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"...[monopoles] turn to develop a non-zero vacuum expectation 
value. Since they carry color-magnetic charges, the vacuum will 
behave like a superconductor for color-magnetic charges. What 
does that mean? Remember that in ordinary electric 
superconductors, magnetic charges are connected by magnetic 
vortex lines ... We now have the opposite: it is the color charges 
that are connected by color-electric flux tubes."
G. 't Hooft (1976)
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N=2 ⇒ add the second gluino + add a scalar 

gluon φa (a complex scalar field in the adjoint)

V(φa) = |εabc φb φc|2

In the vacuum φ3 ≠ 0 while φ1 = φ2 =0  ⇒
SU(2)gauge →U(1) ⇒
Georgi-Glashow model

⇒ ‘t Hooft-Polyakov monopoles    

     If |φ3|≫Λ, then monopoles are very heavy!       
M. Shifman 6
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☞ Non-Abelian Strings, 2003 → Now

M. Shifman 8
Wednesday, December 5, 12



SU(2)/U(1) = CP(1)∼O(3) sigma model

classically gapless excitation

“Non-Abelian” string is formed if all non-
Abelian degrees of freedom participate in 
dynamics at the scale of string formation

2003: Hanany, Tong
Auzzi et al.
Yung + M.S.
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family: the genuine vacuum plus metastable ones entangled with the genuine vacuum

in the ! evolution.

As soon as string tensions in our model are classically determined by their U(1)

charges the tension of k-string is given by

Tk = 2" k # + O(!2), (45)

where corrections of order of !2 are induced by the quantum e"ects in the e"ective

world sheet theory.

If we add up N strings, the resulting conglomerate is connected to the ANO

string.

6 Kinks are confined monopoles

The CP (N ! 1) models are asymptotically free theories and flow to strong coupling

in the infrared. Therefore, the non-Abelian strings discussed in the previous sec-

tions are in a highly quantum regime. To make contact with the classical Abelian

strings we can introduce parameters which explicitly break the diagonal color-flavor

SU(N)diag symmetry lifting the orientational string moduli. This allows us to obtain

a quasiclassical interpretation of the confined monopoles as string junctions, and fol-

low their evolution from (almost) ’t Hooft–Polyakov monopoles to highly quantum

sigma-model kinks. In the supersymmetric case this was done in Refs. [12, 11, 13].

6.1 Breaking SU(N)diag

In order to trace the monopole evolution we modify our basic model (3) introducing,

in addition to the already existing fields, a complex adjoint scalar field aa,

S =
!
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where Dµ is a covariant derivative acting in the adjoint representation of SU(N) and

M is a mass matrix for scalar quarks !. We assume that it has a diagonal form

M =

'

(

(

(

(

(

(

)

m1 ... 0

... ... ...

0 ... mN

*

+

+

+

+

+

+

,

, (47)

with the vanishing sum of the diagonal entries,

N
-

A=1

mA = 0 . (48)

Later on it will be convenient to make a specific choice of the parameters mA, namely,

M = m $ diag
.

e2"i/N , e4"i/N , ..., e2(N!1)"i/N , 1
/

, (49)

where m is a single common parameter, and the constraint (48) is automatically

satisfied. We can (and will) assume m to be real and positive.

In fact, the model (46) presents a less reduced bosonic part of the N = 2 super-

symmetric theory than the model (3) on which we dwelled above. In the N =

2 supersymmetric theory the adjoint field is a part of N = 2 vector multiplet. For

the purpose of the string solution the field aa is sterile as long as mA = 0. Therefore,

it could be and was ignored in the previous sections. However, if one’s intention is to

connect oneself to the quasiclassical regime, mA %= 0, and the adjoint field must be

reintroduced.

For the reason which will become clear shortly, let us assume that, although

mA %= 0, they are all small compared to
#

!,

m &
0

! ,

26

Prototype model
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◆

Basic idea:
• Color-flavor locking in the bulk → Global symmetry G;        

• G is broken down to H on the given string;

• G/H coset; G/H sigma model on the world sheet.
Φ=√ξ × I
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Figure 2: Z2 string junction.

have the same tension. Hence, two di!erent strings form a stable junction. Figure 2
shows this junction in the limit

"CP(1) ! |#m| !
!

! (4)

corresponding to the lower left corner of Fig. 1. The magnetic fluxes of the U(1) and
SU(2) gauge groups are oriented along the z axis. In the limit (4) the SU(2) flux
is oriented along the third axis in the internal space. However, as |#m| decreases,
fluctuations of Ba

z in the internal space grow, and at #m " 0 it has no particular
orientation in SU(2) (the lower right corner of Fig. 1). In the language of the
worldsheet theory this phenomenon is due to restoration of the O(3) symmetry in
the quantum vacuum of the CP(1) model.

The junctions of degenerate strings present what remains of the monopoles in
this highly quantum regime [11, 12]. It is remarkable that, despite the fact we are
deep inside the highly quantum regime, holomorphy allows one to exactly calculate
the mass of these monopoles. This mass is given by the expectation value of the kink
central charge in the worldsheet CP(N # 1) model (including the anomaly term).

What remains to be done? The most recent investigations zero in on N = 1
theories, which are much closer relatives of QCD than N = 2. I have time to say
just a few words on the so-called M model suggested recently [13] which seems quite
promising.

2.3 M model

The unwanted feature of N = 2 theory, making it less similar to QCD, is the
presence of the adjoint scalar field. One can get rid of it making it heavy. To
this end we must endow the adjoint superfield by a mass term. Supersymmetry of
the model becomes N = 1. Moreover, to avoid massless modes in the bulk theory
(in the limit of very heavy adjoint fields) we must introduce a “meson” superfield
MA

B analogous to that emerging in the magnetic Seiberg dual, see Sect. 1, with an
appropriately superpotential. After the adjoint field is eliminated the theory has no
’t Hooft–Polyakov monopoles in the quasiclassical limit. Nevertheless, a non-Abelian

6

⇠⇠⇠⇠ ⇠⇠⇠⇠ ⇠⇠⇠⇠⇠⇠⇠⇠ ⇠⇠⇠⇠

= kink

Evolution in dimensionless parameter m2/ξ

Yung + M.S.
Hanany, Tong
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Figure 1: Various regimes for monopoles and strings.

was in full swing.1 BPS domain walls, analogs of D branes, had been identified
in supersymmetric Yang–Mills theory. It had been demonstrated that such walls
support gauge fields localized on them. and BPS saturated string-wall junctions
had been constructed [8]. And yet, non-Abelian flux tubes, the basic element of the
non-Abelian Meissner e!ect, remained elusive.

2.1 Non-Abelian flux tubes

They were first found [9, 10] in U(2) super-Yang–Mills theories with extended su-
persymmetry, N = 2, and two matter hypermultiplets. If one introduces a non-
vanishing Fayet–Iliopoulos parameter ! the theory develops isolated quark vacua,
in which the gauge symmetry is fully Higgsed, and all elementary excitations are
massive. In the general case, two matter mass terms allowed by N = 2 are unequal,
m1 != m2. There are free parameters whose interplay determines dynamics of the
theory: the Fayet–Iliopoulos parameter !, the mass di!erence "m and a dynamical
scale parameter #, an analog of the QCD scale #QCD. Extended supersymmetry
guarantees that some crucial dependences are holomorphic, and there is no phase
transition.

The number of colors can be arbitrary. The benchmark model supporting non-
Abelian flux tubes has the gauge group SU(N)"U(1) and N flavors. The N =
2 vector multiplet consists of the U(1) gauge field Aµ and the SU(N) gauge field Aa

µ,

1This program started from the discovery of the BPS domain walls in N = 1 supersymmetric
gluodynamics [7].

4

Text
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Kink = Confined Monopole

✵ Kinks are confined in 4D (attached to strings).
✵ ✵ Kinks are confined in 2D: 
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Dewar flask

4D ↔ 2D Correspondence

☛     World-sheet theory ↔ strongly coupled bulk 

theory inside   
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Color Superconductivity (CSC) 

  QCD at high density � Fermi surface, weak-coupling 
 
  Attractive channel���Cooper instability 

    ��[3]C×[3]C = [6]S + [3]A 

E 

p 

� 

q q

3�

“diquark condensate”�

Fermi sea�

Dirac sea�

E=|p| 

1) Confined monopoles in dense QCD

Neutron stars?
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3 colors and 3 flavors
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Broken→SU(2)×U(1) ➟ CP(2) model on the string w.-s. !         
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Perpendicular plane
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x2

0

z

Low-energy excitations (gapless modes)

◊◊  ΔΗGL = (T/2)(∂zxperp ∂zxperp)  + h.d.      ➟ time derivatives can be rel. or 
non-relat.     Nambu-Goto → String Theory

Kelvin modes or Kelvons
2 NG gapless modes in relat.
1 NG gapless mode in non-rel.

Eexcit<< mγ∼eη

L
x1

x1

Estr = TL + C/L

Counts # of gapless modes !
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Spin 1/2

P-wave paring

3He atoms

 L=1, S=1  ➟  Cooper pair order parameter eμi        3×3 matrix

Spin-orbit small, symmetry of H is 

1 Introduction

In this paper we report a new phenomenon which occurs in superfluids with a tensorial order
parameter.

Superfluid 3Helium is definitely one of the most interesting states of matter which can be
realized and studied experimentally [1]. It is also one of the most well-studied systems from a
theoretical point of view [2–5]. Unlike conventional superfluids, 3He atoms are fermions, and
can thus condense only after forming Cooper-like bosonic pairs [2]. The attractive interaction
between 3He atoms, which can be modeled by Van der Walls potentials, has a very strong
short-range repulsive core. This fact entails the dominance of the P -wave pairing. Moreover,
each 3He atom is a spin 1/2 particle. The (anti)-symmetry of the wave function for a pair
of identical fermions then implies that the 3He atoms form bound states with unit angular
momentum and unit spin. The consequence of this fact is that the order parameter describing
the condensate has a tensorial structure, and has to be described by a 3 by 3 matrix eµi,
where µ denotes spin and i orbital indices [3, 6, 7].

Low-energy physics of superfluids can be described by gapless exciatations of the Nambu-
Goldstone modes associated with spontaneously broken global symmetries. Two most im-
portant physical consequences of this are: (i) phonons associated with spontaneously broken
phase U(1)p symmetry and (ii) magnons associated with spontaneously broken SO(3) spin
symmetry [8], as well as topologically stable (global) vortices winding around the broken
symmetry. In the conventional superfluid, the breaking of an Abelian phase symmetry

Up(1)⇥ 1

leads to the existence of phonon excitations in the bulk. Moreover, the same breaking
implies the existence of topologically stable superfluid vortices [9]. A lattice of vortices can
be generated in a superfluid by rotating the sample [10–12].

In this paper we point out that, in addition to the Nambu-Goldstone modes in the bulk,
there exist novel Nambu-Goldstone modes – to be referred to as non-Abelian – localized on
the vortices.

As predicted long ago by Lord Kelvin, vortices support vibrating modes, called Kelvons,
which correspond to helical fluctuations of the vortex line [13, 11, 14]. These modes can be
interpreted as the Nambu-Goldstone modes arising because of the breaking of translational
and rotational symmetries by the vortex. Both, the bulk and the Kelvin excitations have
been recently observed [15].

In an unconventional superfluid, such as 3He, however, the gapless mode situation is
more complicated and interesting. Since the order parameter is a tensor, spatial rotations
are usually broken by the condensate. Moreover, several phases are possible, with di�erent
symmetry breaking patterns.

If we neglect spin-orbit interaction, rotations of spinorial and orbital indices can be
performed independently; the full symmetry of 3He is

G = U(1)p � SOS(3)� SOL(3) ,

where SOS(3) and SOL(3) are spin and angular momentum of condensates. Two possible
phases in thee dimensions are theoretically predicted and experimentally observed in the ab-
sence of external magnetic fields. In the A-phase in three dimensions the symmetry breaking

2

in the bulk is as follows1 (in the absence of external magnetic fields):

G = Up(1)� SOS(3)� SOL(3)⇥ HA = U(1)� � U(1)S,

while in the more symmetric B phase, the ground state preserves a locked SO(3) symmetry:

G = Up(1)� SOS(3)� SOL(3)⇥ HB = SO(3)S+L.

In field-theoretical language, we identify the locked SO(3)S+L symmetry as a usual spatial ro-
tation. The expressions above imply that both phases admit a non-trivial set of non-Abelian
Goldstone bosons in the bulk, generated by the breaking of non-Abelian global symmetries.
The number of the Nambu-Goldstone excitations in the bulk is dim G - dim HA,B. This more
complicated than usual spectrum of the gapless bulk excitations is one of the peculiarities
of 3He, which distinguishes 3He from conventional superfluids.

Both phases described above, A and B, support a stable lattice of superfluid vortices
appearing once the sample is rotated. The breaking of translational invariance by the vortices
leads to the presence of gapless Kelvin modes on the vortices. Both the non-Abelian bulk
modes and the Kelvin modes were studied and observed in experiments with superfluid 3He
refs[?].

We will argue that a new type of gapless modes localized on the vortices in the B-phase
of superfluid 3He exists. While Kelvons can be interpreted as the Nambu-Goldstone modes
arising from the breaking of translations, excitations we propose arise independently, from
the breaking of the spatial rotation symmetry HB = SO(3)S+L by the vortex solution.

It is known that the B phase is divided into two sub-phases according to the core structure
of the mass vortices: either axially symmetric core under rotations around the vortex or
axially asymmetric core [16, 17]. Note that the breaking of the axial symmetry in the core
of the mass vortices has already been observed []. Such a breaking of the axial symmetry
gives rise to a U(1) Nambu-Goldstone mode localized on the given mass vortex. Therefore,
the conventional U(1) Nambu-Goldstone mode on the mass vortex exists or does not exist
depending on whether the core is asymmetric or symmetric, respectively.

Now, our assertion is as follows. There exist two more gapless modes, in addition to
the above mode, due to breaking of the bulk symmetry HB = SO(3)S+L on the vortex. In
other words, in total there exist two or three gapless modes having linear dispersions, in
accordance with the fact that

SO(3)S+L/U(1)z ⇤ S2

relevant for the axially symmetric core while SO(3)S+L for the asymmetric core.
As far as we know, this new type of excitations was not discussed in the literature, neither

observed in experiments. This is the first example of spatially localized non-Abelian Nambu-
Goldstone modes in condensed matter physics. The arguments that lead us to this conclusion
are explained in detail in Section 3. They can be applied in general to unconventional
superfluids with tensorial order parameters. We are motivated by analogous developments
in high-energy physics, in certain gauge field theories.

1The unbroken U(1)0 symmetry in the A phase appears as a combination of the Up(1) and one of the
SO(3) generators.

3

Hence, contrived NG modes in the bulk!
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Amending Abrikosov to non-Abelian

◊  ΔΗGL = Dkϕ✝Dkϕ + λ(ϕ✝ϕ-η2)2 ➟ time derivatives can be rel. or non-relat.     

◊◊  ΔΗNA = ∂kni ∂kni + (-μ2+ϕ✝ϕ)nini +β(nini)2 + time derivatives

                                with η2>μ2  

✸ In ground state ϕ✝ϕgr.st= η2, hence the mass term of ni = η2-μ2 >0
and O(3) is unbroken           

✸✸ Inside Abrikosov ϕ✝ϕgr.st.= 0 hence the mass term of ni = -μ2 <0 

and O(3) is broken down to O(2), while nini = μ2/2β

✸✸✸ Classically O(3) sigma model on vortex, 2 gapless  
       interacting modes
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Conclisions

★ Non-Abelian strings in N=1 SUSY → 

heterotic CP(n-1) models on string; poorly 
explored.

★ ★ Unexpected applications in condensed 

matter (not explored).
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