Recent progress in lattice
fermion formulations




Lattice fermions

* Doubling problem : Naive chiral&local fermion— |6 species

( 3

SN — Z [%&nv,u(Un,,uwn—I-,u T UII_M,M%—M) T Cﬁm&fﬂﬁn}
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Free propagator

—1ysinap, +am 1

sin® ap, + a?m?

D™} (pa) =

2 poles per dim. = |6 doublers in 4d

Nielsen-Ninomiya

* Chiral symmetry v.s. desirable flavor number

-

flavors chiral  tuning artifact
Wilson: I 0 severe  O(a)
Staggered: 4 I N/A O(ar2)
Domain-wall | (1) easy O(ar2)
L Overlap I I N/A O(a2) )

|6 degenerate

Re A

Im A
Dirac spectrum




Why lattice fermions?

(1) Radical improvement of lattice simulations

- p
Wilson : O(a) errors & bad chiral ~ — Symanzik:O(a)-improving, Smearing:UV-filter
Staggered : taste breaking at O(a*2) — HISQ : O(a*2)-improving, UV-filter

Domain-wall, Overlap : Numerical cost & more —  Fixed topology, Reweighting...
\ y,

New formulations have possibility to eliminate them.
Even if not, one can enjoy feedbacks.

(2) Further understanding on lattice field theory

Further variety of Ginsparg-Wilson fermions ?

Other ways of keeping chiral symmetry on the lattice ?



Possible new setups

|. Flavored mass

New Wilson and overlap fermions — O(a) error reduction

CPU time reduction

2. Central branch

Wilson w/o additive renorm. = Chiral symmetry (No fine-tuning)
O(a) improved

\_

)
3. Two-flavor chiral fermion

Chiral two-flavor w/ ultra locality, based on 6D clifford algebra

—  Chiral symmetry
4D-Rotational, C, P, T invariance




| . Flavored mass



¢ Wilson fermion : species-splitting by mass

(" CL5 ] )
SN + SW — 7¢n(2wn — wn—l—,u — wn—,u)
1 L.
= Dy (p) = p Z[Wu sinap, + (1 — cos apy)|Flavored mass
7
Physical (0,0,0,0) : Dy (p) = ivup, + O(a) - -
Doubler(11/a,0,0,0) : Dw(») = ivup, + 2 + O(a)
|6

Only one flavor is massless, . _?mzo/ ‘

while others have |/a mass.
\-
¢ |5 species are decoupled = doubler-less .

¢ |/a additive mass renormalization — Fine-tune

¢ Overlap formula and GW symmetry — costs

The only way of species-splitting ?



Naive Wilson
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Naive Wilson
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Naive Wilson
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¢ Naive flavored mass Creutz, Kimura, TM (10) Dirac op. eigenvalues

- N e

MV p— Z C,LL) VeCtOI‘ (I'I'nk) N ';’;;.,»' ? -".‘-..\( g |

Imagmnary pant
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N\ N\ :
My = >4 >4 C,.Cy, Tensor (2-link) ’ %
pe’I“m. Sym. 18 LT =
2 -15 -1 05 0 05 1
Real pant
, , MT
My = > > H Cv,  AxialV (3-link) T
perm. sym. o
Mp=> |]C. Pseudo-S (4-link) Dol H
sym. p=1 di N
\ Y, 15 B

Real part

* Hypercubic sym, gamma5-hermiticity, C, P, T... Mv+MT+Ma+Mp

* Lattice laplacian ) "4, (Mp — 1)1p, — —a / d'zy(z) Db (z) + O(a®)

- Generalized Wilson fermions



§ Bri I Iouin fe rmion Durr, Koutsou (1 1)(12) Creutz, Kimura, TM (10) Dirac op. eigenvalues
: e 40, U{1): L=6, p=1.1

My — Mg =My +Mp+Mx+Mp i - e ne

Ay 4 —cosp; — cosSpy — COS Py — COS Py | | o)

Ap : 4 —4cos? 22 cos? 22 cos? 3 cos2 P4 g 2 -
2 ! 2 2 .

4 . . , :
* Better dispersion relation * Locality of overlap operator

- Iaﬁ_st a der_st d\‘ 5‘ - Iab,bri, d‘er,iso\‘ o 4§3x48, Iasttd, der_s‘td, p=1.00‘ o 4§3x48, Iaprri, der_is‘o, p=1.00‘
5 o 1D diagonal o o 1D diagonal
E 2D diagonal x 2D diagonal
al al ] So «- 3D diagonal o « 3D diagonal
. R ° 4D diagonal B 2 4D diagonal
107 ¢ 1107t o ]
3 3r g %
P %J- 10 % 10
2 2 ﬁ% 10 10
K
********** 1t ss(%%%
T e f‘{%
£ ¥ 15 . . . . 15 . . ) .
Gﬁ% ‘ ‘ ‘ ‘ ‘ o*ﬁ ‘ ‘ ‘ ‘ ‘ 1970 5 10, 15 20 197, 5 10,15 20
0 1 2 3 4 0 1 2 3 4 5 2 2
Wilson Brillouin Wilson kernel Brillouin kernel
2.4 T T
° [ ] [ ] L[]
Good scaling in heavy mass region Sl Py o Heavy PS meson
() rilfouin
2.2

decay constant

. Wilson
Fro/Fss = do + dia(a)a + dya’ - Quenched LQCD

~0 ~0 SRk | -\é:VIiIson gau.ge actionl
Ll T . . | - Clover action csw=
Brillouin { - APE-smeared

* would suit heavy-quark system ..

sl . . . . . . .
) 0.004 0.006 0.008 0.010 0.012 0.014 0.016

\ aa [fm]




. ®

Naive = Wilson” = Domain-wall
O | ()
Flavored- ver a.P

madass

Spin diag.

Staggered



. ()

Naive = Wilson” = Domain-wall
O | ()
Flavored- ver aP

madass

Spin diag. Spin diag.

Staggered =H> St.Dm-wall
Flavored- St.Overlap

madass

St.Wilson

Faster domain-wall & overlap !?



o Staggered fermion

Spin diagonalization : ¥, = 722V V0 Xn,  Yn = Xn Va5 Y821

1 _ . :
SN = Sst - 5 Znu(n)Xn(Xn+ﬂ — Xn—;l) ~ Z(’)’,/, X 1) S1N Py,
(oY)

* Spin-taste structure

Spin Taste
Nu(n) = (_1)Z”<“ e Nu(n)onmn+n — (Yu®1)
Cu(n) = (—1)Zv>u™ Cu(M)onnipn — (1®E)

e(n) = (—1)=" €(n)onn — (75 ®&s5) Staggered chiral symmetry

- Symmetries
Shift symmetry =, : Xz — Cu(@)Xz+n 0(p) — exp(ipu)(1 ®E&L)P(p)
Axis reversal I, : Xa = (—1)"*x12 o) — (Y75 Q@ Es€L)P(Ip)
Rotation R,, : Xz — SR(R_lw)XR—lm ¢(p) — eXP(’Yu’Yu@)fufp)ff)(R_lp)

Conjugation Cy : Xz —>€$)Zz; ¢(p) — @(—P)T




o Staggered fermion

niy _.no N3 na _ Mni

Spin diagonalization : v, = Y7 V59850 Xns  Un = X V4 V527527

1 _ . :
SN = Sst - 5 Znu(n)Xn(Xn+ﬂ — Xn—;l) ~ Z(’)’,/, X 1) S1N Py,
(oY)

B Spin-taste structure Spin Taste
Mu(n) = (_1)Z”<“ " Mu(n)onntp — (Vu®1)
Cu(n) = (1) Zv>n™ Cu(n)onnip — (1®EL)
e(n) = (—1)=" €(n)onn — (75 ®&s5) Staggered chiral symmetry
- Symmetries
, <Shift symmetry Zu : Xz — Cu(@)Xarn o(p) — exp(ip.)(1 ®Eu)o(p)
xis reversal 1), @ xg — (=1)" X1z &(D) — (Va5 ® E5€u)P(Ip)
SW4

Rotation R,w C X — SR(R_lw)XR—lm cb(p) — eXP(’Yu’Yu@)fufp)ff)(R_lp)

(C —Conjugation Cy : Xz —>€$)Zz; ¢(p) — @(—P)T




| 4 Staggered flavored mass Golterman, Smit (1984) Adams(2010)

Staggered St.Wilson
T Z <1C2C3C401C2C3C4 ORI N ge ForC(%nle,)Kurkela,
sym. ' | A |
i ~ (1® &) =122/ &=+
{Co, 24, Is, R} x {U(1) bn=0 * {CO,E’M,RW} TM, Sharpe(2012)
e \

* Action & Physical mode
Dsy =nuDy+1r(1+My) +m My =e; Z n1121314C1C2C3C

Wilson-like term  mass parameter sym.

&5=-1 — physical sector : Z &5=+1 — decoupled sector : h




| 4 Staggered flavored mass Golterman, Smit (1984) Adams(2010)

Staggered St.Wilson
T Z CICQC3C401CZCBC4 ORI N ge ForC(%nle,)Kurkela,
sym. . . A !
4 | ~(1® &) Es=-112 2';:-_ Es=+1
{Co, 2, Is, Ry} x {U(1)}m=o * {/CO’EIW uv ) TM,Sharpe(2012)
C { \5W4

Hypercubic symmetry, C,P, T !

-

* Action & Physical mode

Dsw =nuDy+71(1+ My) +m My =€z ¥ mnansnsCiCaCsCy

Wilson-like term  mass parameter sym.

&5=-1 — physical sector : Z &5=+1 — decoupled sector : h

~




o Staggered-Wilson (Domain-wall, Overlap)

Application :  AsWilson

— Mass parameter tuning required

As Domain-wall — 5th dimension introduced
As Overlap — Overlap formula with StWil kernel

- Spin diagonalization creutz, Kimura, T (10)

'l/;:v H Cu'(/}a: — Xx(]:[ CuCu)Xx
Mp '8 8 <«—> V

Staggered flavored-mass

\_
-

J
* Index theorem (spectral flow) Adams(2009) Creutz, Kimura, TM (2010) A
Hgy, = €(Dgyy — m)
= (75 ® &) (Dsw — m)
Index(Dsw) = - Spectral flow(Hsw)
Index(Dgy, ) = 24271 (—1)#2Q
y
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- Aoki phase Creutz, Kimura, TM(1 1) TM, Nakano, Kimura, Ohnishi(12)

' I

B

g )
|| B | A

| l|

|

Strong-coupling LQCD & 2d Gross-Neveu

— Implies parity-flavor broken phase

Py
ChPT analysis required = Ist or 2nd order ?
\
4

2d Aoki phase

* AnOther t)’pe (Hoelbllng t)’pe) Hoelbling (10), de Forcrand, Kurkela, Panero (10)
NNy € (CpCy + C,C)

~ (@i + o)+ O) &P |

Hoelbling (IIO)
{C(), E,ua Isa R,uu} X {Ue(l)}m:() /E'/u, R127R347R13R42}

Rotation sym. broken !
— Requires fine-tuning of parameters for continuum  TM, Sharpe (12)

— Numerical tests indicate no problematic signature Durr (13)




§ Potential advantages and problems of Ds. =7,.D, +r(1 + M) +m

( )
|. Less numerical costs for overlap? de Forcrand, Kurkela, Panero(2012)

One component (small matrix) vs (i) 24 terms (ii) 4 transporters

2.Wilson improvement works better !  burr@oi3)

Clover term + HEX smearing

3. Less taste-breaking for 2 flavors ? 1, sharpe2012)

Staggered sym. for 4 tastes vs Halved staggered sym. for 2 tastes




I. LeSS numerical Ccosts 7 de Forcrand, Kurkela, Panero(201 1)

~ )
Staggered-Overlap Dirac propagator CG solver (124, m=0.1)
¢ Small matrix size {+ free
Fewer Matrix-Vector multiplications % 'S Overlap
° ° +
for overlap sign function ! oo | St Overlap
1e-05 t
A
. . 1e-06 -
¢ 4-link hopping terms wor| %
Gauge fluctuation raised to 4th power ! v = = @ w o o
— Gap of two branches reduced wl T T T g
L . 'b'.".,,'::'? 0.001 | = . . Overlap
t: B = :6 :St.OverIap
CPU y

Staggered-Wilson kernel is better than Wilson kernel, but not much better.




2.Wilson improvement works better ! purr@oi3)

[

¢ Smearing makes the gap larger

* The gap gets wider as the HEX
smearing level goes up.
* Gauge fluctuation due to

4-hopping is compensated.

¢ Clover (Symanzik) improvement

CSW Z(7u7v X l)F,uu
u<v

* The physical branch gets close to

the origin.

40: NC=3, f=5.B, L=#, T=&, |gi=1, c_SW=0

Smearing

adamy, n_HEX=l)
adams, n HEX=1
- pdams, n HEX=3

i E ;'!. 4

40: NC=d, fmb B, Lefi, Tuf, =1, _S5W=1

Smearing +
clover term |

adams, n_HEX=0Y
adams, r HEN=1
- pdams, m HEX=3

L} d




3. Less taste-breaking for 2 flavors ! 1 sharpe2012)

Pion spectrum based on symmetry

-

\_

~
§ Staggered {C, E,i, L, Ruv} x {U(1)}m—o = {Co,E;, I, Rij}
Transfer-matrix sym.
+ classify |5 pseudoscalar operators f) ChPT = SOM) upto 1 - £, Ea Ei
1 &, 85,85, O(a"), O(a*m) O(ap?) 4 : & &us, o
/ irreps 6 : . fig— —— &5
3 1 &, &isy Cij Sia
& —— J
4 . )
§ Staggered-Wilson |{Cy,Z),, R, }| = {Co, =}, Rij}
Irreps mix in &5 pairs Physical sector
_ _ - /
1 & & = W, hh —le1)] 1N
=> & & Ly D Ih, M
§ia & s = ol , hojh —l(ys @ o)l] To, T+ 7
§i & &5 = lojh , hoyt States in 3d irrep ! )

Discrete symmetries are sufficient for degenerate pion triplet!




Lattice ChPT potential — classify operators allowed by sym. |{Co.Z},, R}

-
*Dim3,4: Q1 ®&r)Q Q(vu®&p)DuQ for {p =1 or &

* Dim5 O(a): Q(io, Fu @€p)Q for &g =1 or &

0, 0v,D, 0 liou F0
No taste-breaking

* Dim6 O(a?) : 2 types of four-fermi operators EgF(A) and L?F(B)

In EgF(A) the spin and flavor independently forms scalar eg) TV = Q(y,, ® £,)QQ (1, ® £,)Q

» SA, SV, AS, VS, PV, PA, VP, AP, TV, TA, VT, AT, AA, PP, SP. PS, ST, PT, TS, TP. V¥V, A4, VA, AV, TT | SU(2) x SO(4)

— No taste-breaking. No derivative in ChPT. Contribute to y-effective potential Vém F(A)
In £§F(B) the spin and flavor are not independent eg) TV = Q(Vuw ® &)QQ(Yrp ® £4)Q

» TV, TA, VL AT, VV, AA, VA, AV, TT+ TT- | T'g 1 X SWy diag/Zo2

— Taste-breaking. Derivative in ChPT. No contribution to y-effective potential Vg F(B)iw

No taste-breaking in ChPT potential up to O(a*4): exact SU(2)




¢ Short summary

p
* Flavored mass leads to generalization of

Wilson, Domain-wall and Overlap fermions.

* Brillouin fermion — less O(a) error

— better kernel for overlap

* Staggered-Wilson — less costs for overlap

— better improving effects

— less taste breaking




: ()
Naive =D Wilson” ~ Domain-wall
Flavored- ()
Overlap
lSpin diag.

Staggered =) | St.Wilson St.Dm-wal
fatbdbeg St.Overla

mass




. ()
Naive = Wilson” = Domain-wall
Flavored- \ Ove rlap(’)

madass

l Spin diag. Central-branch

Staggered =) | St.Wilson St.Dm-wal
fatbdbeg St.Overla

mass




2. Central-branch



- Creutz, Kimura, TM (11)
2 ° C e ntral b ra n C h Kimura, Komatsu,TM, Noumi, Torii, Aoki (11)

& Wilson w/o onsite My =m+4r=0

1 _
S = 5 Z% [’V,u(Ux,,uwx—I—,u o UOC,—,UJwCIJ—,UJ) o (Ux,,uuwflﬂ'/i + Ux,—,uwcc—u)]
T,

* Extra U(1) with 6 flavors! I 4Y 6 4
g )
* Flavor-chiral symmetry
ry) e {14» (=)™ s, (1), (1) iy (—1)Ww%}

Fg(_) < {(_1)n1+"'+n4147 Y5, (—1)" v, (_1)7%%0%7 (_1)75%,,

[%L ; ’71/]

)

Re A



- Creutz, Kimura, TM (11)
2 ° C e nt ral b ra n C h Kimura, Komatsu,TM, Noumi, Torii, Aoki (11)

& Wilson w/o onsite My =m+4r=0

1 _
S = 5 Z% [’V,u(Ux,uwx—I—,u o UOC,—,UJwCIJ—,UJ) o (Ux,/ﬂpx‘ﬂi + Ux,—,uwcc—u)]
T,

* Extra U(I) with 6 flavors! |

r1+xTot+x3ztxy — — . -1 r1+xTotxr3ztITy
) Yy Yy — @Dx@w( )

ww R eiQ(—l

* Flavor-chiral symmetry
F()g_) c {14,

Fg;) c {(_1)nl—|—...—{—n414 7

|

V5 ®v5 ® 1 Prohibits additive mass renormalization !
sin . flver — No fine-tuning !




r N
* Lattice perturbation T™(12) Chowdhuryetal. (13)

quark self-energy

k
2
9 (%o | K
162 ( . —I—z%pMZl—l—moZg) g@@m%% n @ =
p ]:; p p " " p

l additive mass

> = 3 (gun) + ¥ (tad) = 0 [No additive mass renormalizationj
. /

4 )
¢ Strong-couphng QCD Kimura, Komatsu, TM, Noumi, Torii, Aoki (11)

T~ @(_1)2”@& Meson operator a/w the U(I)

Aoki phase

l OM2,(16 + M2,)
h =1 W %%
cosh(m.) + 16—15M3V

> My =0

%Special condensate

Yyse) A0 (Pah) =0
$59) <¢¢>_ ) NG boson emerges
*Twisted-mass basis Y1) <« Pys1 Spontaneous breaking of the U(1)

\_ J




§ Advantages

* No additive mass renormalization (no fine-tuning)
* SSB of U(1) and massless NG boson

* No O(a) errors  cf.) Twisted-mass Wilson msirsys1)

* 1510 N 15751@

change of mass basis

— 6-flavor QCD

\_

.
§ Potential drawbacks

* Negative quark determinant (odd negative zero modes)

» Sign problem for different topological sector

=) Two sets of Wilson CB | | 2-flavor QCD

detD = detDdet D5




4 N\
¢ CB for other flavored masses

T : U(2) restored Madams : CT’=, C7'l restored
R "
p : U(2)xU(2) restored  Mmoel : C7’ restored No additive mass

/. =T — T *
CT : X$ — Xx? X$ — X:U? Ul’,,u, — Ux,,u

i + 2-flavor CB
§ 4D ZC - ZC +3C,. =P

* No addltlve mass for 2-flavor fermion

(2 3y @G 1
-6 ‘-4 '—2 ‘0 '2 '4 /6

+ Hypercubic symmetry — Cubic symmetry (1.3,3,2,3,3,1) splitting

5 4
§5D > C. — Y C;+4Cs => (1,4,6,4,2,4,6,4,1) splitting
p=1 j=1

* No additive mass
* 5D hypercubic — 4D hyperubic (4+1)D extra-dim setup !

\_ J




3. Two-flavor chiral fermion



3. Two-flavor chiral fermion o

-

\_

~
SUSY lattice : doubling problem is more harmful
|. #boson = #fermion
2. R symmetry ~ chiral symmetry
“Well-defined SUSY lattice” = “Successful doubling bypass”
J

¢2D N=(2,2) SUSY lattice sugino (2003)

* 4D N=1 — 2D N=(2,2)
- 4SUSY Q+ Qi+ 4 real spinor A+ A+ 2 U(I) R-sym.
- Topological twist — one scalar supercharge (BRST charge)

SO@2)r = S0(2)r ®S0(2) — Q=Q:+Q —> Q*=0

-Flavor Lorentz

— Scalar SUSY can survive on the lattice S =QV (U, ¢,%)



(2D N=(2,2) fermion part

s _ Y Ny [—%\P(az)T%L(AM L ADU() a%\l}(x)TPMAMA;\I!(:c)]

Kinetic term Wilson-like term

* 2-flavor % 2-spinor = 4 spinor o7 = (v, 15, x, 37)

71 = 0_10 ) Y2 = 0_30 ) 1 — 0_20 ) 2 — _120

{/Y,Un ’71/} — _25,uya {Pua PI/} — 25,uua {’Yua PV} = 0. 4D clifford algebra
J

|. No more species doubling (never conflicts with no-go theorem)

2
1 1 q.a
D:Z[_Wuasm(% )+2PM sin” (%)] * D* = 2Z[Sm (g.a) + 4sin? (q; )}

p=1

W|th only zeroat p = (0,0, 0 O)
2. U(l) R-invariance (chiral invariance)

_ 1
Y2 PP = ( 1 ) — prohibits mass term



Main points

|. D-dim Two-flavor = (D+2)-dim fermion

2. D+2 dimensional clifford algebra
(Two sets of D-dim gamma matrices)

— No further doubling

3. D+2 chiral symmetry
— R invariance (chiral invariance)

Let us construct chiral 2-flavor setup inspired by SUSY !



oNew 2D two-flavor setup v = (44, ¥5)T ™03

D =iy, sinp, + » iP,(1 - cosp,)

"
* 4D gamma matrix
~y Yy b =20,
71:1®U1=<01 - ) W2:1®02:( ) { Vs Y0} "
1 * {P.,,P,} =20,,
Pl:_02®03:( : z’ag) P2=01®03:( >
_7,0-3 {’YIUJ’P}_O

2
|.No more species doubling D? =Y " [sin® p, + (1 — cosp,.)?] p = (0,0,0,0)
pu=1

2. Flavored-chiral invariance T'5=4%P P, = (03 ® 03) = ( " g )
— /5

3.0(a) SU(2) flavor symmetry breaking Wilson-like term — Flavor-Lorentz mixing

cf.)staggered-like D =i(1®0,)sinp, + (0,03 ® 03)(1 — cosp,,)




o New 4D two-flavor setup o3

iy T} = 20,
6D clifford algebra : only 6 gamma matrices . M= 2., ) 4D N=2

* {’_Y,U?PV}:O

4 )
|. Common P for 4 directions

4
D:if_yﬂsinpu%—?jPZ(l—cospu) * Dz:ZSiﬂ2pu+
m

p=1

4

Z(l - cospu)}

U

2. P respecting hypercubic symmetry
. J

i) Failed case

_ - N doubli
5. =1®0 ®o0; = Y ) ) o more doubling
J

* Chiral symmetry 5;=100301= ( 5 N )
5

V4 =03® 09 ®1 = ( M vy ) * 4th-dim specified = hypercubic broken

D = ivy,sinp, + iy Z(l — cospj)
J



ii) Successful case

’7]':0'3@0'1@0']': ( 1 -, )
J

Y4 =03 Q021 = ( ks vy, > » D:iﬁusinpu+z’PZ(1—COSpu)
7

< 1 > No hypercubic breaking
P=0c®1®1= "

- 2 h
|.No more species doubling D? =" [sin® p, + (1 — cos p,)?]
pu=1

2. Flavored-chiral invariance 45 =03®03® 1 = ( 75 o )

3. Hypercubic and C, P, T invariance

4. Flavor symmetry breaking ?
G J




¢ Short summary

* Two-flavor chiral and hypercubic-symmetric fermion

is constructed by using 6D gamma matrix.

* Gamma-5 hermiticity and C,P T invariance.

* Further study will uncover flavor symmetry breaking.

* Relation to twisted-mass Wilson?




Wilson:
Staggered:
Domain-wall
Overlap
Brillouin
Br-Overlap

St-Wil

St-Overlap

6-f CB
2-f CB

2-f chiral

flavors
I

4
I

I
|
|
2
2
6
2
2

chiral

(1)

—_ O — O

tuning
severe
N/A
easy
N/A
severe
N/A
severe
N/A

N/A
N/A

N/A

artifact
O(a)

O(a’2)
O(a"2)
O(a2)

O(a)*

O(a’2)

O(a)

O(a’2)
O(a’2)
O(a’2)
O(a2)

SW+4

O
OX
O
O
OO
OO
oK
OX
O

~N




Summary

|. Flavored-mass terms give us new types of Wilson and
overlap fermions.

2. Central-branch fermion is a new possibility of use of
Wllson for many-flavor QCD W|thout f'ne-tunln of

,-T,- oo ‘_‘. 3 2r Lt o o (b oz it P ;_-n V"_ 2 ol




Back-up slides



M i n i mal _d O u bI i ng Karsten(81) Wilczek(87)

Creutz(07) Borici(87) Creutz, TM(10)

Flavored imaginary chemical potential term lifts species degeneracy.

cf.) Flavored mass in Wilson

Wilson Flavored chemical-pot.
@ ® @ O @ @ ® ©
| | | | —»m | | | —>u
O 2 4 o6 8 0O 2 4 ©
3
Z(l — cospy) i) 74 Z (1 —cospj)  —  keeping one chiral sym.
% 71=1

Finite-mass system(Wil) = Finite-density system(FCP)

¢ Advantage ¢ Drawbacks
- U(I) chiral symmetry * Hypercubic symmetry breaking
* Ultra-local * Tuning parameters for a correct continuum limit

Bedaque, Buchoff, Tiburzi,Walker-Loud(08)

- 2 flavor possible
Capitani, Creutz, Weber, Wittig (09)(10)



¢ Symmetries

|.U(I) chiral In a continuum limit |.SU(2) chiral
2.P 2.P

3.CT * 3.CT

4. Cubic 4. Spatial rotation

Symmetries of finite-density systems

* Application to Finite-(T, p) QCD TM, Kimura, Ohnishi (2012)

Additive chemical potential v.s Additive mass renormalization

o Chiral phase structure ™

Parameter phase structure

3(32/7) g% 3+327)
A

The renormalization leads to different flavor number.

* Nontrivial chiral phase diagram

(Need to tune the parameter)




¢ Strong-coupling lattice QCD ™ Kimura, ohnishi 2012)

|. Link variable integral
2. Bosonization
3. Determine the vacuum from the effective potential

9 3
Feg(0, 74T, i, i3, dy) = =0* — 5 log ((1 +dg)® + (s + 3)2)

2
— max | 3 arcsinh 5o LB
V(L +da)? + (s + 3)?

Effective potential of O as a function of T, 4 and Y3

* Chiral phase structure

* Ist and 2nd phase transition (m=0)

- Ist, critical point and crossover (m#0)

New possibility of (T,J) lattice QCD !
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B geom. a '[GeV] Std/std («Standard”) o/bri(“Brillouin” )
5.72 103x20 1.236 0.134516( 0.134533 | 0.129780( 0.129798
5.80 123x24 1.479 0.132673( 0.132650 | 0.128594( 0.128582
5.95 163 x32 1.978 0.130760( 0.130769 | 0.127469( 0.127471
6.08 20°x40 2.463 0.129818( 0.129864 | 0.126940( 0.126973
6.20 243 x48 2.964 0.129362( 0.129303 | 0.126725( 0.126676

-aMgrit

At = Za(1+baam™ ) (A, +acad, P)

(roMy)*=1.56, (roMs,)* =4.56 and (roMz.)*=46.5.

F@C/ng = d() + leé(CL)CL + d2a2

0.30

|
]
m Standard |
0.25} ® Brillouin I
[
1
1
0.20 |
]
]
/
0.15 e
o
ro
4 ®
0.10 L/ I
/ /
. g
-7 CJ
0.05f - ®
- - pa 4
0 ::—\—""'_T——_ | | |
0 0.2 0.4 0.6 0.8 1.0
2
9o
2.3 T
g3
2o} [ ] Stgnda)rd /,/
@ Brillouin s
:5%':*.::\;:\::
0.005 0.010 0.015 0.020 0.025

a’? [fm?]




* SpeCtral tlow 2d Wilson fermion
(1) Hermitian operator Hw (m) = v5(Dw — m)

(11) Eigenvalue flow \;(m)

)\0 (m) _ :I:m Only fOI‘ 7610 modes Alm) 00%. ............................................................................ -
zero mode : low-lying crossing ' Index "SP
chirality : minus the sign of slope theorem ol .~

R.Edwards, U.Heller, R.Narayanan (1998)
- lattice theory (Wilson fermion)
(1) Hermitian operator (1) Eigenvalue flow
| would-be zero modes : low-lying real crossing
Hw(m) = vs(Dw —m) approximate chirality : N'(m) = —(m)Tys10(m)

Index(Dw) = - Spectral flow(Hw)

» _(_1)\4/2 % Spectral flow :
IndeX(DW) - ( 1) Q Crossings counted with + slopes




* Index theorem (spectral f|OW) Adams(2009) M. Creutz, T. Kimura, TM (2010)

Generalized Wilson

ng — ’75(an — MP)

Index(Dgw) = - Spectral flow(Hgw)

\ 4
Index(Dyy) = 2¢4(—1)¥2Q

% gauge configuration :

Ul_ezwxg ijé—{el (x2:1727--.

Staggered-Wilson

Alm)p 4
0.2

0

-0.2

-0.4

Hgyp = €(Dgy — M}A)) = I's5(Dgt — M}A))

Index(Dsw) = - Spectral flow(Hsw)

\ 4
Index(D,y) = 2%2(—=1)4/2Q

Alm)

-0.2

-04

36%36 lattice, randomness 6 025 O=1

-3 -2 -1 0 1 2

R doubted
oumie Index(Dgw) = 4

n
3

36%36 lattice, randomness 0=0.25, Q=2

36%36 lattice, randomness 0=0.33, Q=1

0.4

0.2

0.0

nm

Index theorem holds for them.




¢ Overlap formulation

negative-mass mode in Dw — massless mode in Dov 2: g
0
» Low-lying crossings are far from high-lying ones o2f
-0.4
» Generalized overlap (8.8)
Hgo(m) T
Dgo =1+ 75 \/ gz ) SR | ket
Any-flavor (1~15) overlap is possible! Sy % ,
cf.) 2 or 3-flavor overlap — lattice QCD T A
12-flavor overlap — conformal window 8-flavor overip 4-flavor overlap
(1,2,1)
- Staggered-overlap
Hy(m)
Dso =1+ 155 Sl; ()
VHZ,(m)
Less expensive overlap!
cf.) 1/4 matrix size — less CPU cost for 2-flavor overlap I-flavor overlap

Lanczos process



Details of StWil symmetries

{2, 1, Rt — TyxSW,

_,'u, ,LW} — Fg X SW4

Physical-sector symmetry

H/H/R :EjE4N(1®O'j)
= R34R E4IS ~ (’y4 X ]_)
CO:/Z:QLRQZL g C



Details of timeslice symmetries

staggered sym : {Co, 2, I, RW’T/}/2} =2 =1

2
i

— T/}/Q X [{Co,Zu} ¥ {Rpw, Is}] = (®;Zn,) % [Ta1 x Wi

Timeslice sym:  T1/2 5 [{Cy, E,} » {Rij, Ls}] = (®;Zn;) % [[ag x W]

Relevant group at rest
Ly1 ) W3 ~ [{Rij, Zij} X {Co,E4,E123, Is}]/ 2o
= [{Rij, Ry; = €ijklikZr; t X {Co, Ea, Z123, CoEals }|/ 2o
= SW4 X FQ,Q]/ZQ

v
Staggered-Wilson

—/ /1/2 _ . _ —
{CO,HM,R;LV;TM } ~ _{Rijw:;'j} X {00,52,2/123,18}]/22
= [{Rij, Rai = €iju R By} x {Co, 4, Elo3]/ 22
— SW4 X Fl,Q]/ZQ
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