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–  Importance	  of	  the	  numerical	  method:	  	  
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QCD	  Phase	  Transi;on	

Karsch,	  Laermann,	  Peikert,	  PLB478(2000)447	  

LaYce	  QCD	

Clear	  evidence	  of	  the	  QCD	  phase	  transi/on	  in	  changing	  the	  degree	  of	  freedom	
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QCD	  Phase	  diagram	  &	  HIC	

Hadron	  Phase	
Color	  Super	  Conductor	

QCD	  Cri/cal	  Point	

Quark-‐Gluon	  Plasma	

高	

陽子、中間子など	

T	

µB	

Heavy	  Ion	  Collisions：	  
LHC,RHIC	  

Strongly interacting QGP 
• Relativistic hydrodynamics 
• Recombination model 
• Jet quenching 
• Color Glass Condensate	

RHIC:2000	

LHC: Energy frontier 
RHIC: energy scan 
FAIR, NICA：high density	

Property of QGP	

Heavy	  Ion	  collisions	  start!	  	

LHC:2010	  	

sQGP 
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Heavy	  Ion	  Collisions	  	
WMAP	
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Strongly	  Interac;ng	  QGP	
•  Rela/vis/c	  Heavy	  Ion	  Collisions	  

•  QGP	  produc/on	  at	  RHIC	  (2005)	

AGS	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  　　　　RHIC	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  　　　LHC	  
SPS	
	

1970	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  1980	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  　1990	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  　　　	  2000	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  　　　2010	  	  	  	  	  	  	  	  	
	

QGP	  produc/on？	
Collider	

Fixed	  target	  	  	

Si,	  5	
S,	  20	 Pb,	  17	

Au+Au,	  200	
Pb+Pb,	  2700	

White	  papers	  :	  First	  three	  years	  of	  opera/on	  of	  RHIC	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  BRAHMS,	  PHOBOS,	  STAR,	  PHENIX	
	 Phenomenological	  analyses	  and	  experiments	

• Rela/vis/c	  Hydrodynamic	  Models	  
• Recombina/on	  Models	  
• Jet	  Quenching	  
• Color	  Glass	  Condensate	

QGP	  proper;es	
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Understanding	  QGP	  Property	

photons/leptons	

bulk	  property	
Jets	

heavy	  quarkonia	

thermaliza/on	 hydro	 hadroniza/on	 freezeout	collisions	

Observables:	  QGP	  property	  !a	  lot	  of	  experimental	  data	  at	  RHIC	  and	  LHC	  	

Phenomenological	  models	  	
Hydrodynamics	

Partons	  	  	  	  	  	  	  	  	  	  	  Event	  generators	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Hadrons	
Color	  Glass	  Condensate	

Recombina/on	  
Fragmenta/on	

Sta/s/cal	  Model	
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Phenomenology	  and	  Experiments	

photons/leptons	

bulk	  property	
Jets	

heavy	  quarkonia	

thermaliza/on	 hydro	 hadroniza/on	 freezeout	collisions	

Hydrodynamic	  models:	  	  applica/on	  to	  HIC,	  Landau	  1953,	  Bjorken	  1983	  	  	  	

Ini;al	  condi;on	 Freezeout	  process	Hydrodynamics	
sQGP	

Observables:	  QGP	  property	  !a	  lot	  of	  experimental	  data	  at	  RHIC	  and	  LHC	  	

Equa/on	  of	  State	  
	  	  	  laYce	  QCD	  	  
	  	  	  transport	  coefficients	  	  	

Input	  	  	  
	  	  	  	  	  	  ?	
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Highlights	  of	  Recent	  Experiments	
•  Quark	  MaOer	  2014	  (May	  19-‐24,	  ~	  800	  par/cipants)	  

–  Experimental	  Group	  
	  	  	  	  	  Rela/vis/c	  Heavy	  Ion	  Collider@BNL	  (RHIC)	  

•  	  STAR,	  PHENIX	  
	  	  	  	  	  Large	  Hadron	  Collider@CERN	  (LHC)	  

•  ALICE,	  CMS,	  ATLAS	  
–  Experimental	  data	  

RHIC:	  Au+Au,	  d+Au	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  	  
	  	  	  	  	  	  	  	  	  	  	  Beam	  Energy	  Scan	  (BES)	  
	  	  	  	  	  	  	  	  	  	  	  U	  +U	  
LHC:	  	  p+p,	  Pb+Pb	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,p+Pb	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

	  	  
	

�
s = 200GeV

�
s = 7.7, 11.5, 14.5, 19.6, 27, 39GeV

�
s = 193GeV

�
s = 5.02TeV

�
s = 2.76TeV
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Higher	  Harmonics	

Origin:	  ini/al	  fluctua/ons	

PHENIX@RHIC,	  PRL107,252301(2011)	

ATLAS@LHC,	  PRC86,014907(2012)	
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Hydrodynamic	  Flow	  in	  p+Pb?	

different	  	  
measurement	

Finite	  ellip/c	  flow	  in	  such	  small	  systems	  like	  pp,	  pPb:	  validity	  of	  hydrodynamic	  picture?	
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Hydrodynamic	  Model	

•  Assump/on	  
–  Local	  thermodynamical	  equilibrium	  

	

�µTµ� = 0 Tµ� = (� + p)uµu� � gµ� + �Tµ�

Macroscopic	  expansion	  rate:	  θ	

Microscopic	  reac/on	  rate: Γ	

~cross	  sec/on	  (σ)	  ・	  	  local	  par/cle	  density	  (n)	

€ 

σ >>θ /n
<<
	

Thermaliza;on	  ??	

Strong	  ellip/c	  flow	

+�Tµ�

ideal	 viscous	

Landau	  1943,	  Bjorken	  1983	
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Hydrodynamic	  Model	
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

•  Assump/on	  
–  Local	  thermodynamical	  equilibrium	  
–  Collec/vity	  

	

Thermaliza;on	  ??	

�µTµ� = 0 Tµ� = (� + p)uµu� � gµ� + �Tµ�+�Tµ�

ideal	 viscous	

Landau	  1943,	  Bjorken	  1983	

�PT � � mvTSTAR	
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Hydrodynamic	  Model	
thermaliza/on	 hydro	 hadroniza/on	 freezeout	collisions	

Hydrodynamic	  models:	  	  applica/on	  to	  HIC,	  Landau	  1953,	  Bjorken	  1986	  	  	  	

Ini;al	  condi;on	 Freezeout	  process	Hydrodynamics	
sQGP	

Equa/on	  of	  State	  
	  	  	  laYce	  QCD	  	  
	  	  	  transport	  coefficients	  
	  	  	  	  	  	

Input	  	  	  
	  	  	  	  	  	  ?	

fluctua/ons	
Rela/vis/c	  viscous	  hydrodynamic	  	  
Shock	  wave	
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Viscous	  Hydrodynamic	  Model	  
•  Rela/vis/c	  viscous	  hydrodynamic	  equa/on	  

–  First	  order	  in	  gradient:	  acausality	  	  
–  Second	  order	  in	  gradient:	  which	  one	  is	  suitable	  for	  HIC?	  	  

•  Israel-‐Stewart	  
•  OYnger	  and	  Grmela	  
•  AdS/CFT	  
•  Grad’s	  14-‐momentum	  expansion	  
•  Renormaliza/on	  group	  

Numerical	  scheme	  
–  Shock-‐wave	  capturing	  schemes	  	  

Tµ� = (� + p)uµu� � gµ� + �Tµ�+�Tµ�
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Numerical	  Scheme	  	  
•  Lessons	  from	  wave	  equa/on	  

–  First	  order	  accuracy:	  large	  dissipa/on	  
–  Second	  order	  accuracy	  :	  numerical	  oscilla/on	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  -‐>	  ar/ficial	  viscosity,	  flux	  limiter	  	  

•  Hydrodynamic	  equa/on	  
–  Shock-‐wave	  capturing	  schemes:	  Riemann	  problem	  	  	  

•  Godunov	  scheme:	  analy/cal	  solu/on	  of	  Riemann	  
problem,	  Our	  scheme	  	  

•  SHASTA:	  the	  first	  version	  of	  Flux	  Corrected	  Transport	  	  
algorithm,	  Song,	  Heinz,	  Chaudhuri	  	  	  	  

• Kurganov-‐Tadmor	  (KT)	  scheme,	  McGill	  	  	  	  	  	  	  	  
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Numerical	  Scheme	  	  
•  	   Israel-‐Stewart	  Theory	  
1.	  Dissipa/ve	  fluid	  equa/on	  

2.	  Relaxa/on	  equa/on	  

I:	  second	  order	  terms	  

+	  

advec/on	   s/ff	  equa/on	  

Akamatsu,	  Inutsuka,	  CN,	  Takamoto,	  	  
arXiv:1302.1665、J.	  Comp.	  Phys.	  (2014)34	

Riemann	  solver	  for	  QGP:	  Godunov	  method	  	  	  	  
	   Mignone,	  	  Plewa	  and	  Bodo,	  Astrophys.	  J.	  S160,	  199	  (2005)	  	  Two	  shock	  approxima/on	  

Ideal	  	  part:	
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Comparison	  	  	  
•  Shock	  Tube	  Test	  :	  Molnar,	  Niemi,	  Rischke,	  Eur.Phys.J.C65,615(2010)	  

TL=0.4	  GeV	  
v=0	  

TR=0.2	  GeV	  
v=0	  

0	   10	  

Nx=100,	  	  dx=0.1,	  dt=0.04	  

• Analy/cal	  solu/on	  

• Numerical	  schemes	  
	  	  SHASTA,	  KT,	  NT	  
	  	  Our	  scheme	  

EoS:	  ideal	  gas	  
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Shock	  tube	  problem	
•  Ideal	  case	

shockwave	

rarefac/on	
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L1	  Norm	
•  Numerical	  dissipa/on:	  devia/on	  from	  analy/cal	  solu/on	

L(p(Ncell), p(anaytic)) =
Ncell�

i=1

|p(Ncell)� p(analytic)| �

Ncell

Ncell=100:	  dx=0.1	  fm	  	

λ=10	  fm	

For	  analysis	  of	  heavy	  ion	  collisions	

TL=0.4	  GeV	  
v=0	  

TR=0.2	  GeV	  
v=0	  

0	   10	  
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Large	  ΔT	  difference	  	
•  TL=0.4	  GeV,	  TR=0.172	  GeV	  

–  SHASTA	  becomes	  unstable.	  	  	  
–  Our	  algorithm	  is	  stable.	  	  	  

•  SHASTA:	  an/	  diffusion	  term,	  Aad	  
–  Aad	  =	  1	  :	  default	  value,	  unstable	  	  
–  Aad	  =0.99:	  stable,	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  more	  numerical	  dissipa/on	  

TL=0.4	  GeV	  
v=0	  

TR=0.172	  GeV	  
v=0	  

0	   10	  
Nx=100,	  	  dx=0.1,	  dt=0.04	  

EoS:	  ideal	  gas	  
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L1	  norm	
•  SHASTA	  with	  small	  Aad	  has	  large	  numerical	  dissipa/on	

L(p(Ncell), p(anaytic)) =
Ncell�

i=1

|p(Ncell)� p(analytic)| �

Ncell

Aad=1	

Aad=0.99	

TL=400,	  TR=200	 TL=400,	  TR=172	

λ=10	  fm	
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Large	  ΔT	  difference	  	
•  TL=0.4	  GeV,	  TR=0.172	  GeV	  

–  SHASTA	  becomes	  unstable.	  	  	  
–  Our	  algorithm	  is	  stable.	  	  	  

•  SHASTA:	  an/	  diffusion	  term,	  Aad	  
–  Aad	  =	  1	  :	  default	  value	  	  
–  Aad	  =0.99:	  stable,	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  more	  numerical	  dissipa/on	  

•  Large	  fluctua/on	  (ex	  ini/al	  condi/ons)	  
–  Our	  algorithm	  is	  stable	  even	  with	  small	  numerical	  dissipa/on.	  	  

	  
	  

TL=0.4	  GeV	  
v=0	  

TR=0.172	  GeV	  
v=0	  

0	   10	  
Nx=100,	  	  dx=0.1,	  dt=0.04	  

EoS:	  ideal	  gas	  
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Our	  Hybrid	  Model	  
	  

	  

thermaliza/on	 hydro	 hadroniza/on	 freezeout	collisions	

hydrodynamic	  model	MC-‐Glauber	  
MC-‐KLN	  	

UrQMD	

Cornelius	 Oscar	  sampler	
Freezeout	  hypersurface	  finder	

Huovinen,	  Petersen	 Ohio	  group	

Fluctua/ng	  Ini/al	  condi/ons	 Hydrodynamic	  expansion	 Freezeout	  process	  
• From	  Hydro	  to	  par/cle	  
• Final	  state	  interac/ons	  	Akamatsu,	  Inutsuka,	  CN,	  Takamoto,	  	  

arXiv:1302.1665、J.	  Comp.	  Phys.	  (2014)34	

Simula/on	  setups:	  
•  Free	  gluon	  EoS	  
•  Hydro	  in	  2D	  boost	  invariant	  simula/on	  

	  Nara	
hOp://www.aiu.ac.jp/~ynara/mckln/	  
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Summary	
•  High-‐energy	  heavy	  ion	  collisions	  

–  QCD	  phase	  transi/on,	  success	  of	  the	  QGP	  produc/on	  
–  QGP	  proper/es	  :	  comprehensive	  analyses	  of	  observables	  	  

•  Highlights	  of	  latest	  experimental	  data	  at	  RHIC	  and	  LHC	  
–  Flow	  in	  A+A,	  p+A	  

•  Rela/vis/c	  Hydrodynamic	  Model	  
–  Descrip/on	  of	  dynamics	  of	  the	  high-‐energy	  heavy	  ion	  collisions	  
–  Importance	  of	  the	  numerical	  method:	  	  
	  	  	  	  construc/on	  of	  the	  state-‐of-‐the-‐art	  algorithm	  

	  	


