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Origin of the mass of fundamental particles
ー Standard Model ー
• Higgs mechanism:

• VEV of scalar field breaks global gauge symmetry → NG boson (massless)

• NG boson absorbed as longitudinal component of W, Z → massive W, Z

• Yukawa interaction gives mass to fermions

• fundamental scalar: UV power divergence

• gauge hierarchy problem (fine tuning)
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Origin of the mass of fundamental particles
ー Technicolor (alternative to Higgs mechanism) ー
• Techni-fermion condensate <TRTL> at low energy  (like <qRqL> in QCD)

• breaks chiral symmetry

• produces techni-pion !TC (composite, like pion in QCD)

• longitudinal component of W, Z

• MW=MZcosθW=gF!/2 (F!=vweak=246 GeV)

• no power divergence → no fine tuning necessary

• fermion masses → extended technicolor (ETC)

• for suppressed FCNC with appropriate size of fermion masses → walking TC
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Walking Technicolor

• key: to realize suppressed FCNC and appropriate size of fermion masses

[Yamawaki-Bando-Matsumoto]

• renormalized gauge coupling

• to run very slowly (walking)

• logarithmically divergent at low energies → to produce techni pions

• mass anomalous dimension 

• large: γm~1

!

" # "!#
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 - non-Abelian gauge theory with Nf massless fermions -

• Walking Techinicolor could be realized just below the conformal window

• crucial information: Nfcrit  & mass anomalous dimension around Nfcrit
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SU(3) gauge theory with fundamental fermions

• perturbation theory

• 2 loop universal running coupling at fixed point & 1 loop anomalous dim

• Nfcrit~8.05

• α*~0.04, γ*~0.03  for Nf=16  →  likely in conformal phase

• α*~0.8,   γ*~0.5    for Nf=12
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SU(3) gauge theory with fundamental fermions

• perturbation theory

• 2 loop universal running coupling at fixed point & 1 loop anomalous dim

• Nfcrit~8.05

• α*~0.04, γ*~0.03  for Nf=16  →  likely in conformal phase

• α*~0.8,   γ*~0.5    for Nf=12

!requires non-perturbative method 
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most reliable method is lattice gauge theory

• success in QCD in SM:   first principles calculation became possible

• hadron spectrum

• weak matrix elements: decay constants, bag parameters, form factors

• running gauge coupling

• same quantity is indispensable and quite informative for technicolor

• mass of the composite states

• techni-pion decay constant

• running technicolor coupling
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KMI computer　 ϕ
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KMI computer　 ϕ
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KMI computer　

• non GPU nodes

• 148 nodes

• 2x Xenon 3.3 GHz

• 24 TFlops (peak)

• GPU nodes

• 23 nodes

• 3x Tesla M2050

• 39 TFlops (peak)

ϕ
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Inauguration Ceremony of 
March 2nd, 2011

ϕ

2011年11月2日水曜日



1st flagship project on 

• SU(3) + large Nf fundamental fermions

• utilize knowledge and tools developed in past ~30 years of Lattice QCD

• reinforced by the knowledge from the real world

• investigates spectrum: techni pion mass, decay constant

ϕ
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SU(3) gauge theory with large Nf [fundamental rep.]

• our goals:

• understand the nf dependence of the theory

• find the conformal window

• find the walking regime and investigate mass anomalous dimension

• status:

• Nf=16 likely conformal

• Nf=12: controversial

• Nf=10: one study showing evidence of IR fixed point. Some more...

• Nf=8: studies suggesting no IR fixed point ↔ one for conformal

• Nf=6:  confining: enhancement of condensation
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our approach

• study Nf dependence systematically using single set up of the lattice simulation

• target: Nf=(0), 4, 8, 12, 16

• this talk mainly focuses on Nf=12  (most controversial in the community)

• Nf=12  poster [Ohki]

• Nf=16  poster [Yamazaki] (deep in conformal window ?)

• results with 2 lattice spacings and a trial lattice spacing determination

• Nf=8  poster [Nagai] (candidate for WTC?)

• Swinger-Dyson approach and comparison with lattice Nf=4, 12 [Kurachi]
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simulation strategy

• use of improved staggered action

• to get nearly continuum results from non-zero lattice spacing

• to reduce flavor violation for good SU(N) chiral symmetry

• bound to Nf=4 n

• we use MILC version of HISQ (Highly Improved Staggered Quark) action

• Asqtad + g2a2 taste exchange interaction & up to (ma)4 removed, but

• use tree level Symanzik gauge action

• no (ma)2 improvement (no interest to heavy quarks)

• = HISQ/tree (HotQCD collaboration)
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HISQ action

• proposed by HPQCD collaboration for

• smaller taste violation than other approaches

• better handling of heavy quarks

• being used in simulations (slightly changed versions)

• MILC: Nf=2+1+1 QCD

• HOTQCD: QCD thermodynamics: Bazavov-Petreczky (Lat’10 proceedings)

• HISQ/tree is best of [HISQ/tree, Asqtad, stout] 

 for flavor (taste) symmetry, dispersion relation
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HISQ action

• proposed by HPQCD collaboration for

• smaller taste violation than other approaches

• better handling of heavy quarks

• being used in simulations (slightly changed versions)

• MILC: Nf=2+1+1 QCD

• HOTQCD: QCD thermodynamics: Bazavov-Petreczky (Lat’10 proceedings)

• HISQ/tree is best of [HISQ/tree, Asqtad, stout] 

 for flavor (taste) symmetry, dispersion relation

Taste symmetry and QCD thermodynamics Alexei Bazavov
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Figure 1: The splitting between different pion mul-
tiplets calculated for HISQ/tree, mG ≡ m"5 .

Figure 2: RMS pion mass when m"5 = 140 MeV.
See details in the text.

performing such fits, we obtained the splittings #$ as functions of a2 for HISQ/tree, asqtad and
stout.

Having data for the splittings we set the Goldstone pion mass to m"5 = 140 MeV and calculate
the root-mean-squared (RMS) pion mass as a function of the lattice spacing:

mRMS
! =

√

1
16

(

m2"5 +m2"0"5 +3m2"i"5 +3m2"i" j +3m2"i"0 +3m2"i +m2"0+m21
)

. (2.1)

The results are presented in Fig. 2. Curves show the RMS pion mass obtained from fitted values
of #$ . The thickness of each band represents the systematic error introduced by varying the end of
the fitting interval from 0.17 to 0.22 fm. The symbols correspond to the RMS pion calculated from
the measured pion splittings. For our estimates below we took the midpoints in each band.

Consider lattice spacing a = 0.15 fm. On an N% = 8 lattice it corresponds to temperature
T = 164 MeV, well in the transition region. At this a the RMS pion mass is 306MeV for HISQ/tree,
394 MeV for stout, and 496 MeV for asqtad. Having the same mass as for HISQ/tree requires
a= 0.102 fm for asqtad and a= 0.109 for stout. In other words, a HISQ/tree simulation on N% = 8
at T = 164 MeV is comparable to an asqtad simulation on N% = 197.3/164/0.102 " 11.8, or a
stout simulation on N% = 197.3/164/0.109 " 11.0 at the same T . Thus, we expect HISQ/tree
N% = 8 results to be close to stout N% = 10 and asqtad N% = 12 results, as far as the taste symmetry
is concerned. For comparison, if one desires to have 200 MeV RMS pion at T = 164 MeV, this
requires a = 0.089 fm for HISQ/tree, a = 0.067 fm for asqtad, and a = 0.062 fm for stout. This
translates into the temporal extent of N% " 13.5, 18.0, 19.4, respectively, for these actions. The
lattice spacings discussed above are represented with vertical lines in Fig. 2. These estimates are
rather crude, but are completely in line with the conclusion of [5] that a HISQ (or HISQ/tree)
ensemble with spacing a is comparable to an asqtad ensemble with 2/3a.

Lattice artifacts, related to taste symmetry breaking, affect masses of hadron states, and, in
general, distort the hadron spectrum. In our simulations the masses of the pseudoscalar mesons
m! and mK were used as input to constrain the LCP. However, other states, e.g. vector mesons
or baryons, are predictions and can show how well the spectrum can be reproduced at a given
lattice spacing. In Fig. 3 we present masses of & , K∗, ' mesons, nucleon and (-baryon along with

4
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simulation procedure

• using MILC code v7

• changed to do simple HMC (remove R) with 3g1f Omelyan integrator

• note: our  β=6/g2

• global search for β & m with small volume

• measure meson spectrum

• in particular Goldstone pion mass and decay constants 

• varying volume
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Nf=12 SU(3): current situation

collaboration conclusion method remarks

Fodor et al ! Broken spectrum big V, single lat.spgs.

Columbia ! Broken spectrum, Tc naive KS

Deutchman et al Conformal spectrum, Tc KS+Naik

Itou et al Conformal coupling naive KS + cont.lim.

Appelquist et al Conformal coupling non-exact algorithm

Appelquist et al Conformal spectrum using Fodor’s data

DeGrand consistent with 
Conformal

spectrum using Fodor’s data

2011年11月2日水曜日



now our results come.
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all the following results are preliminary...

now our results come.
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nf=12 : pion mass and decay constant, β=3.5
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nf=12 : pion mass : fit for ! broken scenario ?

0 0.05 0.1 0.15 0.2
am

q

-0.2

0

0.2

0.4

0.6

0.8

1

m
2

π

8
3
 x 12

12
3
 x 24

24
3
 x 32

0 0.05 0.1 0.15 0.2
am

q

-0.2

0

0.2

0.4

0.6

0.8

1

m
2

π

8
3
 x 12

12
3
 x 24

24
3
 x 32

β=3.5

2011年11月2日水曜日



nf=12 : pion mass : fit for ! broken scenario ?
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nf=12 : pion mass : fit for ! broken scenario ?

• a mq2 + b mq + c
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nf=12 : pion mass : fit for ! broken scenario ?

• a mq2 + b mq + c

• c=-0.090(5),  !2/dof=1.1
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nf=12 : pion mass : fit for ! broken scenario ?

• a mq2 + b mq + c

• c=-0.090(5),  !2/dof=1.1

• c=0　→　!2/dof=104

0 0.05 0.1 0.15 0.2
am

q

-0.2

0

0.2

0.4

0.6

0.8

1

m
2

π

8
3
 x 12

12
3
 x 24

24
3
 x 32

a m
2
 + b m + c

a m
δ

0 0.05 0.1 0.15 0.2
am

q

-0.2

0

0.2

0.4

0.6

0.8

1

m
2

π

8
3
 x 12

12
3
 x 24

24
3
 x 32

a m
2
 + b m + c

a m
δ

β=3.5

2011年11月2日水曜日



nf=12 : pion mass : fit for ! broken scenario ?

• a mq2 + b mq + c

• c=-0.090(5),  !2/dof=1.1

• c=0　→　!2/dof=104

• a mqδ

β=3.5
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nf=12 : pion mass : fit for ! broken scenario ?

• a mq2 + b mq + c

• c=-0.090(5),  !2/dof=1.1

• c=0　→　!2/dof=104

• a mqδ

• δ=1.45(7), !2/dof=32

β=3.5
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nf=12 : pion mass : fit for ! broken scenario ?

• a mq2 + b mq + c

• c=-0.090(5),  !2/dof=1.1

• c=0　→　!2/dof=104

• a mqδ

• δ=1.45(7), !2/dof=32

!γ*=0.38(7)

β=3.5
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nf=12 : pion decay constant

• a mq2 + b mq + c

• c=0.021(3),  !2/dof=1.7

• c=0　→　!2/dof=17

• b mqδ

• δ=0.681(9), !2/dof=2.3

!γ*=0.47(2)

β=3.5
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hyper scaling

• mass deformation in a massless conformal theory: Miransky 1999.

• mass dependence is described by anomalous dimensions at IRFP

• quark mass anomalous dimension

• operator anomalous dimension

• meson mass and pion decay constant obey same scaling 

• finite size scaling formula (Del Debbio et al)

• scaling variable: 

Lfπ = F (x) Lmπ = G(x)

x = Lm
1

1+γ∗

f

mπ = cmm
1

1+γ∗

f fπ = cfm
1

1+γ∗

f

γ∗
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m!: finite size hyper scaling Nf=12, β=3.5
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m!: finite size hyper scaling Nf=12, β=3.5
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m!: finite size hyper scaling Nf=12, β=3.5
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m!: finite size hyper scaling Nf=12, β=3.5
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m!: finite size hyper scaling Nf=12, β=3.5
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m!: finite size hyper scaling Nf=12, β=3.5
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m!: finite size hyper scaling Nf=12, β=3.5
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m!: finite size hyper scaling Nf=12, β=3.5
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m!: finite size hyper scaling Nf=12, β=3.5

• optimal: γ*=0.4--0.6
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f!: finite size hyper scaling Nf=12, β=3.5
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f!: finite size hyper scaling Nf=12, β=3.5
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f!: finite size hyper scaling Nf=12, β=3.5
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f!: finite size hyper scaling Nf=12, β=3.5
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f!: finite size hyper scaling Nf=12, β=3.5
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f!: finite size hyper scaling Nf=12, β=3.5
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f!: finite size hyper scaling Nf=12, β=3.5
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f!: finite size hyper scaling Nf=12, β=3.5

• optimal: γ*=0.4--0.6
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γ* from a fit: β=3.5

• y = b L mq1/(1+γ*) + c      for large x where linearity is observed

                  m!: γ*=0.446(7)                                      f!:  γ*=0.545(2)

                   χ2/dof=7.2                                              χ2/dof=16.3

• errors are statistical only
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γ*: extending calculation towards continuum limit

• from poster by Ohki:  Nf=12

• beta=3.5  not included due to non-uniform aspect ratio etc...

• consistent with conformal hypothesis

• errors are statistical only

• consistency between: m! and f!

• tends to decreases towards the continuum limit, BUT,  it could be

• due to lattice artifact (UV), reduced physical volume (IR) or other sys err.?
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Nf=4 from poster by Kurachi
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Lattice results

γm = 0.0 γm = 0.1 γm = 0.2 γm = 0.3

γm = 0.4 γm = 0.5 γm = 0.6 γm = 0.7

β = 3.5

no scaling observed
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L
f π
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Abstract

It is well known that the SU(3) gauge theory with the fundamental 16-flavor fermion is governed by a non-
trivial infrared fixed point in the 2-loop perturbation theory, while the theory has not been well investigated
by non-perturbative lattice simulations. We investigate properties of 16-flavor QCD by lattice simulation with
highly improved action setup(HISQ/tree) at two lattice spacings. We present preliminary results for the mass
of the lightest pseudoscalar meson, and its decay constant at non-zero fermion mass. We discuss the finite-
mass and finite-volume scaling of the quantities, the mass anomalous dimension extracted from the scaling, and
comparison of the anomalous dimension with the perturbation theory.

1. Introduction
SU(3) gauge theory with large number of the fundamental fermions has non-trivial infrared fixed point in 2-loop
perturbation theory.

In 8 < Nf ≤ 16, 2-loop β(g) function has zero at g2 "= 0.

β(g) = − b0

(4π)2
g3 − b1

(4π)4
g5 = 0

b0 = 11 −
2Nf

3
, b1 = 102 −

38Nf

3

Fixed point g2
∗ = (4π)2

2Nf − 33

306 − 38Nf
9 10 11 12 13 14 15 16 17

Nf

0

5

10

15

20

g*
2

g2
∗ decreases as Nf increases, and g2

∗ is small enough in Nf = 16.
Therefore perturbative calculation is reliable in Nf = 16 theory.

Why non-perturbative calculation with lattice gauge theory?

Since Nf = 16 theory (more likely) has infrared fixed point(conformal symmetry), the investigation of prop-
erties of this theory might become a basestone to study more complicated gauge theories, which we are working
using lattice gauge theory(Nf = 8[Poster:Nagai] and Nf = 12[Poster:Ohki] SU(3) gauge theory, see also
summary talk of our project[Tuesday:Aoki]), and also Swinger-Dyson equation[Poster:Kurachi].

However, Nf = 16 theory has not been well investigated with lattice gauge theory. Only a few lattice studies
of Nf = 16 theory have been reported.

1. Damgaard et. al.; found bulk phase transition(lattice artifact)[PLB400(1997):169]
2. Iwasaki et. al.; phase diagram of various flavors[PRD69(2004):014507]
3. Fodor et. al.; g2 from Wilson loop[PoS(LAT2009):055,058;PLB681(2009):353]
4. Hasenfratz; MCRG γ∗ = 0.02(5)[PRD80(2009):034505;PRD82(2010):014506]

Purpose of this poster: Investigate properties of Nf = 16 lattice gauge theory

2. Simulation setups
1. Highly improved staggered action setup (reduces artifacts coming from finite lattice spacing)

HISQ/tree: tree level Symanzik gauge + Highly improved staggered quark(HISQ) actions
[original HISQ action:HPQCD and UKQCD:PRD75(2007):054502]

→ reduce taste symmetry breaking effect(lattice artifact) in mixed action setup
[Bazavov and Petreczky, PoS(LATTICE2010):169]

2. Parameters
• β = 3.15 and 3.50 (two lattice spacings)
• L3 × T : (L, T ) = (8, 24), (12, 24), (16, 24), (24, 32)
• various mf = 0.05–0.2
• typical number of configuration for measurement: O(100)

3. Observables
”pion”(lightest pseudoscalar meson) mass mπ and decay constant fπ

3. Signals of conformal symmetry with massless fermions
1. Search for an infrared fixed point, β(g) = 0

The value of β(g) is scheme dependet, but the existence of β(g) = 0 is scheme independent.
2. Conformal theory + mass deformation

[Miransky;PRD59:105003(1999);Del Debbio and Zwicky;PRD82(2010):014502]
In the vicinity of conformal theory (fermion mass ' 1), any hadron masses are scaled by the mass anomalous
dimension at the infrared fixed point γ∗ (which is scheme independent). The decay constant is governed by
the same mass scaling.

MH = CH m
1

1+γ∗
f Fπ = CF m

1
1+γ∗
f

3. Conformal theory + (mass, finite volume) deformations [Del Debbio and Zwicky;PRD82(2010):014502]
In the vicinity of conformal theory (fermion mass ' 1 and L ( 1), any hadron masses are scaled by the

scaling variable x = Lm
1

1+γ∗
f which depends on the mass anomalous dimension at the infrared fixed point γ∗

and the extent of the finite volume. The decay constant is governed by the same mass scaling.
LMH = fH(x) LFπ = gF (x)

fH, gF are unknown functions, but we know only the asymptotic behavior at x → ∞,

fH(x) → CHx = LCH m
1

1+γ∗
f ,

because it should reproduce the scaling function in 2. at the infinite volume limit.

Focus on the strategies for 2. and 3.

4. Results of mass deformed case
mf dependence of pion mass at β = 3.50
Fit heavier three mf data → small finite volume effect

1. ChPT fit
m2

π = c0 + c1mf + c2m
2
f

c0 = 0.10(1) → mπ "= 0 at chiral limit

2. Conformal scaling fit
m2

π = ccm
δ
f χ2/d.o.f = 0.16

δ = 0.7388(23) =
1

1 + γ∗
→ γ∗ = 0.3535(42)
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Conformal scaling fit is better for our data.

5. Results of mass and finite size deformed case

Changin γ∗ of Lmπ vs Lm
1
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f (β = 3.50)
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γ∗ ∼ 0.3 gives a nice scaling at larger value of x-axis.

Lmπ and Lfπ fit with asymptotic form : Lmπ = c0 + c1x, x = Lm
1

1+γ∗
f
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γ∗ at β = 3.50 is consistent with the one of mass deformed case.
Two γ∗ from different observables reasonably agree with each other at both β.
However, γ∗ at both β is much larger than the perturbative result, γpert

∗ ∼ 0.015.

6. Attempt to determine lattice spacing dependence of γ∗
Strategy for determination of ratio of two lattice spacings:

1. Fix constant physics from ratio of physical quantities ; mπ/mren
f = R

where mren
f = Z(aµ)mf is renormalized quark mass at the scale µ.

From the result we determine RZ(aµ) = Z(aµ)R = mπ/mf .

2. aimπ = Ci (aimf )
1

1+γi = Ci

(
aim

ren
f /Z(aiµ)

) 1
1+γi for i = 0, 1 corresponding to each β

Parameters Ci, γi from fit result of strategy 3.

a1

a0

(
Z(a1µ)

Z(a0µ)

) 1
γ1

=

(
RZ(a0µ)

C0

)1+γ0
γ0

(
C1

RZ(a0µ)

)1+γ1
γ1

3. Assumption of the renormalization factor

(a) Tree Z(aiµ) = 1

a1

a0
≈

(
R

C0

)1+γ0
γ0

(
C1

R

)1+γ1
γ1

(b) 1-loop form: Z(aiµ) = 1 + γi log(aiµ) and µ = 1/a0

a1

a0
(1 − γ1 log(a1/a0))

1/γ1 ≈
(

RZ(a0µ)

C0

)1+γ0
γ0

(
C1

RZ(a0µ)

)1+γ1
γ1

This equation has two solutions, however.

For fπ similar equation can be obtained.

Ratio of lattice spacing

We have not yet estimated systematic error of γ∗
→ Rough estimate of systematic error : δγ∗ ∼ 0.05

a1(β = 3.50)/a0(β = 3.15)

1. the lattice spacing might decrease as β increases

2. might reach perturbative result at the continuum
limit (with huge error)

β γ∗(mπ) γ∗(fπ)
3.15 0.39(5) 0.39(5)
3.50 0.35(5) 0.36(5)

RZ(a0µ) (a)Tree (b)1-loop
a0

a1
(mπ) 0.59 0.77(26) 0.79(44) 22(18)

a0

a1
(fπ) 0.11 0.57(17) 0.62(24) 26(18)

However, more detailed investigation for a dependence is necessary.

7. Summary

1. Nf = 16 simulation shows some signals of conformal symmetry.
Mass deformed scaling and (mass, finite volume) scaling
Consistent γ∗ from mπ and fπ

2. γ∗ is much larger than perturbative result γpert
∗ ∼ 0.015.

More detailed Investigations are important.
Phase structure and lattice spacing dependence

→ simulation at larger β, calculation of renormalization factor, lattice spacing determination, · · ·
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Abstract

It is well known that the SU(3) gauge theory with the fundamental 16-flavor fermion is governed by a non-
trivial infrared fixed point in the 2-loop perturbation theory, while the theory has not been well investigated
by non-perturbative lattice simulations. We investigate properties of 16-flavor QCD by lattice simulation with
highly improved action setup(HISQ/tree) at two lattice spacings. We present preliminary results for the mass
of the lightest pseudoscalar meson, and its decay constant at non-zero fermion mass. We discuss the finite-
mass and finite-volume scaling of the quantities, the mass anomalous dimension extracted from the scaling, and
comparison of the anomalous dimension with the perturbation theory.

1. Introduction
SU(3) gauge theory with large number of the fundamental fermions has non-trivial infrared fixed point in 2-loop
perturbation theory.

In 8 < Nf ≤ 16, 2-loop β(g) function has zero at g2 "= 0.

β(g) = − b0

(4π)2
g3 − b1

(4π)4
g5 = 0

b0 = 11 −
2Nf

3
, b1 = 102 −

38Nf

3

Fixed point g2
∗ = (4π)2

2Nf − 33

306 − 38Nf
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g2
∗ decreases as Nf increases, and g2

∗ is small enough in Nf = 16.
Therefore perturbative calculation is reliable in Nf = 16 theory.

Why non-perturbative calculation with lattice gauge theory?

Since Nf = 16 theory (more likely) has infrared fixed point(conformal symmetry), the investigation of prop-
erties of this theory might become a basestone to study more complicated gauge theories, which we are working
using lattice gauge theory(Nf = 8[Poster:Nagai] and Nf = 12[Poster:Ohki] SU(3) gauge theory, see also
summary talk of our project[Tuesday:Aoki]), and also Swinger-Dyson equation[Poster:Kurachi].

However, Nf = 16 theory has not been well investigated with lattice gauge theory. Only a few lattice studies
of Nf = 16 theory have been reported.

1. Damgaard et. al.; found bulk phase transition(lattice artifact)[PLB400(1997):169]
2. Iwasaki et. al.; phase diagram of various flavors[PRD69(2004):014507]
3. Fodor et. al.; g2 from Wilson loop[PoS(LAT2009):055,058;PLB681(2009):353]
4. Hasenfratz; MCRG γ∗ = 0.02(5)[PRD80(2009):034505;PRD82(2010):014506]

Purpose of this poster: Investigate properties of Nf = 16 lattice gauge theory

2. Simulation setups
1. Highly improved staggered action setup (reduces artifacts coming from finite lattice spacing)

HISQ/tree: tree level Symanzik gauge + Highly improved staggered quark(HISQ) actions
[original HISQ action:HPQCD and UKQCD:PRD75(2007):054502]

→ reduce taste symmetry breaking effect(lattice artifact) in mixed action setup
[Bazavov and Petreczky, PoS(LATTICE2010):169]

2. Parameters
• β = 3.15 and 3.50 (two lattice spacings)
• L3 × T : (L, T ) = (8, 24), (12, 24), (16, 24), (24, 32)
• various mf = 0.05–0.2
• typical number of configuration for measurement: O(100)

3. Observables
”pion”(lightest pseudoscalar meson) mass mπ and decay constant fπ

3. Signals of conformal symmetry with massless fermions
1. Search for an infrared fixed point, β(g) = 0

The value of β(g) is scheme dependet, but the existence of β(g) = 0 is scheme independent.
2. Conformal theory + mass deformation

[Miransky;PRD59:105003(1999);Del Debbio and Zwicky;PRD82(2010):014502]
In the vicinity of conformal theory (fermion mass ' 1), any hadron masses are scaled by the mass anomalous
dimension at the infrared fixed point γ∗ (which is scheme independent). The decay constant is governed by
the same mass scaling.

MH = CH m
1

1+γ∗
f Fπ = CF m

1
1+γ∗
f

3. Conformal theory + (mass, finite volume) deformations [Del Debbio and Zwicky;PRD82(2010):014502]
In the vicinity of conformal theory (fermion mass ' 1 and L ( 1), any hadron masses are scaled by the

scaling variable x = Lm
1

1+γ∗
f which depends on the mass anomalous dimension at the infrared fixed point γ∗

and the extent of the finite volume. The decay constant is governed by the same mass scaling.
LMH = fH(x) LFπ = gF (x)

fH, gF are unknown functions, but we know only the asymptotic behavior at x → ∞,

fH(x) → CHx = LCH m
1

1+γ∗
f ,

because it should reproduce the scaling function in 2. at the infinite volume limit.

Focus on the strategies for 2. and 3.

4. Results of mass deformed case
mf dependence of pion mass at β = 3.50
Fit heavier three mf data → small finite volume effect

1. ChPT fit
m2

π = c0 + c1mf + c2m
2
f

c0 = 0.10(1) → mπ "= 0 at chiral limit

2. Conformal scaling fit
m2

π = ccm
δ
f χ2/d.o.f = 0.16

δ = 0.7388(23) =
1

1 + γ∗
→ γ∗ = 0.3535(42)
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Conformal scaling fit is better for our data.

5. Results of mass and finite size deformed case

Changin γ∗ of Lmπ vs Lm
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γ∗ ∼ 0.3 gives a nice scaling at larger value of x-axis.

Lmπ and Lfπ fit with asymptotic form : Lmπ = c0 + c1x, x = Lm
1

1+γ∗
f
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γ∗ at β = 3.50 is consistent with the one of mass deformed case.
Two γ∗ from different observables reasonably agree with each other at both β.
However, γ∗ at both β is much larger than the perturbative result, γpert

∗ ∼ 0.015.

6. Attempt to determine lattice spacing dependence of γ∗
Strategy for determination of ratio of two lattice spacings:

1. Fix constant physics from ratio of physical quantities ; mπ/mren
f = R

where mren
f = Z(aµ)mf is renormalized quark mass at the scale µ.

From the result we determine RZ(aµ) = Z(aµ)R = mπ/mf .

2. aimπ = Ci (aimf )
1

1+γi = Ci

(
aim

ren
f /Z(aiµ)

) 1
1+γi for i = 0, 1 corresponding to each β

Parameters Ci, γi from fit result of strategy 3.

a1

a0

(
Z(a1µ)

Z(a0µ)

) 1
γ1

=

(
RZ(a0µ)

C0

)1+γ0
γ0

(
C1

RZ(a0µ)

)1+γ1
γ1

3. Assumption of the renormalization factor

(a) Tree Z(aiµ) = 1

a1

a0
≈

(
R

C0

)1+γ0
γ0

(
C1

R

)1+γ1
γ1

(b) 1-loop form: Z(aiµ) = 1 + γi log(aiµ) and µ = 1/a0

a1

a0
(1 − γ1 log(a1/a0))

1/γ1 ≈
(

RZ(a0µ)

C0

)1+γ0
γ0

(
C1

RZ(a0µ)

)1+γ1
γ1

This equation has two solutions, however.

For fπ similar equation can be obtained.

Ratio of lattice spacing

We have not yet estimated systematic error of γ∗
→ Rough estimate of systematic error : δγ∗ ∼ 0.05

a1(β = 3.50)/a0(β = 3.15)

1. the lattice spacing might decrease as β increases

2. might reach perturbative result at the continuum
limit (with huge error)

β γ∗(mπ) γ∗(fπ)
3.15 0.39(5) 0.39(5)
3.50 0.35(5) 0.36(5)

RZ(a0µ) (a)Tree (b)1-loop
a0

a1
(mπ) 0.59 0.77(26) 0.79(44) 22(18)

a0

a1
(fπ) 0.11 0.57(17) 0.62(24) 26(18)

However, more detailed investigation for a dependence is necessary.

7. Summary

1. Nf = 16 simulation shows some signals of conformal symmetry.
Mass deformed scaling and (mass, finite volume) scaling
Consistent γ∗ from mπ and fπ

2. γ∗ is much larger than perturbative result γpert
∗ ∼ 0.015.

More detailed Investigations are important.
Phase structure and lattice spacing dependence

→ simulation at larger β, calculation of renormalization factor, lattice spacing determination, · · ·
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summary

• large Nf SU(3) gauge theory with fundamental rep. is being investigated

• quest for the walking technicolor

• using a HISQ type fermion and the tree-level Symanzik gauge action

• aiming to explore a wide range of the Nf systematically

• This talk mainly described Nf=12 study

• three lattice spacings (β=6/g2) studied, with spatial size up to Ls=30

• pion mass and decay constant are studied

• approximate finite size scaling for conformal scenario is observed

• with the current lattice volume, results favor conformal theory

• assuming an IR fixed point, mass anomalous dimension calculated

• γ*~0.4
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comparison to other works on Nf=12 SU(3)

collaboration conclusion method remarks

Fodor et al ! Broken spectrum big V, single lat.spgs.

Columbia ! Broken spectrum, Tc naive KS

Deutchman et al Conformal spectrum, Tc KS+Naik

Itou et al Conformal coupling naive KS + cont.lim.

Appelquist et al Conformal coupling non-exact algorithm

Appelquist et al Conformal spectrum using Fodor’s data

DeGrand consistent with 
Conformal

spectrum using Fodor’s data

KMI consistent with 
Conformal

spectrum HSIQ, 3 lat.spgs.
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summary (continued)

• Nf=4

• clearly in ! broken phase

• finite size hyper scaling not observed

• Nf=8

• more study needed for definite conclusion

• Nf=12

• results are consistent with conformal hypothesis

• Nf=16

• consistent with conformal,  but with large anomalous dimension

• study with weaker coupling necessary
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outlook

• to meet our goals

• for Nf=8, 12

• larger size than Ls=30 is needed to investigate further IR regime

• make it possible to study lighter mass

• glueball mass to check hyper scaling

• masses for other mesons, baryons, flavor singlets: to check hyper scaling

• for Nf=16

• much weaker coupling
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Thank you for your attention
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