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Two old questions (and the motivation for this work)

1.What are the possible phases of theories (limits as deep IR is approached)?
(coulomb, Higgs, confinement, conformal, ...)?
Is there, eg, a scale but not conformal phase?

2. RG flows: we know limiting flows can be IRFP (IR fixed points).
Wilson speculated one may also have limit cycles or limiting ergodic trajectories.

Are there any examples of these?



Quiz

Directions: Select the best answer.

1. Which of the following is false:

A. The trace anomaly i1s T, = 3;0; (up to equations of motion)
B. A theory is conformal if and only if 3; =0

C. Scale invariance does not imply conformal invariance

D. All of the above

E. None of the above



Quiz

Directions: Select the best answer.

1. Which of the following is false:

A. The trace anomaly i1s T, = 3;0; (up to equations of motion)
B. A theory is conformal if and only if 3; =0

C. Scale invariance does not imply conformal invariance

D. All of the above

E. None of the above

Explanations:

e Ind=4

e In flat space

e (lassically scale invariant (no dimensional couplings)
e Up to Equations of Motion



Quiz-Solutions

Directions: Select the best answer.

1. Which of the following is false:

A. The trace anomaly 1s 7%, = (3;0; (up to equations of motion)
B. A theory is conformal if and only if 3; =0
C. Scale invariance does not imply conformal invariance

v D. All of the above

E. None of the above

In this talk I will explain these answers.



Trace Anomaly

I. Jack and H. Osborn, NPB 343, 647 (1990).

Review derivation in dimensional regularization H. Osborn, NPB 363, 486 (1991)

Consider QFT with dimensionless couplings
(classically scale invariant) ind =4 — ¢

5
0¢

Lagrangian in terms of renormalized couplings satisfies RGE

Compute stress-energy tensor, take trace  T/' = eL — (1)

5, 0
B(g )a—g—Vﬁb—(b—G =0

where (3= —eg+ Blg) 7= —€e+7(9)

Obtain




Notes:

e Presented for scalars, trivially extended for gauge fields, spinors with yukawas
e Presented for single coupling, trivially extended for many couplings, eg

1
V= Igabcd¢a¢b¢c¢d — gIOI
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So what is the problem with this???
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(This 1s a rhetorical question, I will now answer :))



So what is the problem with this???

(This 1s a rhetorical question, I will now answer :))

oL

The operator O1 = 8—91 is not finite in general when inserted in Green functions!

Taking a derivative of the functional integral Z = 'V = / [d]et™o

This is finite, but what about the local operator?
It can fail to be finite by a total divergence

<[O[]> = <O[ - 8MJ}‘> — finite

What can this “current” be?
For example, for scalars we can have

| 1 2
Tt = —Z(Np)ap(¢a 0 ") = "¢T N1 (for short)  NF = =Ny, N AR

2 € €

We do not usually encounter this (need sufficient complexity)
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oL 050

Trace anomaly: 1) = B(Q)a_g — (1 +49(9)) 56 really is:

050

T = Bi(@I01] + 9, T" = (L +7(9)é 57

The “hats™ have disappeared because the quantities are finite.

The current must be finite by itself.

JH = B[J;L — aMQbTB[NIQb — finite

Introducing S, the finite part of B N7

S = —gN;

This only gives the “tree level” current.
One can show the fully renormalized current is

JH = 0*¢T (S + Ni(Sg)1)¢ = finite

where (Sg)abcd — Saegebcd + e+ Sdegabce



Compute S

Recall S = —gr N7

For theory of n, real scalars, nr Weyl spinors (symmetry group Gr= SO(ns) x SU(ny),
any subgroup possibly gauged), with

V= %)\abcdqﬁa¢b¢c¢d + (%ya|z'j¢a¢i¢j + hC)

From definition, S” = — S (in the Lie algebra of SO(#;))

S =0 at 1- and 2-loops because individual topologies are symmetric under a < b



Contributions to NV still symmetric at 2-loops

JO: §=0 to 2-loops in fermion-scalar model, and to 3-loops in pure scalar model

Contributions to N; not symmetric at 3-loops;




Be mesmerized:

(167> (N])ab0" g1 D — 5 tr(y, 0" ysyaye) Mocde — 3 tr(Yais 0" yays) Mocde — 5 T (Yali YaO"yis) Nvcde
— (Yl ays) 0" Nocde — 57 02 (U O" Y3 Yays ) Aacde — 35 0T (Up Ui 0" Ya¥h) Nacde
31 (W Ve Ya0"ye) Aacde — 24 tr(0" Yy Y vaye ) Nacde — 35 0 (YO Yiyayayy i)
— o5 T (WaYe 0" yayiyp ve) — 32 (Y, Ysvad vavs ve) — o5 tr(YaVeyayi® upys)
— 5 T (Ya Ve vaviays 0" vE) + 15 v (W 0" vy iy i) — a5 tr(Ya e 0 v vy vi)
15 T (Wa Vi v 0" yaun Vi) — 56 r(Waibeyad" vy yi) + 16 tr(Yabey. vy 0v;)

+ h.c. — {a < b},

First ever computation of non-vanishing S :

(167%)°Sap = 2 tr (Yo Vi yaye) Mvcde + 2 tr (Y Viyayavpys) + hc. — {a <> b}



SUSY result, all orders in perturbation theory:



SUSY result, all orders in perturbation theory:

S
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Scale without Conformal?

J. Polchinski, NPB 303, 226 (1988).
D. Dorigoni and V. S. Rychkov, 0910.1087 [hep-th].

Condition for Scale Invariance?
8, D" = 0

where the dilatation (scale) current is given in terms of the improved
stress-energy tensor

DV = g, TH
so that

8MD“ =T /ff
Condition for Conformal Invariance?

0, K" = —a"TV =0

It appears that in both cases the condition is

T =0



® Improvements? If
T = 0,0, L"

one can improve 7" so that scale and conformal still conserved.

e But! What if the unbroken symmetry is a combination of two broken symmetries?
This happens 1n other familiar contexts:

® For spontaneously broken symmetries, as in the SM: SU(2)xU(1) — U(1)em
® For anomalous currents, as in B and L in SM, but not B—L

® Look for a conserved current of the form

DV =g, TH —VH#

where V¥ (the “virial current”) is a non-conserved current that does not depend
explicitly on coordinates.

(and which is not of the form V* = 9,L*" )



THEN: We can have

({%D“ = T[f — (9MV“ =0 scale invariance

while

T =0,V" #0 no conformal symmetry

A scale transformation together with a U(1) rotation is still a symmetry.

Now use trace anomaly and explicit form of virial:
VH = R0 podp + 1Pjp;0M

Condition for scale invariance but not conformal is then an algebraic condition:

recall notation:

Br—(SA);r=(R\)7 #0 (SN)abed = SacActed ++++ + Sacabee

or 6[:(62)\)[ with R:Q—S#O



Babcd — _Qa’aAa’bcd — Qb’b)\ab’cd — Qc’c)\abc’d — Qd’d)\abcd’ ’
5a|zj = _Qa’aya’|ij — 5iYali’j — Pj’jya|z’j’ 3

These are not functional equations

Solution: specific values of coupling constants (and of O and P)
that satisfy these equations

Precisely as in searching for conformal fixed points (with O = P = 0)

Immediate: recurrent RG-trajectories ——— = 81 = (Q\)1 Ar(t) = (e719N);

e '@ c Gp group of internal global transformations (“flavor” symmetry of kinetic terms)

As a function of #: one parameter trajectory in compact space

@ Trajectory closes Q

. . . > < &0
@ Trajectory comes arbitrarily close P ;3:9:?57-}»-
to initial point (Poincare recurrence) Pt ‘: - o



We look for solutions using perturbation theory:

At 1-loop the form of the beta-functions (ie, which monomials appear)
suffices to show that O =P = 0.

At 2-loops this happens by detailed cancellation among terms (and by non-linearity one has a
reminder, O = order 3-loops)

The 3-loop beta functions are not known.

We have computed the necessary terms (not the complete beta-function)



Summary of findings:

@ Ind=4- g no gauge fields (like Wilson-Fisher fixed points)
@ No non-trivial solution to all orders in perturbation theory for any ny if ny <2
@ Solutions with P =0 but O # 0 at 3-loops in:
Q@ ns=1,n,=2, withunbounded tree-level potential
Q@ nr=2,n,=2, with bounded tree-level potential
Q@ Ind=4, SUB)-YM ns =2 + 2 (anti-)fundamentals, ns = 2 neutral (Caswell-Banks-Zaks FP)
@ Solutions with P =0 but O # 0 at 3-loops.
@ Unbounded tree-level potential

Oscillating couplings




Svs QO

S = S(g), defined everywhere in theory space (ie, space of coupling constants)

QO = constant (one for each cycle solution), defined by solving for existence of cycle
Both appear first at third order in the loop expansion

Both in Lie algebra of SO(#,) in Gr
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Theorem: In perturbation theory

® Oncycles S = Q (up to a symmetry generator)
® On fixed points § = 0 (up to a symmetry generator)




Svs QO

S = S(g), defined everywhere in theory space (ie, space of coupling constants)

QO = constant (one for each cycle solution), defined by solving for existence of cycle
Both appear first at third order in the loop expansion

Both in Lie algebra of SO(#,) in Gr

Theorem: In perturbation theory

® Oncycles S = Q (up to a symmetry generator)
® On fixed points § = 0 (up to a symmetry generator)

Outline of proof:

e On cycle a quantity 4 remains constant simply because it is Gr invariant ,
e A satisfies a strong c-theorem in perturbation theory, grows like (6 — (S )\))

* Oncycle, 5= (QN) » the two statements imply (QXN) — (SA\) =0



Scale IS Conformal

Legal Disclosure: md= 4, unitary, local, renormalizable, perturbative, interacting QFT with well defined correlators of stress-energy tensor

Recall, the condition for scale but not conformalis (3, — (S )\) ;= ( R )\) 1 £ 0

or ﬁ]:(Q)\)] with R:Q—S#O

We just showed (R g) 7 = 0 (R may not vanish but then it generates a symmetry)

Hence: scale + Poincare + unitarity + no-nonsense = conformal

See also: Luty, Polchinski, Rattazzi



Quiz-Solutions Explained

Directions: Select the best answer.

1. Which of the following is false:

A. The trace anomaly is T = 3;0; (up to equations of motion) T/ = B1(9)|O1] + 0, J*

B. A theory is conformal if and only if (3; =0 Br =8 —(Sg)r =0
C. Scale invariance does not imply conformal invariance Yes it does (at least
perturbatively)

D. All of the above

E. None of the above



After Thoughts, Conclusions, ...

Is B; the new beta-function? No.

But it does coincide with the beta-function in one particular scheme. This scheme cannot be
obtained by a transformation g — f(g) alone (not the usual stuff). In this scheme the
anomalous dimension matrix of the scalar fields is non-symmetric.

Perturbative positivity of y&,, 1s used for proof of a-theorem and that scale implies conformal.
New work by Komargodsky and Schwimmer (also Luty, Polchinski, Rattazzi) suggests there is
a non-perturbative a-theorem. Positivity there is from optical theorem. Suggests a connection
that may establish § = O and “scale implies conformal” non-perturbatively.

Explicit form of S allows to find examples of O much more simply:
e Solve for zeroes of /-loop beta-function 57 = 0
e Plug value of “fixed point” into our 3-loop expression for S(g)
e [fS=0aFPelse O=3S

What is the role of S? Are these “cyclic CFT” different form normal, FP CFT?
Two point function look completely “normal” in cyclic CFT.

Many other open questions (d =4 — €7, flows between FP and cyclic?, d =4 with bounded
potential? ...)



The End



Additional Slides



Explanations

A. The trace anomaly is 7", = 5;O; (up to equations of motion)

We mean:

e Ind=4
e In flat space, else we would have additional terms involving the
Riemann tensor quadratically

a c b

TH = 3;0; — G F— R?
p=p 1672 + 1672 1672
4 2
— PHYpo . uv 2 1
F = RMP R po —d—2R R, + (d—2)(d—1)R , (square Weyl)
2
— UV po _ ARMV . 2 .
G - 3d_2) (R*P° Rype — AR R, + R?), (Euler density)

e No dimensional couplings (no masses or cubic scalar couplings)
e There are in fact equations of motion terms on the RHS

0
T, = B3:0; + Agbé—So
where A 1s the dimension of ¢



B. A theory is conformal if and only if 3; = 0
We mean a theory that is conformal classically (question would be pointless is there are masses).

Not identically but at a point in theory space 3;(g.) = 0

C. Scale invariance does not imply conformal invariance
Again, for d = 4. For d = 2 1t was shown (Polchinski, 1987) scale implies conformal.

Unparticle physics uses (except for scalar unparticles) scale invariance without
conformal. This gives amplified effects because it allows for

(1) Non-conserved vectors of dimension 3
(i1) Smaller dimensions than allowed by CFT, amplifying the effect of unparticles
(eg, vectors of dim<3)



Example: n, real scalars, nr Weyl spinors with

V = JAabedPaPodedd + (5YajijPatith; + huc.).

A simple 1-loop computation gives:

I 1

(Nefis)ab = = 1672€ 2

(y2|z‘j 5bc — yaw 5ac)

(The index “I”” now runs over (abcd) and (alif) )



Use EOM?

Trace anomaly:

T,u'u ('CU) — /yaa’DQQbaqba’ - ’Y;i&iiaﬁl)uwi’ + %i’D,uQEiia-'uwi’
T %(ﬁabcd — ’Ya’a)\a’bcd — Wb’b)\ab’cd — ’Yc’c)\abc’d — ’Yd’d)\abcd’)¢a¢b¢c¢d
- %(ﬁalij — Ya'aYa'|ij — ViriYali'j — Vi’jYalij')Pati®j + hic..

0 D" () = (Yaa' + Qaa’ ) D*Padar — (V51 + Piii)hiic" Dythy + (Vi + Piir ) Dytiic thy
— 2 (Babed — Yarararbed — Vb Aab'cd — Ve'eNaberd — V' dNabed’ ) PaPoPePa
_%<Ba|z’j — Ya’aYa'|iz — Vi'iYali'j — ’Yj’jyaujf)ﬁba%% + h.c.,

Using the EOM to eliminate anomalous dimensions is on the same footing as using EOM
on the virial current



Diagrams that can contribute to Q in the ny = ny= 2 model

2-loops

~~_ - -~
=< 4 N
~
~<_ / \
~<_ / \
——mm = ——— ———— - — - [
- \
_- \ I
- /
- N s
- ~ -
f’/ \\__.—’

Fig. 1: Diagrams that contribute to ¢ at two-loop order.

........ iize-oo-- S
DE“;) Dé ) (and its symmetric)

3 3 3
DifJ) Dil) D52>

Fig. 2: Diagrams that contribute to ¢ at three-loop order.



The proof uses one of the consistency conditions of Jack & Osborn

83[8]121 = X“}]JBIBJ

Here
A=a+ %IUIB]
Br =081 —(S9)1

a = coefficient of Euler density in Weyl Anomaly (of “a-theorem” fame)
x&,; and wy are defined in JO

~ ~

A isaGrscalar = (wg)r0rA=0  forany w in the Lie algebra of Gr

On a cycle or a FP B;is of this form: By = 67 — (Sg); = (Qg)r — (Sg9);r = (|Q — Slg)1
(for FP use O =0)
= OnacycleorFP Xx7;B1B; =0

To lowest order in the loop expansion %, is positive definite (a “metric” in theory space)
(only place perturbative assumption enters)

= Br=0 = (S9)r=(Qg9); = S=Q0Q+ AQ with (AQg);r =0, ie, a symmetry
Q.ED.

Note: perturbative c-theorem follows from same consistency condition (Jack & Osborn)



Trace Anomaly II

Follow Jack and Osborn’s derivation of trace anomaly

® (Consider QFT in curved background with space-time dependent couplings
® (Curved background: can then

® (Obtain stress-energy tensor by taking derivative w.r.t metric
T 2 05

NG

e Study Weyl variations: these encode both dilatations and conformal transformations

Guv(T) — 6_2"<”3)gw(x)

® Space-time dependent couplings

® Sources for finite composite operators [O1(x)] 950

~ dgr(x)

® Necessary for consistent space-time dependent dilatations (Weyl variations)

—o(x)

1)

® Extend renormalized Lagrangian by all possible counterterms (operators of dimension 4)
constructed out of metric and couplings, and their derivatives (consistent with diff invariance)
® Then repeat argument presented in “Trace Anomaly I”” but with space-time dependent couplings

g(p) — gle

TH = ﬁ[ (g)[OI] + VMJ'LL -+ ... (... = stuff that vanishes in flat

H .
space, constant couplings)



Bonus: JO consistency conditions (our version)

W _ / [dp]ei(So+Se.r.) W =W + Wey. =W + Se.

Se+. contains field independent counterterms, dim-4 operators constructed of g, (x) and gr(z)

Wes. = —/\/—er)\'%a
with
AN B =N+ MG+ )\CHQ + (52-8“gi8“H + %ﬁijﬁﬂgi(?“gjﬂ + %%jaugi z/ng'LW

+ 3V gV g + 2 Bik0,g" " V2 G" + 16i110,9" 0" 47 0,970 g

Ao A
where >\a=)\a(9):?+6—2+"' etc

As usual, for each coupling we can define a beta-function (describing the response of the
coupling to changes in the arbitrary renormalization scale)

a 0
(E‘Bi@)/\‘.@=ﬂ,\'9§

For example: Xi; = (€ — Bkak)@fij — «QZLkajBk — %k@ék



By changing variables in functional integral

Wie @y, (@), g (€77 )] = Wiy (), g' (1))
so under infinitesimal 7 — 7 + o
AW = AW + AgWei. = AW, 4, = finite
where  AcWer = Wer [(1 = 20)Y,m, g" — opdg'/du] — We . [Vuws 6

This imposes relations among the counterterms (“‘consistency conditions”) and therefore
among the corresponding “beta-functions.”

For example, Lt ;N2g'V2g = Lar; BB (VAT +

and V=7 (AaF + MG+ AH?) = 8X [(V21)? = (8,0,7)> + -] + 4 [(VP7)? +

. 1 21 2] .
gives 4Ae ~ §JZZij 515‘77 where ~ means up to finite terms, say X

Then for beta functions one obtains one of the JO consistency conditions:

5 XZJB 63 /BZ(?ZX,



Where do N;and § arise in this language? Ans: Renormalized Lagrangian needs additional terms

| ) |
Say, if Lo = 29" 90,0000, P00 — Eggbcd¢0a¢0b¢00¢0d

need to add a counter-term  g**(N7)qp0, 91 (¢060ud0a) (= 0" ¢ N1dugrgo in compact form)

In fact JO take  Zo = 37" DopdoaDovdoa + 5(d — 2)d0adoa — 3190peaP0aPobPocPod

DOM¢0 = (OM + AOM)¢0, AQM = AM + N](Dﬂgh, D, = 8M + AM'

The background gauge field:

e Inserts N; counterterm
e Elevates Gr symmetry (with action on spurions) to local symmetry
* Plays the role of a source for a finite operator, a scalar current

6So
[D,u¢w¢] — Wab 5Agb

= D93 (w + Nr(wg)r)eo




Is B; the new beta function?

dgr

,u% = B1(9g) gives the response of coupling to renormalization re-scaling

Br does not generally satisty this. It does satisfy, however

"

Moreover, Gr symmetry of the effective action

(@o)r5 o+ () 5| T =0

can be combined with the RGE to give a new RGE but with

Br— Br— (wg)r, Y—7+w

0 0

— + (Br — (wg)I)(SgI

iy (7 +w))-

5
5) "

This is not a new beta function. It is a trick for solving equations.

TV = B1(9)|O1] + V. JJ" = B1(g)[O1] up to EOMs

=0



Scheme change

Recall, w.f. renormalization determines only Z 1019t 20,9

Square root is ambiguous: Z: =072, 0TO=1 7575 — 7573
01

This allows for different infinite subtractions;: O =1+ — 4 --- oHt = 0!

€

This induces
’S/%ﬁ/_wa BI%BI_F(WQ)I? S%S—Fw?
where w = ¢;0;0*

Note that B; =p3; — (Sg);, I'=~+S8

are unambiguous (“‘gauge invariant”).

There is a gauge in which S = 0 and By is a beta function.



SUSY
1
L = / d*0 1o, + < / d?0 S YabePaPp e + h.c.>

Promote coupling to super-space dependent: YabC(Z) = yabc(Z) + ﬂeyfbc(z) + 92yfbc(z>,

M = gt + i0cH0
Only possible counterterm: % = /d49 D!y, Fp(YVY) = Fo(Y,Y) = Ff(Y,)Y).

Expanding % O ((N1)av0"yr — (N1)5,0"y7) (650u¢6 — Oy éb)

. OF(y,y*
where (NT)ap = ; (N1)pe = ba(y* V)
Yr

1( OF 3, (y,y") *3F£b(y,y*)>
Yr —Yr *
Y1 Y7

Fup(YV,Y) = Fap(e7Y,e°Y) = S=0



THEN: We can have

({%D“ = T[f — (9MV“ =0 scale invariance

while

T =0,V" #0 no conformal symmetry

A scale transformation together with a U(1) rotation is still a symmetry.

Now use trace anomaly.

Ignore for now divergence of S-current, fix later.

Ignore EOM (extra slide if needed)

Then the condition for scale invariance but not conformal can be casted as an algebraic
condition on the beta function,

Br = (QN)r #0



Same general model: V = %)\abcdqba%%ﬁbd + (%ya\ij¢a¢i¢j + h.c.).

Only candidate for virial current:

VH = Rap0! dpatpy + i Pij1ic" 1) QT =-Q, P'=-P
7 1 1
Trace anomaly: T} = T (Babed — (SN abed) PaPoPePa — iﬁawgba@bmj + h.c.

recall: (S)\)abcd - Sae)\ebcd + -+ Sde>\abce

Div of virial: 0, V* = Rap0° popp, — iPiWﬁ“f?u% + 1P 01",

Using EOM and T =9, V! = Baved — (SA)abed = (RN abed

Baved = —Qa’aXarbed — QvvAabv’cd — QcrcAaberd — QardNabed

5a|¢j — _Qa’aya’|ij - Pi’iya|z"j - Pj’jya|z'j’

For short, 1st equation: Br = (QN)r



Scale IS Conformal

Legal Disclosure: md= 4, unitary, local, renormalizable, perturbative, interacting QFT with well defined correlators of stress-energy tensor

Recall: scale invariance 0, DH = T[LL — 9,V =0
no conformal symmetry T/ = 9,V # 0

Use now correct form of Trace Anomaly
7 = 51001+ 9,5 (= (81~ (S9)IOn = Bi(O4])

If the virial is V* = 0"¢'R¢  (we reserve O for solutions to 87 = (Q\)71)

the condition for scale but not conformal is

Br=(Rg)r #0

But this gives B; in the Lie algebra of Gr and by the preceding proof B;= 0 and hence (Rg); = 0

(R may not vanish but then it generates a symmetry)

Hence: scale + Poincare + unitarity + no-nonsense = conformal



