (2011), 1101.0154
 T. Karavirta et al. PRD85 (1012), 1201.1883)
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SU(3) adjoint
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The lessons:

• Wilson fermions must be improved.

• Improvement must done consistently: all coefficients 
must be fixed to their correct values.

• Optimization needed: pull between gauge and fermion 
contributions; maintain large enough background field for 
measurements.   

Alternative approaches: 
S. Sint and P. Vilaseca, 1211.0411;
S. Sint, 1008.4857
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High T: free partonic gas (like QCD)

Low T: some ”unparticle” matter

p = gUVT
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p = gIRT
4

p/T 4

T

T

High T: free partonic gas (like QCD) p = gUVT
4

Low T: Hadronic gas (like QCD) p = 0

Intermediate T: p ' g⇤T 4

Walking region: 

p/T 4
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As in lattice MC, the effort is to go to the limit mq ! 0

Phases: black hole solutions. Stable phase: one with smallest action. 



The four functions,                                   , solved from Einstein eqs. 
The action is tuned to reproduce required UV behaviors + confinement at small xf .

b(z), f(z),�(z), ⌧(z)

As in lattice MC, the effort is to go to the limit mq ! 0

{�h, ⌧h(�h)}The solutions are parametrized by 

Two distinct branches of solutions:

⌧ 6= 0

⌧ = 0

Phases: black hole solutions. Stable phase: one with smallest action. 
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Conclusions

Unfolding strong dynamics: Lattice and holography.

Improving precision for of non-QCD like theories.

Refining holographic models.

Combine the two for coherent picture.


