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Motivations

• a Higgs-like particle has been found at LHC
• mH ~ 126 GeV

• JPC = 0++ (not parity odd at 2.5σ)

• couplings consistent with the Standard Model

• a composite “Higgs” scalar is not ruled out

• this is realised in Walking Technicolor models

• interest in finding the lower edge of the 
Conformal Window

• a light scalar appears as pseudo-NG boson

Phys.Lett. B716 (2012) 1-29Phys.Lett. B716 (2012) 30-61
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QCD with 12 fundamental fermions

• well studied by several groups recently

• however the chiral and continuum physics are 
still controversial

• additional information can be gained by 
measuring the scalar spectrum

• spectroscopic techniques already used in QCD 
can be developed for many flavours

• focus on scalar glueballs and scalar mesons

• masses, mixing, scaling, ... 
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Conformal or Walking? Monte Carlo renormalization group

studies of SU(3) gauge models with fundamental fermions

Anna Hasenfratz∗

Department of Physics, University of Colorado, Boulder, CO 80309, USA

Abstract

Strongly coupled gauge systems with many fermions are important in many phenomenological

models. I use the 2-lattice matching Monte Carlo renormalization group method to study the fixed

point structure and critical indexes of SU(3) gauge models with 8 and 12 flavors of fundamental

fermions. With an improved renormalization group block transformation I am able to connect

the perturbative and confining regimes of the Nf = 8 flavor system, thus verifying its QCD-like

nature. With Nf = 12 flavors the data favor the existence of an infrared fixed point and conformal

phase, though the results are also consistent with very slow walking. I measure the anomalous

mass dimension in both systems at several gauge couplings and find that they are barely different

from the free field value.

∗Electronic address: anna@eotvos.colorado.edu
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Twelve massless flavors and three colors below the conformal window

Zoltán Fodora,e , Kieran Hollandb , Julius Kuti⇤
,c , Dániel Nógrádie , Chris Schroederd

a Department of Physics, University
of Wuppertal, Gaussstr

asse 20, D-42119, Germany

Jülich Supercomputing Center, Forschungszentrum, Jülich, D-52425 Jülich, Germany

b Department of Physics, University
of the Pacific, 3601 Pacific Ave, Stockton CA 95211, USA

c Department of Physics 0319, University
of California, San Diego, 9500 Gilman Drive, La Jolla, CA 92093, USA

d Department of Physics, University
of Wuppertal, Gaussstr

asse 20, D-42119, Germany

e Institu
te for Theoretical Physics, Eötvös University

, H-1117 Budapest, Hungary

We report new results for a frequently discussed gauge theory with twelve fermion flavors in the fundamental representation of

the SU(3) color gauge group. The model, controversial with respect to its conformality, is important in non-perturbative studies

searching for a viable composite Higgs mechanism Beyond the Standard Model (BSM). To resolve the controversy, we subject the

model to opposite hypotheses inside and outside of the conformal window. In the first hypothesis we test chiral symmetry breaking

SB condensate, and several composite hadron states as the fermion mass is varied

ects and extrapolation to the massless chiral limit. Supporting

SB from the running coupling based on the force between static sources and some preliminary evidence for the finite

temperature transition are also presented. In the second test for the alternate hypothesis we probe conformal behavior driven by

a single anomalous mass dimension under the assumption of unbroken chiral symmetry. Our results show a very low level of

confidence in the conformal scenario. Staggered lattice fermions with stout-suppressed taste breaking are used throughout the
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Lattice study of infrared behaviour in SU(3) gauge theory

with twelve massless flavours

C.-J. David Lin a,b, Kenji Ogawa a, Hiroshi Ohki c, Eigo Shintani d

a
Institute of Physics, National Chiao-Tung University, Hsinchu 300, Taiwan

b
Division of Physics, National Centre for Theoretical Sciences, Hsinchu 300, Taiwan

c
Kobayashi-Maskawa Institute, Nagoya University, Nagoya, Aichi 464-8602, Japan

d
RIKEN-BNL Research Centre, Brookhaven National Laboratory, Upton, NY 11973, USA

Abstract:

We present details of a lattice study of infrared behaviour in SU(3) gauge theory with twelve massless fermions in

the fundamental representation. Using the step-scaling method, we compute the coupling constant in this theory

over a large range of scale. The renormalisation scheme in this work is defined by the ratio of Polyakov loops in

the directions with different boundary conditions. We closely examine systematic effects, and find that they are

dominated by errors arising from the continuum extrapolation. Our investigation suggests that SU(3) gauge theory

with twelves flavours contains an infrared fixed point, although some of the continuum-extrapolation procedures

lead to weaker evidence for the existence of this fixed point.

PACS numbers: 11.10.Hi, 11.15Ha, 11.25Hf, 12.38.Gc, 12.15Ff, 12.60Nz

ar
X

iv
:1

20
7.

30
60

v1
  [

he
p-

la
t] 

 1
2 

Ju
l 2

01
2

KEK-2012-
18

Latti
ce study

of con
formality

in twelve-fl
avor

QCD

Yasum
ichi A

oki,
1 Tatsum

i Aoya
ma,1 Masafum

i Kura
chi,

1

Toshih
ide Maskawa

,1 Kei-ich
i Naga

i,1 Hirosh
i Ohki

,1

Akihir
o Shibat

a,2 Koichi
Yamawaki,

1 and Takesh
i Yam

azaki
1

(LatKM
I Collab

oration
)

1Kobaya
shi-Maskawa

Institu
te for the Origin

of Par
ticles a

nd the Univer
se (KMI),

Nagoy
a Univer

sity, Nagoy
a 464-86

02, Japan

2Computing
Resear

ch Center
, High Energy

Acceler
ator

Resear
ch Organi

zation
(KEK)

, Tsuk
uba 305-08

01, Ja
pan

(Dated
: July

13, 201
2)

Abstra
ct

We stud
y infrare

d confor
mality of the

twelve
-flavor

QCD on the lat
tice. U

tilizing
the HI

SQ type

action
which

is useful
to study

the contin
uum physic

s, we
analyz

e the lattice
data of the

mass

and the de
cay consta

nt of a
pseudo

scalar
meson and the mass of

a vector
meson as well

at seve
ral

values
of latt

ice spacin
g and fermion mass. O

ur resu
lt is co

nsisten
t with

the confor
mal hyp

othesis

for the
mass an

omalous d
imension

γm ∼ 0.4− 0.5.

1

Wednesday, 6 March 13



Lattice simulations

• SU(3) gauge field + 12 dynamical fermions

• gauge action → tree level Symanzik

• fermion action → HISQ (Highly Improved Staggered Quarks)

• modified HMC based on MILC code (v7)

• fixed gauge coupling → β = 4.0

• three volumes → V=183 , 243, 303

• five bare fermion masses → amf = 0.06 - 0.16

• long trajectories → >15000 MD units

L T amf traj. confs. bins

18 24 0.06 15445 3090 103

18 24 0.08 25050 5010 167

18 24 0.10 21750 4350 145

18 24 0.12 26000 5200 208

18 24 0.16 21000 4200 140

24 32 0.06 28000 14000 700

24 32 0.08 19280 9640 241

24 32 0.10 18960 9480 237

30 40 0.08 13200 6600 132

30 40 0.10 9900 4950 99
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Glueball spectroscopy

• the glueball spectrum is well studied in SU(N) 
Yang-Mills theories

• the lightest glueballs are starting to be 
investigated in full LQCD

• yet to be done in many-flavour QCD

• typically heavy (mass determined by ΛQCD)

• typically noisy (require large statistic)

21

TABLE XXI: The final glueball spectrum in physical units.
In column 2, the first error is the statistical uncertainty com-
ing from the continuum extrapolation, the second one is the
1% uncertainty resulting from the approximate anisotropy.
In column 3, the first error comes from the combined uncer-
tainty of r0MG, the second from the uncertainty of r−1

0 =
410(20) MeV

JPC r0MG MG (MeV)
0++ 4.16(11)(4) 1710(50)(80)
2++ 5.83(5)(6) 2390(30)(120)
0−+ 6.25(6)(6) 2560(35)(120)
1+− 7.27(4)(7) 2980(30)(140)
2−+ 7.42(7)(7) 3040(40)(150)
3+− 8.79(3)(9) 3600(40)(170)
3++ 8.94(6)(9) 3670(50)(180)
1−− 9.34(4)(9) 3830(40)(190)
2−− 9.77(4)(10) 4010(45)(200)
3−− 10.25(4))(10) 4200(45)(200)
2+− 10.32(7)(10) 4230(50)(200)
0+− 11.66(7)(12) 4780(60)(230)

In the tensor channel, the glueball matrix element is
extrapolated to 1.0±0.2 GeV3 in the continuum, which is
the average of results of E and T2 channels. In the calcu-
lation, it is found that in the lattice spacing range we use,
the glueball mass and matrix elements are approximately
independent of the lattice spacing, this implies that the
lattice artifacts might be neglected here. If the renor-
malization constant ZT ≈ 0.52(15) of the tensor operator
does not change much in the range of lattice spacing and
applies to all the β values in this work, the renormalized
matrix element of tensor operator is 0.52 ± 0.19 GeV3,
which is in agreement with the prediction 0.35 GeV3 from
the tensor dominance model [17] and QCD sum rule [18]
for the tensor mass around 2.2 GeV.

VII. Conclusion

The glueball mass spectrum and glueball-to-vacuum
matrix elements are calculated on anisotropic lattices in
this work. The calculations are carried out at five lattice
spacings as’s which range from 0.22 fm to 0.10 fm. Due
to the implementation of the improved gauge action and
improved gluonic local operators, the lattice artifacts are
highly reduced. The finite volume effects are carefully
studied with the result that they can be neglected on the
lattices we used in this work.

As to the glueball spectrum, we have carried out cal-
culations similar to the previous work [4] on much larger
and finer lattices, so that the liability of the continuum
limit extrapolation is reinforced. Our results of the glue-

ball spectrum is summarized in Tab. XXI and Fig. 16.
After the non-perturbative renormalization of the local

gluonic operators, we finally get the matrix elements of
scalar(s), pseudoscalar(p), and tensor operator (t) with
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FIG. 16: The mass spectrum of glueballs in the pure SU(3)
gauge theory. The masses are given both in terms of r0

(r−1
0 = 410 MeV) and in GeV. The height of each colored

box indicates the statistical uncertainty of the mass.

the results

s = 15.6 ± 3.2 (GeV)3

p = 8.6 ± 1.3 (GeV)3

t = 0.52 ± 0.19 (GeV)3, (62)

where the errors of s and t come mainly from the errors
of the renormalization constants ZS and ZT . The more
precise calculation of ZS and ZT will be carried out in
later work.
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Glueball spectroscopy: operators

• eigenstates of the Hamiltonian are classified according to the 
irreducible representations of the cubic group

• suitable gauge-invariant operators must be constructed that 
respect the symmetries

• vacuum contributions must be subtracted in the scalar case

• improved operators are obtained by blocking and smearing 
algorithms

Lucini, Rago, ER JHEP08(2010)
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J A1 A2 E T1 T2

0 1 0 0 0 0

1 0 0 0 1 0

2 0 0 1 0 1

3 0 1 0 1 1

4 1 0 1 1 1

Table 1. Subduced representations J ↓ GO of the octahedral group up to J = 4. This table
illustrates the spin content of the irreducible representations of GO in terms of the continuum J .

3 Extracting glueball masses

In this section we present the construction of our operators and we review the general

methodology for extracting glueball masses. While the standard variational procedure and

the construction of operators in irreducible representations of the cubic lattice group is well

known, this is, up to our knowledge, the first systematic attempt of inserting scattering

and torelon operators into the variational set, in order to rule out from the spectrum

contributions of these spurious states.

Symmetries of the lattice spectrum. At finite lattice spacing a the continuum rota-

tion group is not an exact symmetry of the system. The full continuum rotational symmetry

is dynamically restored only when a → 0. On the lattice, eigenstates of the Hamiltonian

have to fall into the irreducible representations of the octahedral point group GO, the sym-

metry group of the cube. The octahedral point group has 5 irreducible representations A1,

A2, E, T1 and T2 respectively with dimensions 1, 1, 2, 3, 3.

Since we are interested in the glueball spectrum of the gauge theory in the continuum,

we need to consider GO as a subgroup of the complete rotation group SO(3): irreducible

representations of SO(3) are decomposed in terms of those of GO. Irreducible representa-

tions of integer spin J in SO(3) restricted to GO are referred to as subduced representations

J ↓ GO. When considered as a representation of GO, the (2J +1) degeneracy of the contin-

uum spin J state is split onto different irreducible representations of GO. A simple example

of this kind of pattern is the spin 2 (tensor) glueball, whose 5 polarisations are seen on

the lattice as different states, 2 in the E and 3 in the T2 representation of GO. Due to

the breaking of continuum rotational symmetry on the lattice, the aforementioned pattern

of degeneracies is exact in the limit a → 0, but it is only approximate at finite a. Com-

paring the measured glueball spectrum with the expected pattern of degeneracy can give

information on the relevance of lattice artifacts.

Near the continuum limit, it is possible to identify the masses of spin J glueballs by

matching the patterns of degeneracies of the subduced representations J ↓ GO from the

degeneracy coefficients. We report these coefficients up to J = 4 in table 1. For any given

operator Ō on the lattice, we define a rotation transformation as Ri(Ō) where the index i

labels all the elements of the group GO.

Since a generic representation of the group will not be irreducible, in order to create

states that transform only in a given symmetry channel, we will need to create an appro-

– 4 –

{A1(1), A2(1), E(2), T1(3), T2(3)}

O
G

(t) =
1

L3

X

x2L

3

Tr

0

@
Y

l2W(x)

U
l

1

A O(R)
G (t) =

24X

↵=1

a(R)
↵ R↵ [OG(t)]

O(A1)(t)� h0|O(A1)|0i
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• basis of operators ➔

• matrix of correlators ➔

• generalized eigenvalue problem ➔

• ground state correlator fit ➔

Glueball spectroscopy: variational analysis

Cij(t) =
X

⌧

h0|O†
i (⌧ + t)Oj(⌧)|0i

{O1(t), . . . ,On(t)}

Cij(t)v↵j = �↵v↵i

h�†
↵(t)�↵(0)i = |c↵|2

⇣
e�m↵t + e�m↵(T�t)

⌘

�↵(t) =
nX

i=1

v↵i Oi(t)

• the effective mass plateaux is used to determine the fitting window on the correlator

• excited states contributions are given by α>0
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Results: scalar glueball

L=18 → am=0.870(27)
L=24 → am=0.722(49)

m0++ > m⇡

0 1 2 3 4 5
t/a

0

0.2

0.4

0.6

0.8

1

a
m

e
ff

L=18  #4350 cfgs. 145 bins

L=24  #9480 cfgs. 237 bins

L=30  #4950 cfgs.   99 bins

Scalar glueball effective mass  β=4.0  am
f
=0.10

L=30 → am=0.794(67)

The fitted mass is shown on top of the 
corresponding effective mass enabling us to 

establish the goodness of the estimate
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Results: scalar glueball

L=18 → am=0.623(46)
L=24 → am=0.534(58)

m0++ & m⇡

L=30 → am=0.598(42)

0 1 2 3 4 5
t/a

0

0.2

0.4

0.6

0.8

1

1.2

1.4

a
m

e
ff

L=18  #5010 cfgs.  167 bins

L=24  #9640 cfgs.  241 bins

L=30  #6600 cfgs.  132 bins

Scalar glueball effective mass  β=4.0  am
f
=0.08

Finite-size effects appear to be under control 
even when the bare fermion mass is lowered

Wednesday, 6 March 13



Results: scalar glueball

L=18 → am=0.187(36)
L=24 → am=0.277(61)

m0++ . m⇡

0 2 4 6 8 10
t/a

0

0.2

0.4

0.6

0.8

1

a
m

e
ff

L=18  #3090 cfgs. 103 bins

L=24  #14000 cfgs.  700 bins

Scalar glueball effective mass  β=4.0  am
f
=0.06

The state dominating at large time separation 
is lighter than the pion
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Meson spectroscopy: scalar flavour-singlet

• Nf=12 staggered formalism → the scalar interpolating mesonic operator couples to two states

• 0- state → is the scPion (non-goldstone), degenerate with the π (goldstone) state in our simulations

• 0+ state → contains the scalar non-singlet a0 and the scalar flavour-singlet f0 (or σ in QCD)

• disconnected quark loops must be evaluated in the latter case (together with the vacuum contribution)

• for this we use stochastic gaussian sources and follow Gregory et al., PRD77:065019(2008)

• thanks to the large statistic we are able to get a signal for the scalar flavour-singlet state (preliminary)
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Results: scalar flavour-singlet meson

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32

t/a

1e-11

1e-10

1e-09

1e-08

1e-07

1e-06

1e-05

0.0001

full connected

disconnected

Scalar mesonic correlators L=24  T=32  β=4.0  am
f
=0.06

• connected and disconnected correlator measured on 
14000 configurations

• 2 stochastic gaussian sources used for the connected 
piece on each configuration

• 64 stochastic gaussian sources used for the 
disconnected piece on each configuration
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Results: scalar flavour-singlet meson

C0+(t) = 2C(t) + C(t+ 1) + C(t� 1)

C0�(t) = 2C(t)� C(t+ 1)� C(t� 1)

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32

t/a

1e-11

1e-10

1e-09

1e-08

1e-07

1e-06

1e-05

0.0001

full connected

disconnected

Scalar mesonic correlators L=24  T=32  β=4.0  am
f
=0.06

C�(t) = �C0+(t) + 3D2
0+(t)

0 2 4 6 8 10 12 14 16
t/a

1e-09

1e-08

1e-07

1e-06

1e-05

0.0001

0.001

non-singlet scalar (a
0
)

scPion
singlet scalar (σ)

Scalar mesonic correlators  L=24  T=32  β=4.0  am
f
=0.06
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Results: summary

scalar flavour-singlet 
meson mass

Goldstone pion mass

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
am

f

0

0.2

0.4

0.6

0.8

1

a
m

g
lu

e
b

a
ll

L=18 T=24
L=24 T=32
L=30 T=40
m

π

Scalar glueball mass N
f
=12  β=4.0

• noticeable qualitative 
quark mass dependence of 
the glueball spectrum

• spectrum at large quark 
mass indicates a possible 
independence on mf

• spectrum at light quark 
mass indicates the 
existence of a light scalar 
state
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Conclusions

• first study of scalar spectrum in many-flavour QCD, focused on Nf=12

• scalar glueball and scalar meson interpolating operators are used

• mesonic disconnected diagrams are evaluated for the scalar flavour-singlet case

• for light bare quark masses there is a light state in the scalar channel with msc < mπ

• both glueball operators and mesonic operators couple to this state

• important to understand the mixing of such contributions

• starting point of a more careful analysis of light scalar states in (near-)conformal theories

• important non-perturbative study in phenomenological models of Walking Technicolor
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Outlook

• identify and reduce systematic errors

• larger volumes at light quark masses are necessary to carefully estimate finite size errors

• possible discretisation effects need to be studied by simulating at different lattice spacing

• longer trajectories will help improving the identification of effective mass plateaux

• lighter quark masses where the scalar state is light are needed to identify its scaling properties

• a variational analysis including both gluonic and mesonic operators in the scalar channel is in progress

• can give informations about the mixing between the two kind of operators

• different number of flavours → study the scalar state in a candidate model for the “walking” scenario
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Thank you
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