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Motivations

Study of IR fixed points in gauge theories iganks & zaks 81]

d DDA*‘ ‘ ‘ ‘ ‘ ‘ ‘,

Blg) = u@g(u) / —

= —bog3 - blg5 + [ ol \/ 1

More generally: R —

St = [ @ g Ou(o)

Br(g) = MdCLQk:(M)

~

Br(g*) =0

IRFP = scale-invariance at large distances
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IRFP at strong coupling

Possible existence of IRFP at strong coupling

o nonperturbative formulation: lattice field theory
o large anomalous dimensions: phenomenology of composite Higgs

Identification of fixed points in numerical simulations

o test of scaling relations [LDD & Zwicky, LDD, Lucini, Patella, Pica & Rago, LDD et al]
o numerical Computation of beta functions [Bursa, LDD, Keegan, Pica & Pickup]

o systematic errors in lattice simulations: finite volume, finite mass,
finite lattice spacing

o dilatation Ward identities: study of the EM tensor
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Ward identities
¢ =d+edgp

_ 1 8¢l p _ L / r —S[¢']
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[(~(38)P) + (3P) = 0|

if € = const is a global symmetry
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local Ward identities

local WI:
(0" Ju(x) P) = (A(z)P) — (6P)

usually:

5P = Z(S(x — ) d(x1) ... 6 (i) ... p(xn)

in the absence of explicit breaking:

</ 0P 0 T, () P) = 0 = —</ Pz 5,P)
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Translations

Finite transformations:

r—r =x+ Qp
o(z) = ¢'(2') = ¢(2)

Infinitesimal transformations:

oprt = ol
() — 0
dpp(x) = M = —87%¢($)
Noether current:
J“)(:L‘) =T"(z)

(p
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TWI

J

(OuTHP(2)p(x1) ... () = = > 6(z — ;) (B(w1) ... 5p() ... S(xn))

where the canonical EMT

T = 119" $ — gL
W 0L
9(019)

alternatively one can use the symmetric Belinfante EMT

TH =T + 0, X"
integrated TWI

0= / dPx (9, T" (x)P) = — / dPx (5, P) = (0P)
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Dilatations
Finite transformations:

=z =Mz
¢(x) = ¢'(¢') = A% ¢(x)
Infinitesimal transformations:

ot =z

soa) = S o) o)

Noether current:

DM(z) = 2, T5" (z) + V¥ (z) = z, T"

VE =11, [¢"dy — =" ¢
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DWI

(0uD*(2) (1) . .. $(2n)) = (A(z)P(21) - .. P(an))—
=N 6 — z5) (1) ... 66() ... Sn))

J

yields

/ APs (TH () $(x1) ... H(irn)) = / aPs (A(@)é(1) ... den))+
T ndy{g(z1) .. $lzn)) -

/ aPr (TH(2)$(z1) ... $(n)) = — / APr 2,/(B,T" () $(z1) ... S(n))
= ng Pp(x1) ... d(xn)) -
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Trace anomaly

where: Ay = dg + 74

T}/ probes the beta functions of the theory

[Adler, Collins & Duncan, 1977]
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Renormalization of 7},

if the regulator preserves translation invariance 7}, does not
renormalize

o lattice regularization breaks translation invariance

o T,, needs to be renormalized

(]

© 06 06 o o

renormalization by imposing the validity of Ward identities icaracciolo et al 90)

brief review of Ward identities and broken symmetries
translation WI, finiteness of 1},,

gradient flow and WI along the flow

lattice space-time transformations

renormalization conditions
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Ward identities & renormalization

For a symmetry-preserving regulator:

(—=(6S)P) + (0P) =0

local WI:
(0" (x) P) = —(02P)

when the theory is renormalized, then §,P is finite

= 0, J" is finite.
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Breaking by the regulator

restored in the continuum limit
anomalies

Well-known examples in QFT:

Explicit breaking in the WI:

(0u S (2) P) = (A(x) P) + (X (2)P) — (5 P)
breaking by irrelevant operators, e.g.:

1 1
— - —(Zs - 12" T,

On(x) ~ ~A(x)

hence:
(0"Jr,uP) = (Ar(z)P) — (02 P) + O(a)

symmetry is recovered/Noether current renormalizes igochiccnio et ai 84)
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Translation Ward identities
Pure gauge theory, e.g. using dim reg:

1
52—72 dD':U’I‘rFUTFUT
2g0

TWI:

OpAu(x) = €p(x)Fpu(z), 05 = /de Oep(x) Typ(x)

2 1)
Typ=——Tr [FWFU,; - “”FMFUT]
90 4

def 0P 4
Oy = ——F
7P,P 5Aﬁ($) p,u(x)

finiteness of 1},,:

(OuTup(x) P) = —(62,5P)
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Gradient flow: the essential toolkit

Flow of fields @;(x), t > 0:

Pli—g = o(2)

8t§5t(35) = - 5;é)

b(x)=pt(x)

[Luscher 10]

Recursive solution by expanding in powers of the fundamental field:

@i(x) = Flo(x)] = /dDy K(z —y) ¢(y) + non linear terms

Field correlators of ¢ can be computed e.g. in perturbation theory
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Gradient flow in D+1 dimensions
D + 1 dimensional theory with independent fields ¢ (¢, z) and L(t, x)

Sp+ile, L ©(0)] + Stow(p, L]

Stow = / dt/dD [L (&s«p(t $)+5(p((55’x)>]

Integrating out the Lagrange multiplier L:

(O@)g, = (O@)lg

Local theory in D 4 1 dimensions

All divergencies are renormalized by renormalizing the boundary theory

[Luscher & Weisz 11, Zinn-Justin & Zwanziger 86]
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Ward identities along the flow (oo paeis, A fago 13

Consider a probe made of fields at 7" > 0:

§Pr | 0BZ,(v) | 4
52, Pr — / Py "L a4
g SBF,(y)| 0Bg, () | ”

Divergences in ¢, ,Pr are difficult to study when working with A,, fields

BUT

<5w,p7DT> = <T0p(07 z)Pr)
Top(t,x) = —2Tr L, (t,2)G pu(t, )

Top(t, x) is a local composite operator in the D + 1 dim theory

TOp,R = Z6T0p
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Ward identities along the flow

TWI:

<8uTup($) Pr) = *<5x,p/PT> = *<T0p(0’95)7)T>

in a regularization that does not break translation symmetry, e.g. dim reg:

To,(0, x) is finite, Zs = 1
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Dilatations along the flow
Local dilatations are generated by:

ep(r) = xpA(2)
i.e. they are a special case of the translations discussed above

DWI
(0" Dy(x)Pr) — (T} (x)Pr) = —(2"0z ,Pr)

/dDy Y’ oy por () = [QTdC; + 2”0, + d¢] or(x)

dT’
T}/ can be probed just by looking at the 7" dependence.

(AP Ttoren = 275+ do] or(o)
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Lattice Ward identities

Variation of the action:
8 = —a' Y eple ) {VuTp() + X, ()}

Typ() = Ty @)+ T3 (@) + T} ()

X,(x) = aO,(x) irrelevant operators
1 1 Cl ~M 1 Cg ~13
Xp =a |:Z(;OR’p + a <Z§ - 1> VHTI[M?} + a <Z5 - 1> VHTIE,OL‘_

1 Cﬁ ~16
“a (G vt
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Lattice Ward identities

Fa(x) = Fa,
T = =56, Y Tr Fyr By
oT
. 2
TE = =5 0up Z Tr | FopFop —
90 pn
. 2
6
T8 = _;3(1 — Bup) Y T
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Lattice Ward identities

]. ]. c]_ M1 1 63 ~[3
X,=a [Z(;OR,p += <Z6 - 1) VT + - (Z - 1) V. T+

a s
(L 1) v,d
talz, =) Vet
Terms appearing in the renormalization of X, renormalize 7},,:

(Tup)RZ Z CiT,[f,];

i=1,3,6

(VTR up(2)P) = —(Zs04,)P + Op p()P)
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Probe at the boundary

For a probe defined at the boundary

N ~

P=d(1)r... 0xn)r

im (7}, () rd1(21) R - S(@k)R) = (Tpp(@) b1 (21) R -

a—0

m<{255z,p + aOR,p(CU)} d1(x1)R - dr(zk)R) =

i
a—0
= 36— ) (o) duCn))
j J
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Probe at the boundary

Fixing the renormalization coefficients:

(VuTup(0) rd(z1)R - - d(T0)R) = 0, for z; # 0

Set ¢; = 1, choose several probes P7:
M7 = (V,T)(0)r PY)
¢ MY =0

Overall normalization:

(| / 4P T (0, 2) | H) = My

[Caracciolo et al 90]
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Probe in the bulk

(Tup)r =y _ el

7

A~

<VuTup(x)R75T> = _<Z<5‘§x,p75T + aOg,p(2)Pr)

For a probe defined in the bulk:

(BepPr) = 2500,y Pr) = Zs (=2 L, (0,2) Epu()Pr)
lim a{Og ,(z)Pr) =0
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NP renormalization
Determination of the ratios ¢;/Zs similar to Caracciolo et al:

*< T4 ()67 (0)) = — (6,05 (0))

with

[/] — all]
) =V V@)

We need to solve a linear system

M. Ci

zizbi
]25

Mij = (VT (2)67,(0)
bi = —(3n,p1,(0))
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Numerical results
open bc, free theory calculation, ¢ = /8t /L

2.00 ‘

1.80—

1.20— " A —
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Numerical results
open bc, 3 = 6.0056, 16> x 8 lattice, ¢ = v/8t/L

\ 1
1.40 _
e, o Z1Z
i - - w ZJZ | ]
1201 o -
. = Z.1Z
L - 6 o 4
1.00 - - -
L - ¥ - - 4
= w
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Numerical results
open bc, condition number

3s[ !
L = MC B
tree level

30+ =
25 t]

201 [

15 —
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NP renormalization

Determination of Zs using two-point functions:

P (z4) L3 Z¢T X, T4)

fcp(d, t, 2’4) <I>T 2’4 Z Z (5y 4(I)T

Yya=—d Yy

(@1 (24)VaPr(0))
fa (d, t, 24)

Zs = +O(e /10ty min(d, |z — d)

=i
Il
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NP renormalization

Determination of Zs using one-point functions:

a3

Or(z4) = 73 > or(x,24)

+d
he(d,t) = (a* > > 6,497(0))Bc
ys=—d Y
(V4@ (0))BC
ho(d, t)

Zs = +O(e Tty min(d, |z — d|)

=
Il

Several possible choices for the operator ¢.
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Example: determination of Z;

p=FE, V8t =cL

5
20— 61—
7
8
I =
i3 3%z =
f15+
qobl e v v v v e
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c
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Example: determination of Z;

¢=Yoo,E, \/87261—/

Y00

20— | = Eec
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N 15+ 1 —
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Example: determination of Z;
¢ = Lk’ ) \/g =cL
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Example: determination of Z;
¢ =FE, +/8 = cL using DWI
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200 o 6T
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L - ]
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TODO

o Wilson flow provides a new way to implement Ward identities
o WI along the flow involve finite correlators, no contact terms

o translation Ward identities allow to compute the renormalized EM
tensor (more efficiently?)

o alot of ideas... too many? work in progress...
o use EM tensor to study IRFP, compute anomalous dimensions
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