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One of the problems in the Standard Model:  
Hierarchy Problem 

 
�

… 

Introduction 

Quantum corrections to the Higgs mass  
is sensitive to the cutoff scale of the theory 

2
2

216Hmδ π
Λ≈

Too large!! 
(Natural cutoff scale is  

Planck scale or GUT scale) 

2
Hmδ = + + 



To get Higgs mass of weak scale,  
an unnatural fine tuning of parameters are required 

mH
2 = m0

2 +δm2 ≈O 100GeV( )2( )
classical Quantum  

corrections 

1.00000000000000000000000000000001 – 1 !! 

m0
2 ,δm2 ≈O 1018GeV( )2⎛

⎝
⎞
⎠Naively, we have 

32 digits of fine tuning 



Problem: We have NO symmetry forbidding the scalar mass 

φ ψ↔! ! ! ! ! ! ! !SUSY 

Mass term is forbidden  
by chiral symmetry 

 
A

5
    ↔    AµGHU 

Mass term is forbidden  
by the gauge symmetry 

Higher dimensional 
Lorentz invariance 

Higher dimensional gauge symmetry 

Identified with 
Higgs in the SM 



2
5A

A5 → A5 + ∂5ε x, y( )+ i ε x, y( ),A5⎡⎣ ⎤⎦

Indeed, the (local) mass term           can be forbidden 
by the gauge symmetry for 5th component of the gauge field 

In other words, no local counter term is allowed 
 � No quadratic divergence, finite 

This symmetry is very useful in the orbifold model  
since it is operative even on the branes G 	 H 

A5 → A5 + ∂5εG H x, y( )+ i εH x, y( ),A5⎡⎣ ⎤⎦

Gersdorff, Irges & Quiros (2002) 

Z2 odd Z2 even 

No quadratic divergence from brane localized Higgs mass 



 D-dim QED on S1@1-loop        Hatanaka, Inami & Lim (1998) 
 

 5D Non-Abelian gauge theory on S1/Z2@1-loop 
                                                                    � Gersdorff, Irges & Quiros (2002) 
 

 6D Non-Abelian gauge theory on T2@1-loop 
                                                                     Antoniadis, Benakli & Quiros (2001) 
 
 6D Scalar QED on S2@1-loop  Lim, NM & Hasegawa (2006) 

 5D QED on S1@2-loop  
                NM & Yamashita (2006); Hosotani, NM, Takenaga & Yamashita (2007) 
 
 5D Gravity on S1 (GGH)            Hasegawa, Lim & NM (2004) 
  … 

Explicit calculations of Higgs mass 



Higgs mass calculation 



Hatanaka, Inami & Lim (1998) Consider (D+1)-dim QED on S1 

Ay Ay (=H) 
( )nψ

mH
2 = ieD

2 d Dk

2π( )D
Tr γ y

1
k −m

γ y 1
k −m

⎡

⎣
⎢

⎤

⎦
⎥

n=−∞

∞

∑∫

     L→∞⎯ →⎯⎯ i
D +1

eD+1
2 d D+1k

2π( )D+1
Tr γ M

1
k −m

γ M 1
k −m

⎡

⎣
⎢

⎤

⎦
⎥∫ M = 0,1,D( )

    = i
D +1

eD+1
2 2 D+1( ) 2⎡⎣ ⎤⎦ d D+1k

2π( )D+1
1− D
k 2 −m2

− 2m2

k 2 −m2( )2
⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

∫

    = i
D +1

eD+1
2 2 D+1( ) 2⎡⎣ ⎤⎦ 1− D + 2m2 ∂

∂m2
⎛
⎝⎜

⎞
⎠⎟

d D+1k

2π( )D+1
1

k 2 −m2∫

    = i
D +1

eD+1
2 2 D+1( ) 2⎡⎣ ⎤⎦ −i

4π( ) D+1( ) 2 Γ
1− D
2

⎛
⎝⎜

⎞
⎠⎟
1− D + 2m2 ∂

∂m2
⎛
⎝⎜

⎞
⎠⎟
m2( ) D−1( ) 2

= 0

(No sum) L=2πR 



Hatanaka, Inami & Lim (1998) Consider (D+1)-dim QED on S1 

Ay Ay (=H) 
( )nψ

   

mH
2 = ieD

2 2 D+1( ) 2⎡⎣ ⎤⎦ d Dk

2π( )D − 1

2πn+α( ) L( )2
+ ρ2

+ 2ρ2

2πn+α( ) L( )2
+ ρ2⎡

⎣⎢
⎤
⎦⎥

2

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

n=−∞

∞

∑∫

    = −ieD
2 2 D+1( ) 2⎡⎣ ⎤⎦ d Dk

2π( )D 1+ ρ ∂
∂ρ

⎛
⎝⎜

⎞
⎠⎟

L
2ρ

⎛
⎝⎜

⎞
⎠⎟

sinh ρL( )
cosh ρL( )− cosα∫

    =
eD

2 L2−D

2D− D+1( ) 2⎡⎣ ⎤⎦π D 2Γ D 2( )
dk kE

D−1
1− cosh kE

2 + m2 L( )cosα

cosh kE
2 + m2 L( )− cosα⎡

⎣⎢
⎤
⎦⎥

2
0

∞

∫ < ∞

Superconvergent!!  
(Nonlocal mass: Wilson line phase                     ) 

( ) ( ), ,ix y L e x yα
µ µψ ψ+ =

 L=2πR 

α = g dyAy∫

2 2 2k mρ = − +

Boundary condition 



Ex. take D=4 (5 dimension case) & m=0, α=π 

    

mH
2 =

e4
2

4π 2

1

2πR( )2 dss3 1− cosh scosα

cosh s− cosα⎡⎣ ⎤⎦
2

0

∞

∫
α=π

    =
9e4

2

16π 4R2 ζ 3( ) = 9e4
2

16π 6 ζ 3( )
1.2


mW
2

Higgs mass is too small 
 

	 generic prediction of GHU 

mW =π/R 



1: Realizing small Higgs VEV α << 1  
                          by choosing appropriate matter content 
 

                    mH ��mW/(4πα)  (mW = α/R) 
                                            Haba, Hosotani, Kawamura & Yamashita etc 
 

2: D > 5 dimensions 
 

    Fij
2 contains the Higgs quartic coupling g2[Ai, Aj]2 

    in general. Higgs mass is generated at leading order 
    mH = 2mW is predicted in 6D on T2/Z3 model  
                                   Scrucca, Serone, Silvestrini & Wulzer (2003) 
 

3: Warped dimension�(ex. Randall-Sundrum model) 
  
    Higgs mass is enhanced by curvature scale kπR�30 
                                                                Contino, Nomura & Pomarol (2003) 

Way out to get 125-126 GeV Higgs mass  



Gauge-Higgs sector 



Model building of the gauge-Higgs unification 

A5 is an SU(2) adjoint as it stands, not SU(2) doublet 
� need to enlarge the gauge group 

  G 	 SU(2)L x U(1)Y 

adj	 doublet + other reps 
Simplest G 

SU(3) 

Consider 5D SU(3) model on S1/Z2 with Parity: P = diag (-,-,+) 

Aµ =

+,+( ) +,+( ) −,−( )
+,+( ) +,+( ) −,−( )
−,−( ) −,−( ) +,+( )

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

,A5 =

−,−( ) −,−( ) +,+( )
−,−( ) −,−( ) +,+( )
+,+( ) +,+( ) −,−( )

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

( ) ( ) ( ) ( )† †
5 5, , , , ,i i i iPA x y y P A x y y PA x y y P A x y yµ µ− = + − = − + 



Only (+,+) mode has massless mode (�0 mode�) 

( ) ( )

3 3

3 0

0

0 0
5

*

0 0 0
1 10 , 0 0
2 2

00 0

3 2

2

2 3

W B W H
W W H

H HB

A A
µ µ µ

µ µ

µ

µ

+ +

−

−

⎛ ⎞ ⎛ ⎞⎜ ⎟ ⎜ ⎟= =⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜

+

−

− ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠

SU(2) x U(1) gauge fields                  Higgs doublets 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

, 0

1

,

1

1
, 2 cos

2
1

, sin

n
M M M

n

n
M M

n

n
A x y A x A x y

RR
n

A x y A x y
RR

π

π

∞
+ +

=

∞
− −

=

⎡ ⎤⎛ ⎞= + ⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
⎛ ⎞= ⎜ ⎟⎝ ⎠

∑

∑
mode expansions 

( )0
5

5

2, , ,
n n nW Z
n a n a n aM M M A
R R R g Rγ
+ += = = =

Gauge boson spectrum 



( )0
5

5

2, , ,
n n nW Z
n a n a n aM M M A
R R R g Rγ
+ += = = =

 W, Z,γ are identified with zero modes:  
����    MW = a/R,  MZ = 2a/R,  Mγ = 0 
 

 MZ = 2MW 	 cosθW = ½ (sin2θW = ¾ >> 0.23) 
 

 The spectrum is invariant under a � �a  
                                 	 physical range [0, 1/2] 
 

   (this kind of spectrum is specific to GHU  
    compared to UED case:                           ) 
 

 Non-zero KK modes of A5 are eaten  
   by non-zero KK modes of Aµ (Higgs mechanism) 

( )22
nW WM M n R= +



Hypercharge of the doublet 

   

δU (1) A5
0( ) = g T 8, A5

0( )⎡
⎣

⎤
⎦ =

g
2 3

1 0 0
0 1 0
0 0 −2

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟ ,

0 0 H +

0 0 H 0

H − H 0* 0

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

    = g
2 3

0 0 H +

0 0 H 0

−2H − −2H 0* 0

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
− g

2 3

0 0 −2H +

0 0 −2H 0

H − H 0* 0

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
= g 3

2

0 0 H +

0 0 H 0

−H − −H 0* 0

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

Check the hypercharge of Higgs doublet 

( )
( )

( )
2

2
2

22 2 2

3 3sin 0.23
43

Y
W

Y

gg
g g g g

θ = = = ≠
+ +

Exp Too Big!! 

Well-known by Fairlie, Manton (6D on S2 w/ monopole bkgd) 
 

                       G2        SO(5)      SU(3) 
Sin2ΘW       1/4         1/2          3/4          



Way out to get a correct ΘW 

1: Additional U(1) 

AY =
′g A8 + 3g ′A

3g 2 + ′g 2
,AX =

3gA8 − ′g ′A

3g 2 + ′g 2
⇒ gY =

3g ′g
3g 2 + ′g 2

SU(3) x U(1)’ 	SU(2)L x U(1)Y x U(1)X 
                         Scrucca, Serone & Silvestrini (2003) 

2
2

2 2 2 2

3sin
4 3

Y
W

Y

g
g g g g

θ = =
′+ +

2: Localized gauge kinetic terms 

   
L = − 1

2g5
2 TrFMN F MN − 1

2g4
2 δ y( ) + 1

2 ′g4
2 δ y −πR( )⎡

⎣
⎢

⎤

⎦
⎥TrFµν F µν

SU(2) x U(1) invariant SU(3) invariant 



Electroweak symmetry breaking 

In GHU, EW symmetry is dynamically broken  
                       by the Hosotani mechanism  Hosotani (1983,1989) 

Higgs potential is radiatively generated  
since the tree level potential is forbidden  

by the gauge invariance (Coleman-Weinberg potential) 

V(A5) = + + + … 

( ) ( ) ( )
( )

( )
4

2 2
4

1
1 log

2 22
F E

E n
n

d pV a p m
Rππ

= − +∑∫
DOF

KK mass 



Ex. 5D SU(3) model on S1/Z2 with Nf fundamental  
                       & Na adjoint fermions 

( ) ( ) [ ] [ ]( ) [ ]7 5 5
1

3 1
4 3 cos 2 2cos 4 cos

128 a f
n

V a N na na N na
R n

π π π
π

∞

=

⎡ ⎤= − + +⎣ ⎦∑
adjoint fund Gauge + ghost 

2 fund 
SU(2)xU(1) -> U(1)xU(1) 

1 adj 
SU(2)xU(1) -> U(1) 

Kubo, Lim & Yamashita (2002) 

a 

V(a) 

YM 
unbroken 

1 fund 
unbroken 



     

W = P exp ig dyA5S1∫( ) =
1 0 0
0 cos πa( ) isin πa( )
0 isin πa( ) cos πa( )

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
  a mod 2( ) =

SU 2( )×U 1( ) for a = 0

U 1( )′ ×U 1( ) for a =1

U 1( )em
 for other cases

⎧

⎨
⎪
⎪

⎩
⎪
⎪

( )
6 6

6 0
5 52 2

a T TA A
gR

= ≡

Wilson line phase 

U(1) x U(1)� unbroken 

( )
( )

3

8

1, 1,0

1,1, 2 3

T diag

T diag

= −

= −

( ) 3 81: 1, 1, 1 , , 0a W diag W T W T⎡ ⎤ ⎡ ⎤= = − − ⇒ = =⎣ ⎦ ⎣ ⎦

3 8 3 80 1: , 3 ,sin cos 0W Wa W T T W T Tθ θ⎡ ⎤ ⎡ ⎤< < + = + =⎣ ⎦⎣ ⎦
U(1)em unbroken 



Higgs potential (top (15*) + bottom (3) + tau (10)) 

ε=1.25 Cacciapaglia, Csaki & Park (2005) 

SU(2) x U(1) 	 U(1)em 



Model a: b(3), τ(10)    Model b: b(6), τ(3) 

Higgs mass, top mass,…etc 

top 

1st KK 



Sample points 

Fine-tuning required to  
obtain the potential minimum 

Model A (top low) 
Model B (bottom low) 



Matter Content 
$ 

Yukawa Coupling 



Quark & Lepton embedding 

Consider a fundamental rep of SU(3) 

3 = (q, q-1, 1-2q)T (q: electric charge) 

Putting q=2/3, we get  
           3 = 21/6 + 1-1/3 = (2/3, -1/3, -1/3)T = (uL, dL, dR)T 

Only fundamental reps cannot incorporate  
right-handed up-type quarks as well as leptons 

2-rank sym: 6*  =    3L-1/3 + 2L1/6 (Q) + 1L2/3  
                   3R-1/3 + 2R1/6 + 1R2/3 (uR) 
 

3-rank sym: 10 =  4L1/2 + 3L0 + 2L-1/2 (L) + 1L-1 
                  4R1/2 + 3R0 + 2R-1/2 + 1R-1 (eR) 

Many massless exotics � brane localized mass term 

(+, +, -)L 



In the gauge-Higgs unification,  
Yukawa coupling = gauge coupling 

How can we get fermion mass hierarchy??? 
 

As will be shown below,  
fermion masses except for top quark are relatively easy 

1: Localizing fermions@different point in 5th direction 
 
 Yukawa � exponentially suppressed overlap integral 
                                                                           Arkani-Hamed & Schmaltz (1999) 
 
2: Bulk fermions mixed with localized fermions  
                                                             @the fixed points 
     Non-local Yukawa coupling   Csaki, Grojean & Murayama (2002) 

Big  
Hurdle 



1: Yukawa coupling from localizing fermions @different points 

1: To localize fermions at different points along  
        the 5th direction, bulk masses are introduced 
 
2: To be consistent with Z2 orbifold,  
    Z2 parity of bulk mass must be odd � kink mass 

Consider a 5D fermion satisfying the following Dirac equation 

( ) ( )

( ) ( ) ( ) ( )
( )

5

0 ,

1 0
, , , 0,1,2,3,5 ,

1 0

M
M

M
M M M

i D M x y

y
D igA M

y

y

i yµ

ε ψ

γ γ ε

⎡ ⎤= Γ −⎣ ⎦
>⎧⎪= ∂ − Γ = = = ⎨

− <⎪⎩

 
   

 

Focusing zero modes  

( ) ( )
( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
0 0 5, ,L R L R L R L Rx y x f yψ ψ γ ψ ψ= −: "



Zero mode wave functions 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

0
2

0
2

0

0

0

0

1

1

M y
y L MR

M y
R

L

y RR M

M y f y

M

Mf y e
e
Mf y ey f

e
y

π

π

ε

ε

−
−⎡ ⎤= ∂ + →⎣ ⎦

⎡ ⎤= ∂ − ⎦

=
−

−
→⎣ = y 

0 πR 

R L 

Small overlap 
4D effective Yukawa coupling 

( ) ( ) ( ) ( ) ( )( )
2

0 0
4 4 2 2

4 4

1 1

2

R R

L R MR MR

M
W

R

R
f

R

MY g dyf y f y g d

MRg e g m m

y
e eπ

π

π π

π
π π

π

−
− −

−

= =
− −

≈ ≤ ≤⇔

∫ ∫
   

πMR >> 1 
Fermion masses except top is easy, but top is hard 
No need of unnatural fine-tuning for 5D parameters M,R 



2: Mixing between bulk and boundary localized fermions 

LBulk = Ψ x, y( ) iΓMDM −M ε( )( )Ψ x, y( ),Ψ = ψ d ,χ s( )T

LBrane = δ y − yL( ) iQLσ µ∂µQL +
ε L
πR

ψ dQL + h.c.
⎡

⎣
⎢

⎤

⎦
⎥ +δ y − yR( ) iqLσ µ∂µqL +

εR
πR

qRχ
s + h.c.

⎡

⎣
⎢

⎤

⎦
⎥

Consider the massive bulk fermion  
                     coupling with SM fermions on the branes 

Integrating out massive fermion generates mass term as 

0

R
yig dyA MR

f L
MR

L R R L R WMRe ReQ m M Mq e
π

ππε πε π ε ε− −∝∫ ⇒

Csaki, Grojean & Murayama (2002) 

Mixing mass term between bulk & brane fermions 

Exponentially suppressed coupling  
� easy to generate fermion masses except for top 

How do we obtain top mass??? 



Top mass generation Cacciapaglia, Csaki & Park (2005) 

Consider large dimensional reps,  
then an upper bound on fermion mass is modified as follows 

t Wm nm≤ (n: # of indices of rep) 

For mt = 2mW � need a 4-index rep top is embedded 
To saturate this bound, bulk mass should be zero  

Simplest example: 

(15*)-2/3 	 (1, 2/3)(tR) + (2, 1/6)(tL)  
                   + (3, -1/3) + (4, -5/6) + (5, -4/3)  

* 



N enhancement�

Consider a rank N symmetric tensor of SU(3)�

����

Decompose it into SU(2) reps as 3 = 2 + 1  
                                and make a singlet & a doublet�

singlet� ����1 1 1 1 unique�

doublet� ����1 1 2 1 etc�

N boxes�

N patterns�

Canonical kinetic term � 1/√N�

Yukawa = 1R 2L 2H � N x 1/√N = √N��



3 = 2L1/6(Q) + 1L-1/3  
    2R1/6 + 1R-1/3(dR)  
 

6* = 3L-1/3 + 2L1/6(Q) + 1L2/3  
     3R-1/3 + 2R1/6 + 1R2/3(uR) 
 

10 = 4L1/2 + 3L0 + 2L-1/2(L) + 1L-1 
      4R1/2 + 3R0 + 2R-1/2 + 1R-1(eR) 
 

15* = 5L-4/3 + 4L-5/6 + 3L-1/3 + 2L1/6(Q) + 1L2/3 
       5R-4/3 + 4R-5/6 + 3R-1/3 + 2R1/6 + 1R2/3(tR) 

Fermion matter content�

Down quark 
sector�

Up quark 
sector 

(except for top)�

Charged lepton 
sector�

Unwanted massless exotics (blue reps) & two extra Qs 
must be massive by brane localized mass terms�

Top 
quark�



Flavor Mixing�
            “Flavor Mixing in Gauge-Higgs Unification” 
  Adachi, Kurahashi, Lim and NM, JHEP1011 (2010) 015 
 

          “D0-D0bar Mixing in Gauge-Higgs Unification” 
  Adachi, Kurahashi, Lim and NM, JHEP1201 (2012) 047 
 

          “B0-B0bar Mixing in Gauge-Higgs Unification” 
  Adachi, Kurahashi, NM and Tanabe, PRD85 (2012) 096001�



    

L = − 1
4

F MN FMN − 1
4

BMN BMN − 1
4

G MNGMN

     +ψ 3
1,2 i D − M 1,2ε y( )( )ψ 3

1,2 +ψ 6
1,2 i D − M 1,2ε y( )( )ψ 6

1,2

     +ψ 3i Dψ 3 +ψ 15
i Dψ

15

     +δ y( ) 2πRQR
i x( ) ηijQ3L

j x, y( ) + λijQL
j x, y( )⎡⎣ ⎤⎦ i, j = 1,2,3( )

     +brane mass terms for exotics QL = Q6L
1 ,Q6L

2 ,Q15L( )T

  Brane mass matrices�         : 
 

     off-diagonal elements 
 

  Brane localized fields QR 
 
  M3 = 0 to avoid mψ ��Mwexp[-πMR]�

η,λ
Flavor mixing�



     �

LBM
Q  δ y( )QR η  λ⎡⎣ ⎤⎦

Q3

Q

⎡

⎣
⎢

⎤

⎦
⎥

L

= δ y( ) ′QR mdiag�03×3
⎡⎣ ⎤⎦

QH

QSM

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥L

������
Q3

Q

⎡

⎣
⎢

⎤

⎦
⎥

L

=
U1�U3

U2�U4

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

QH

QSM

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥L

,�U QQR = ′QR

   

LYukawa = g5 Ay
6d iQ3

i + g5 Ay
6u iQi

         → g5 Ay
6 dR

i 0( )Yd
iiU3

ijQSM
j 0( ) + uR

i 0( )Yu
iiU4

ijQSM
j 0( )( )

( ) ( )0 0 2
iR i iii i RM

L RR
Y dyf f RM e

π π
π

π −

−
= ≈∫

( )† †
3 3 4 4

†
3 †

†
4

3 3

ˆ
1

ˆ
d dR d dL

CKM uL dL

u uR u uL

Y V Y U V
V V V U U U U

Y V YU V
×

⎧ =⎪ =⎨
=⎪

+
⎩

=! ! ! ! !

Diagonalization 

� Gauge interaction�



M3,6  1 (Yu,d  1) case (flavor symmetry restored) 

    

Ŷd =VdR
† YdU3VdL →VdR

† U3VdL ⇒ Ŷd
†Ŷd =VdL

†U3
†U3VdL

Ŷu =VuR
† YuU4VuL →VuR

† U4VuL ⇒ Ŷu
†Ŷu =VuL

†U4
†U4VuL

⎧
⎨
⎪

⎩⎪
  

     U3
†U3+U4

†U4=1⎯ →⎯⎯⎯⎯ VuL ∝VdL

                   ⇒VCKM =VuL
†VdL ∝VdL

†VdL = 1 No mixing( )

To get flavor mixing,  
we need non-degenerate bulk masses  

as well as the off-diagonal brane masses 
(specific to gauge-Higgs unification) 

Lesson 



 

U4 = Ru

a1 0 0
0 a2 0
0 0 a3

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
, U3 = Rd

1− a1
2 0 0

0 1− a2
2 0

0 0 1− a3
2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

Ru =
1 0 0
0 cos ′θ2 sin ′θ2
0 sin ′θ2 cos ′θ2

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

cos ′θ3 0 sin ′θ3
0 1 0

−sin ′θ3 0 cos ′θ3

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

cos ′θ1 −sin ′θ1 0
sin ′θ1 cos ′θ1 0
0 0 1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

Rd =
1 0 0
0 cosθ2 sinθ2
0 sinθ2 cosθ2

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

cosθ3 0 sinθ3
0 1 0

−sinθ3 0 cosθ3

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

cosθ1 −sinθ1 0
sinθ1 cosθ1 0
0 0 1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

Parametrization of Unitary matrices U3,4 (CP violation ignored)�

Physical observables: 6 quark masses + 3 CKM angles 
# of parameters: a1,2,3, b1,2,3=IRL

1,2(00), θ1,2,3, θ’1,2,3 
    ��11–9=2 free parameters (6-5=1 for 2 generations)�



 

Ru = 13×3 :a1
2 ≈ 0.1023, b1

2 ≈ 4.335 ×10−9, sinθ1 ≈ −2.587 ×10−2

             a2
2 ≈ 0.9887, b2

2 ≈1.302 ×10−4 , sinθ2 ≈ 2.224 ×10
−2

             a3
2 ≈ 0.9966,                       , sinθ3 ≈ 2.112 ×10

−4

 

Rd = 13×3 :a1
2 ≈ 0.0650, b1

2 ≈ 3.973×10−9, sin ′θ1 ≈ 0.6704
             a2

2 ≈ 0.9931, b2
2 ≈ 2.235 ×10−4 , sin ′θ2 ≈ −3.936 ×10−2

             a3
2 ≈ 0.9966,                       , sin ′θ3 ≈1.773×10

−2

Parameter fitting�
Numerical results reproducing quark masses & mixings 
(2 parameter scan technically hard  
                                    � 3 angles fixed & mt unfixed)�

(i) No up-type mixing case�

(ii) No down-type mixing case�



FCNC @tree level 
FCNC@tree level even in QCD sector 

0 mode sector: No mixing  O.K. 
 

Nonzero KK gluon couplings  
induce nontrivial flavor mixing 
 

    � flavor mixing@tree level 

   

Lstrong ⊃
gs

2πR
Gµ

0( ) ψ R
i 0( )γ µψ R

i 0( ) +ψ L
i 0( )γ µψ L

i 0( )( )
         + gsGµ

n( )ψ R
i 0( )γ µψ R

j 0( ) VdR
† IRR

0n0( )VdR( )
ij

         + gsGµ
n( )ψ L

i 0( )γ µψ L
j 0( ) VdL

† U3
†ILL

0n0( )U3 +U4
†ILL

0n0( )U4( )VdL
⎡
⎣⎢

⎤
⎦⎥ij



(i) LR type (ii) LL type (iii) RR type

Figure 1: The diagrams of D0 − D̄0 mixing via KK gluon exchange

listed above,

∼
∞∑

n=1

g2s
4

(−1)n

M2
n

(
V †
uLU

†
3I

(0n0)
RR U3VuL + V †

uLU
†
4I

(0n0)
RR U4VuL

)

21

×
(
V †
uRI

(0n0)
RR VuR

)

21

(
ūLλ

aγµcL
)(
ūRλ

aγµcR
)
. (4.6)

Similarly, the LL and the RR type diagrams of Fig. 1 give

∼−
∞∑

n=1

g2s
4

1

M2
n

(
V †
uLU

†
3I

(0n0)
RR U3VuL + V †

uLU
†
4I

(0n0)
RR U4VuL

)2
21

×
(
ūLλ

aγµcL
)(
ūLλ

aγµcL
)
, (4.7)

∼−
∞∑

n=1

g2s
4

1

M2
n

(
V †
uRI

(0n0)
RR VuR

)2
21

(
ūRλ

aγµcR
)(
ūRλ

aγµcR
)
. (4.8)

The sum over the integer n is convergent and the coefficients of the effective lagrangian

(4.6)-(4.8) are suppressed by the compactification scale as 1/M2
c where Mc = R−1. We

can verify, as we expect, that the coefficient vanishes in the limit of universal bulk masses

M1 = M2 = · · · by use of the unitarity condition (3.4), since I(0n0)RR is proportional to the

unit matrix in this limit;

V †
uL

(
U †
3I

(0m0)
RR U3 + U †

4I
(0m0)
RR U4

)
VuL

M1=M2= ···−−−−−−−→ V †
uL

(
U †
3U3 + U †

4U4

)
VuLI

(0m0)
RR ∝ 1n×n ,

V †
uRI

(0m0)
RR VuR

M1=M2= ···−−−−−−−→ VuRV
†
uRI

(0m0)
RR ∝ 1n×n . (4.9)

Comparing the calculation of (4.6)-(4.8) with the experimental data, we can obtain a

lower bound on the compactification scale. The most general effective Hamiltonian for

∆C = 2 processes due to some “new physics” at a high scale ΛNP & MW can be written

as follows;

H∆C=2
eff =

1

Λ2
NP

(
5∑

i=1

ziQi +
3∑

i=1

z̃iQ̃i

)
(4.10)
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(i) LR type (ii) LL type (iii) RR type

Figure 4: The diagrams of K0 − K̄0 mixing via KK gluon exchange

where

αd ≡−(1− a2) sin 2θdL cos
2θ + (1− b2) sin 2θdL sin

2θ −
√
(1− a2)(1− b2) cos 2θdL sin 2θ ,

α′
d ≡− a2 sin 2θdL cos

2θ′ + b2 sin 2θdL sin
2θ′ − ab cos 2θdL sin 2θ

′. (A.2)

θdR is an angle in the rotation matrix VdR to diagonalize I(00)RL U3U
†
3I

(00)
RL :

tan 2θdR =
2
(
b2 − a2

)
cd sin θ cos θ

(1− a2)c2 − (1− b2)d2 + (a2 − b2)(c2 + d2) sin2θ
. (A.3)

The bag parameters are calculated by lattice simulation as B1 = 0.57, B4 = 0.81 and B5 =

0.56 [?]. fK(# 1.23fπ),mK is the kaon decay constant and the kaon mass, respectively.

The constant αs is estimated to be αs(µK) ≈ 0.268 for µK = 2.0GeV [?]. Combining

these results, we obtain

∆mK(KK) ∼−1.61× 102 · (Rfπ)
2

×
[{

(αd + α′
d)

2 + sin22θdR
}
SLL
KK − 65.0 · sin 2θdR(αd + α′

d)S
LR
KK

]
[MeV]

(A.4)

The room for the “New Physics”contribution∆mK(NP) is basically given by the difference

between the experimental data and the standard model prediction [?], [?]. Though the

short-distance contribution due to the box diagram in the standard model [?] is reliably

calculated the long-distance contribution has uncertainty. Thus here we take an attitude

that ∆mK(NP) can be as large as the experimental value:

∣∣∆mK(NP)
∣∣ < ∆mK(Exp) = 3.48× 10−12 [MeV] (A.5)

Identifying ∆mK(NP) with our result ∆mK(KK) we obtain a lower bound for the com-

pactification scale:

R−1 ! 6.32× 102
√{

(αd + α′
d)

2 + sin22θdR
}
SLL
KK − 65.0 · sin 2θdR(αd + α′

d)S
LR
KK [TeV] .

(A.6)

The obtained numerical result is given in Fig. ?? where the first term inside the square

root in (??) is dominant. The lower bound on the compactification scale R−1 ranges from

2.8TeV to 43TeV depending on the value of sin θ′.
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K 0 − K 0

D0 − D0

 

Bd
0 − Bd

0

   &
Bs
0 − Bs

0

bLdL(sL)

Ga(n)
µ

dR(sR)bR

bLdL(sL)

Ga(n)
µ

dL(sL)bL

bRdR(sR)

Ga(n)
µ

dR(sR)bR

(i) LR type (ii) LL type (iii) RR type

bLsL

Ga(n)
µ

sRbR

bLsL

Ga(n)
µ

sLbL

bRsR

Ga(n)
µ

sRbR

(i) LR type (ii) LL type (iii) RR type

Figure 1: The diagrams of B0
d – B̄

0
d (top row) and B0

s – B̄
0
s (bottom row) mixing via KK gluon

exchange

bRsR

Ga(n)
µ

=
gs
2

(
V †
dRI

(0n0)
RR VdR

)

32
λaγµR , (4.4c)

bLsL

Ga(n)
µ

=
gs
2
(−1)n

{
V †
dL

(
U †
3I

(0n0)
RR U3 + U †

4I
(0n0)
RR U4

)
VdL

}

32
λaγµL , (4.4d)

Gb(n′)
νGa(n)

µ
= δnn′δab

ηµν

k2 −M2
n

(
’t Hooft-Feynman gauge

)
. (4.4e)

The non-zero KK gluon exchange diagrams, which give the dominant contribution to the

process of B0
d – B̄

0
d and B0

s – B̄
0
s mixing, are depicted in Fig. 1.

Note that in the case of the K0 – K̄0 mixing which is given by similar diagrams to

those in Fig. 1 [11], ‘LR type’ diagram seems to give dominant contribution at first glance,

because the hadronic matrix element of LR type effective 4-Fermi lagrangian is relatively

enhanced with a factor mK
md+ms

[11, 12] compared to the matrix elements of LL and the

RR type effective lagrangian. However, in the case of the B0
d – B̄

0
d and B0

s – B̄
0
s mixing,

the factors mB
md+mb

and mB
ms+mb

are not so large and in addition to the LR type diagram we

calculate LL and RR type diagrams as well, similarly to the D0 – D̄0 mixing.5

By noting the fact k2 "
(
n
R)

2 for n #= 0 being the mass of n-th KK gluon and kµ being

external momentum, the contribution of each type diagram about the B0
d – B̄

0
d mixing of

Fig. 1 is written in the form of effective four-Fermi lagrangian obtained by use of Feynman

5It turns out that even in the case of K0 – K̄0 mixing, the LL and RR type processes is not less
important and even give dominant contribution [12].
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ΔmK KK( ) = 2 K Leff
ΔS=2 K ≈α SCB1R

2 fK
2mK

1
n2

n
∑ IRR

1 0n0( ) − IRR
2 0n0( )⎡

⎣
⎤
⎦

2

 

                                     IRR
i 0n0( ) =

1

πR
fR

0( ) y( )( )2

cos
n
R

y
⎛
⎝⎜

⎞
⎠⎟−πR

πR

∫

KL-KS mass difference 

Bag parameter: B1=0.57, fK��1.23fπ, mK�497MeV 

Mode sum is finite�
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ΔmK NP( ) < 3.48 ×10−12MeV

 R−1 ≥ 2.8TeV  43TeV

Exp. constraint:�
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Similar analysis applied to D & B systems�

 R−1 ≥ 0.8TeV 14TeV

Lower bounds for  
compactification scale�

D0 − D0 B0 − B0

 

Ru = 13×3 :R
−1 ≥1.71TeV Bd

0 − Bd
0( )

              R−1 ≥ 2.54TeV Bs
0 − Bs

0( )

 

Rd = 13×3 :R
−1 ≥ 0.92TeV Bd

0 − Bd
0( )

              R−1 ≥1.79TeV Bs
0 − Bs

0( )



Results�

   

K 0 − K 0 :O 10( )TeV

D0 − D0 :O 1( )TeV

Bd
0 − Bd

0 , Bs
0 − Bs

0 :O 1( )TeV



“GIM-like” mechanism 
Above results is smaller than naïve order estimate  

1
MKK

2 ψψψψ ⇒

MKK ≥1000TeV K 0 − K 0 ,D0 − D0( )
MKK ≥ 400TeV Bd

0 − Bd
0( )

MKK ≥ 70TeV Bs
0 − Bs

0( )

⎧

⎨
⎪⎪

⎩
⎪
⎪

This apparent discrepancy can be understood  
since the “GIM-like” mechanism works in GHU 

 

i.e. FCNC processes are automatically suppressed  
for 1st & 2nd generation of quarks 



    

SKK
LR = πR

−1( )n

n2 IRR
1 0n0( ) − IRR

2 0n0( )( )2

n=1

∞

∑

       − π
2

2
e−2πRM1

+ e−2πRM 2( )
          − π

2R
M 1( )2

− M 1M 2 + M 2( )2

M 1M 2 M 1 − M 2( ) e−2πRM1

− e−2πRM 2( ) πRM i 1( )

SKK
LL RR( ) = πR 1

n2 IRR
1 0n0( ) − IRR

2 0n0( )( )2

n=1

∞

∑ 
π
8R

M 1 − M 2( )2

M 1M 2 M 1 + M 2( )

In the large bulk mass limit,  
the KK mode sum can be approximated as follows 

2
2

2

ii qRM

W

m
e

m
π− ⇔ similar to 

GIM suppression 

2 2

2
c u

W

m m
m
−

exponential 
suppression!! 

Power suppression 



More intuitive understanding of �GIM-like� suppression 

FCNC is controlled by the factor 

( ) ( )( )21 0 0 2 0 0n n
RR RRI I− ( )0 0 2

2

1
cos

1

i

i

R i
i n M y
RR RM

R

M nI dy e y
RR e

π

π
ππ −

⎛ ⎞= ⎜ ⎟⎝ ⎠−∫

In πMR >> 1 limit & for small mode index n  

Width �1/M� of  
0 mode function 

Period 2πR/n of  
KK gluon mode function =

Almost flat KK gluon mode function for  
fast exponential dumping 0 mode fermions 

Almost flavor universal  
(similar to 0 mode sector) 

��



As for the 3rd generation, 
 

GIM-like mechanism does not work 
 

� M3=0 for top mass�

Suppressed FCNC due to small mixing 
 

between 1-3 & 2-3 generations 


