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Higher	
  Harmonics	
  @	
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  LHC	
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Numerical	
  Scheme	
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  algorithm	
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Hydrodynamic	
  Expansion	


Ini%al	
  condi%on	
 Freezeout	
  process	
Hydrodynamic	
  model	

sQGP	


vn	

fluctua/ng	
  
	
  ini/al	
  condi/ons	


Bulk	
  property	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  transport	
  coefficients	
  …..	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	


importance	
  of	
  numerical	
  algorithm	
  !	
  	




C.	
  NONAKA	
  

HYDRODYNAMIC	
  MODEL	


Akamatsu,	
  Inutsuka,	
  CN,	
  Takamoto:	
  
	
  arXiv:1302.1665、J.	
  Comp.	
  Phys.	
  (2014)	
  34	
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Viscous	
  Hydrodynamic	
  Model	
  
•  Rela/vis/c	
  viscous	
  hydrodynamic	
  equa/on	
  

–  First	
  order	
  in	
  gradient:	
  acausality	
  	
  
–  Second	
  order	
  in	
  gradient:	
  	
  

•  Israel-­‐Stewart,	
  Ofnger	
  and	
  Grmela,	
  AdS/CFT,	
  
	
  	
  	
  Grad’s	
  14-­‐momentum	
  expansion,	
  Renomariza/on	
  group	
  

•  Numerical	
  scheme	
  
–  Shock-­‐wave	
  capturing	
  schemes:	
  Riemann	
  problem	
  	
  	
  

•  Godunov	
  scheme:	
  analy/cal	
  solu/on	
  of	
  Riemann	
  problem	
  	
  
•  SHASTA:	
  the	
  first	
  version	
  of	
  Flux	
  Corrected	
  Transport	
  	
  
algorithm,	
  Song,	
  Heinz,	
  Pang,	
  Victor…	
  	
  	
  

•  Kurganov-­‐Tadmor	
  (KT)	
  scheme,	
  McGill	
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Our	
  Approach	
  	
  
•  	
   Israel-­‐Stewart	
  Theory	
  

Takamoto	
  and	
  Inutsuka,	
  arXiv:1106.1732	
  

1.	
  dissipa/ve	
  fluid	
  dynamics	
  =	
  advec/on	
  +	
  dissipa/on	
  	
  
	
  

2.	
  relaxa/on	
  equa/on	
  =	
  advec/on	
  +	
  s/ff	
  equa/on	
  	
  	
  
	
  

Riemann	
  solver:	
  Godunov	
  method	
  	
  	
  	
  
	
  

(ideal	
  hydro)	
  	
  	
  	
  
	
  

Mignone,	
  	
  Plewa	
  and	
  Bodo,	
  Astrophys.	
  J.	
  S160,	
  199	
  (2005)	
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exact	
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Shock	
  wave	
  

Contact	
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Akamatsu,	
  Inutsuka,	
  CN,	
  Takamoto,	
  arXiv:1302.1665	
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Numerical	
  Scheme	
  	
  
•  	
   Israel-­‐Stewart	
  Theory	
   Takamoto	
  and	
  Inutsuka,	
  arXiv:1106.1732	
  

1.	
  Dissipa/ve	
  fluid	
  equa/on	
  

2.	
  Relaxa/on	
  equa/on	
  

I:	
  second	
  order	
  terms	
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   s/ff	
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Comparison	
  	
  	
  
•  Shock	
  Tube	
  Test	
  :	
  Molnar,	
  Niemi,	
  Rischke,	
  Eur.Phys.J.C65,615(2010)	
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Shocktube	
  problem	

•  Ideal	
  case	
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L1	
  Norm	

•  Numerical	
  dissipa/on:	
  devia/on	
  from	
  analy/cal	
  solu/on	


L(p(Ncell), p(anaytic)) =
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For	
  analysis	
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  heavy	
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  collisions	
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Large	
  ΔT	
  difference	
  	

•  TL=0.4	
  GeV,	
  TR=0.172	
  GeV	
  

–  SHASTA	
  becomes	
  unstable.	
  	
  	
  
–  Our	
  algorithm	
  is	
  stable.	
  	
  	
  

•  SHASTA:	
  an/	
  diffusion	
  term,	
  Aad	
  
–  Aad	
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–  Aad	
  =0.99:	
  stable,	
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L1	
  norm	

•  SHASTA	
  with	
  small	
  Aad	
  has	
  large	
  numerical	
  dissipa/on	
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Ar%ficial	
  and	
  	
  Physical	
  Viscosi%es	
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  Rischke,	
  Eur.Phys.J.C65,615(2010)	
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Our	
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Simula/on	
  setups:	
  
•  Free	
  gluon	
  EoS	
  
•  Hydro	
  in	
  2D	
  boost	
  invariant	
  simula/on	
  
•  UrQMD	
  with	
  |y|<0.5	




C.	
  NONAKA	
  

Ini%al	
  Pressure	
  Distribu%on	

•  MC-­‐KLN	
  (centrality	
  15-­‐20%)	
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Time	
  Evolu%on	
  of	
  vn	
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•  Qualita/vely	
  RHIC	
  ~	
  LHC	
  
•  v2	
  is	
  dominant	
  
•  v2	
  >	
  v3>	
  v4>	
  v5	
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Hydro	
  +	
  UrQMD	

•  Transverse	
  momentum	
  spectrum	
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Effect	
  of	
  Hadronic	
  Interac%on	

•  Transverse	
  momentum	
  distribu/on	
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•  Effect	
  of	
  final	
  state	
  interac/ons	
  is	
  small	
  
•  Slope	
  of	
  proton	
  Pt	
  spectra	
  become	
  flaoer	
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Higher	
  harmonics	
  from	
  Hydro	
  +	
  UrQMD	

•  Effect	
  of	
  hadronic	
  interac/on	
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Summary	
  

•  We	
  develop	
  a	
  state-­‐of-­‐the-­‐art	
  numerical	
  scheme	
  
–  Shock	
  wave	
  capturing	
  scheme:	
  Godunov	
  method	
  
	
  
–  Less	
  ar/ficial	
  diffusion:	
  crucial	
  for	
  viscosity	
  analyses	
  	
  
–  Stable	
  for	
  strong	
  shock	
  wave	
  

•  Construc/on	
  of	
  a	
  hybrid	
  model	
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  Hydrodynamic	
  evolu/on	
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•  Higher	
  Harmonics	
  
–  Time	
  evolu/on,	
  	
  hadron	
  interac/on	
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