
A	  symmetry	  breaking	  mechanism	  	  
by	  parity	  assignment	  	  

in	  the	  noncommuta4ve	  Higgs	  model	  

Masaki	  J.S.	  Yang	  @	  KEK	  
15/03/06	  SCGT	  15	  @	  Nagoya	  U.	

Arxiv	  1503.03888	  



A	  symmetry	  breaking	  mechanism	  	  
by	  parity	  assignment	  	  

in	  the	  noncommuta4ve	  Higgs	  model	  

Masaki	  J.S.	  Yang	  @	  KEK	  
15/03/06	  SCGT	  15	  @	  Nagoya	  U.	

Arxiv	  1503.03888	  

SU(5)	  Orbifold	  GUT	  of	  “composite”	  gauge	  theory	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  in	  NCG	  (discre4zed	  extra	  dimension)	

Abstract	



Abstract	

SU(5)	

	  SU(5)	  Orbifold	  GUT	

Y.	  Kawamura,	  PTP(2001)	  999	  
L.	  Hall	  &	  Y.	  Nomura,	  PRD(2001)	  



Abstract	

massive	SU(5)	

	  SU(5)	  Orbifold	  GUT	

Y.	  Kawamura,	  PTP(2001)	  999	  
L.	  Hall	  &	  Y.	  Nomura,	  PRD(2001)	  



Abstract	

	  SU(5)	  Orbifold	  GUT	 NCG	  GUT	  
(NonCommutaWve	  Geometry	  )	

massive	SU(5)	

•  DiscreWzed	  extra	  dimension	  

Y.	  Kawamura,	  PTP(2001)	  999	  
L.	  Hall	  &	  Y.	  Nomura,	  PRD(2001)	  

A.	  Chamseddine,	  G.	  Felder	  and	  	  
J.	  Frohlich,	  ph/9209224,	  	  
K.	  Morita	  and	  Y.	  Okumura,	  PTP	  (1994)	  975	  



Abstract	

	  SU(5)	  Orbifold	  GUT	 NCG	  GUT	  
(NonCommutaWve	  Geometry	  )	

massive	SU(5)	

•  DiscreWzed	  extra	  dimension	  
•  Gauge	  and	  Higgs	  bosons	  are	  

treated	  as	  “composites”	

Y.	  Kawamura,	  PTP(2001)	  999	  
L.	  Hall	  &	  Y.	  Nomura,	  PRD(2001)	  

A.	  Chamseddine,	  G.	  Felder	  and	  	  
J.	  Frohlich,	  ph/9209224,	  	  
K.	  Morita	  and	  Y.	  Okumura,	  PTP	  (1994)	  975	  



Abstract	

	  SU(5)	  Orbifold	  GUT	 NCG	  GUT	  
(NonCommutaWve	  Geometry	  )	

massive	SU(5)	

•  DiscreWzed	  extra	  dimension	  
•  Gauge	  and	  Higgs	  bosons	  are	  

treated	  as	  “composites”	

Assignment	  for	  “preons”	

Y.	  Kawamura,	  PTP(2001)	  999	  
L.	  Hall	  &	  Y.	  Nomura,	  PRD(2001)	  

A.	  Chamseddine,	  G.	  Felder	  and	  	  
J.	  Frohlich,	  ph/9209224,	  	  
K.	  Morita	  and	  Y.	  Okumura,	  PTP	  (1994)	  975	  



Abstract	

	  SU(5)	  Orbifold	  GUT	 NCG	  GUT	  
(NonCommutaWve	  Geometry	  )	

massive	SU(5)	

•  DiscreWzed	  extra	  dimension	  
•  Gauge	  and	  Higgs	  bosons	  are	  

treated	  as	  “composites”	

⇒	

Assignment	  for	  “preons”	

Y.	  Kawamura,	  PTP(2001)	  999	  
L.	  Hall	  &	  Y.	  Nomura,	  PRD(2001)	  

A.	  Chamseddine,	  G.	  Felder	  and	  	  
J.	  Frohlich,	  ph/9209224,	  	  
K.	  Morita	  and	  Y.	  Okumura,	  PTP	  (1994)	  975	  



Abstract	

	  SU(5)	  Orbifold	  GUT	 NCG	  GUT	  
(NonCommutaWve	  Geometry	  )	

massive	SU(5)	

•  DiscreWzed	  extra	  dimension	  
•  Gauge	  and	  Higgs	  bosons	  are	  

treated	  as	  “composites”	

⇒	

Assignment	  for	  “preons”	

Dependent	  condi4on	

Y.	  Kawamura,	  PTP(2001)	  999	  
L.	  Hall	  &	  Y.	  Nomura,	  PRD(2001)	  

A.	  Chamseddine,	  G.	  Felder	  and	  	  
J.	  Frohlich,	  ph/9209224,	  	  
K.	  Morita	  and	  Y.	  Okumura,	  PTP	  (1994)	  975	  



Contents	

1.  Background	  and	  MoWvaWon	  
2.  Review	  of	  the	  NCG	  Higgs	  model	  
3.  (Orbifold)	  SU(5)	  GUT	  in	  NCG	  
4.  Conclusion	  
	



Background	  and	  MoWvaWon	

Con4nuous	  ex.	  dim.	 Discrete	  (NCG)	  ex.	  dim.	

M4×Z2 	
M4×S1 / Z2 	




Background	  and	  MoWvaWon	

Con4nuous	  ex.	  dim.	 Discrete	  (NCG)	  ex.	  dim.	

M4×Z2 	

y dy = ー dy y	

M4×S1 / Z2 	

y dy = ＋ dy y	



Background	  and	  MoWvaWon	

Con4nuous	  ex.	  dim.	

•  Gauge-‐Higgs	  UnificaWon	  
•  DeconstrucWon	  
•  Orbifold	  GUT	  

–  Family	  unificaWon	  

•  Holography	  (⇒CHM)	  
•  Warped	  (RS)	  ex.	  dim.	

Discrete	  (NCG)	  ex.	  dim.	

M4×Z2 	

y dy = ー dy y	

M4×S1 / Z2 	

y dy = ＋ dy y	



Background	  and	  MoWvaWon	

Con4nuous	  ex.	  dim.	

•  Gauge-‐Higgs	  UnificaWon	  
•  DeconstrucWon	  
•  Orbifold	  GUT	  

–  Family	  unificaWon	  

•  Holography	  (⇒CHM)	  
•  Warped	  (RS)	  ex.	  dim.	

Discrete	  (NCG)	  ex.	  dim.	

•  Gauge-‐Higgs	  UnificaWon	  
•  DeconstrucWon	  

M4×Z2 	

y dy = ー dy y	

M4×S1 / Z2 	

y dy = ＋ dy y	

Recast	



Background	  and	  MoWvaWon	

Con4nuous	  ex.	  dim.	

•  Gauge-‐Higgs	  UnificaWon	  
•  DeconstrucWon	  
•  Orbifold	  GUT	  

–  Family	  unificaWon	  

•  Holography	  (⇒CHM)	  
•  Warped	  (RS)	  ex.	  dim.	

Discrete	  (NCG)	  ex.	  dim.	

•  Gauge-‐Higgs	  UnificaWon	  
•  DeconstrucWon	  
•  Orbifold	  GUT	  

–  Family	  unificaWon	  

M4×Z2 	

y dy = ー dy y	

M4×S1 / Z2 	

y dy = ＋ dy y	

Recast	



Background	  and	  MoWvaWon	

Con4nuous	  ex.	  dim.	

•  Gauge-‐Higgs	  UnificaWon	  
•  DeconstrucWon	  
•  Orbifold	  GUT	  

–  Family	  unificaWon	  

•  Holography	  (⇒CHM)	  
•  Warped	  (RS)	  ex.	  dim.	

Discrete	  (NCG)	  ex.	  dim.	

•  Gauge-‐Higgs	  UnificaWon	  
•  DeconstrucWon	  
•  Orbifold	  GUT	  

–  Family	  unificaWon	  

M4×Z2 	

y dy = ー dy y	

M4×S1 / Z2 	

y dy = ＋ dy y	

Recast	



Background	  and	  MoWvaWon	

Con4nuous	  ex.	  dim.	

•  Gauge-‐Higgs	  UnificaWon	  
•  DeconstrucWon	  
•  Orbifold	  GUT	  

–  Family	  unificaWon	  

•  Holography	  (⇒CHM)	  
•  Warped	  (RS)	  ex.	  dim.	

Discrete	  (NCG)	  ex.	  dim.	

•  Gauge-‐Higgs	  UnificaWon	  
•  DeconstrucWon	  
•  Orbifold	  GUT	  

–  Family	  unificaWon	  

M4×Z2 	

y dy = ー dy y	

M4×S1 / Z2 	

y dy = ＋ dy y	

Recast	

mh = 0 @	  tree	  level	  
(by	  gauge	  symmetry)	

mh ≠ 0 @	  tree	  level	  
(by	  non	  commutaWvity)	



Z2
 Discrete	  geometry	  and	  algebra	

Coordintes	  (xμ, y = ±)	


Algebra	  
xμ xν = xν xμ, xμ y = y xμ, y2 = 1. 	 M4	

y=+	

y=ー	

Z2
	

xμ	 (x+dx)μ	

xμ+dy	 L.	  Castellani,	  hep-‐th	  
0005210	  	  



Z2
 Discrete	  geometry	  and	  algebra	

Coordintes	  (xμ, y = ±)	


Algebra	  
xμ xν = xν xμ, xμ y = y xμ, y2 = 1. 	

FuncWons	  (0-‐form)	  	
	

L.	  Castellani,	  hep-‐th	  
0005210	  	  

M4	

y=+	

y=ー	

Z2
	

xμ	 (x+dx)μ	

xμ+dy	



Z2
 Discrete	  geometry	  and	  algebra	

Coordintes	  (xμ, y = ±)	


Algebra	  
xμ xν = xν xμ, xμ y = y xμ, y2 = 1. 	

Exterior	  derivaWve	

FuncWons	  (0-‐form)	  	
	

L.	  Castellani,	  hep-‐th	  
0005210	  	  

M4	

y=+	

y=ー	

Z2
	

xμ	 (x+dx)μ	

xμ+dy	



Z2
 Discrete	  geometry	  and	  algebra	

Coordintes	  (xμ, y = ±)	


Algebra	  
xμ xν = xν xμ, xμ y = y xμ, y2 = 1. 	

Exterior	  derivaWve	

FuncWons	  (0-‐form)	  	
	

L.	  Castellani,	  hep-‐th	  
0005210	  	  

M4	

y=+	

y=ー	

Z2
	

xμ	 (x+dx)μ	

xμ+dy	



Z2
 Discrete	  geometry	  and	  algebra	

Coordintes	  (xμ, y = ±)	


Algebra	  
xμ xν = xν xμ, xμ y = y xμ, y2 = 1. 	

Exterior	  derivaWve	

FuncWons	  (0-‐form)	  	
	

DifferenWal	  algebra	

y dy = ー dy y,  f(y) dy = dy f(-y), dy∧dy = dy∧dy ≠ 0	


L.	  Castellani,	  hep-‐th	  
0005210	  	  

M4	

y=+	

y=ー	

Z2
	

xμ	 (x+dx)μ	

xμ+dy	



Z2
 Discrete	  geometry	  and	  algebra	

Coordintes	  (xμ, y = ±)	


Algebra	  
xμ xν = xν xμ, xμ y = y xμ, y2 = 1. 	

Exterior	  derivaWve	

FuncWons	  (0-‐form)	  	
	

L.	  Castellani,	  hep-‐th	  
0005210	  	  

M4	

y=+	

y=ー	

Z2
	

xμ	 (x+dx)μ	

xμ+dy	

Non-‐commutaWve,	  	  
AnW-‐commutaWve	

DifferenWal	  algebra	

y dy = ー dy y,  f(y) dy = dy f(-y), dy∧dy = dy∧dy ≠ 0	




Z2
 Discrete	  geometry	  and	  algebra	

Coordintes	  (xμ, y = ±)	


Algebra	  
xμ xν = xν xμ, xμ y = y xμ, y2 = 1. 	

Exterior	  derivaWve	

FuncWons	  (0-‐form)	  	
	

Non-‐commutaWve,	  	  
AnW-‐commutaWve	 SSB	  and	  nonzero	  mh.	

L.	  Castellani,	  hep-‐th	  
0005210	  	  

M4	

y=+	

y=ー	

Z2
	

xμ	 (x+dx)μ	

xμ+dy	

DifferenWal	  algebra	

y dy = ー dy y,  f(y) dy = dy f(-y), dy∧dy = dy∧dy ≠ 0	




Gauge	  theory	  on	  discrete	  space	
ConnecWon	

L.	  Castellani,	  hep-‐th	  
0005210	  	  



Gauge	  theory	  on	  discrete	  space	
ConnecWon	

The	  reality	  condiWon	

L.	  Castellani,	  hep-‐th	  
0005210	  	  



Gauge	  theory	  on	  discrete	  space	
ConnecWon	

The	  reality	  condiWon	

L.	  Castellani,	  hep-‐th	  
0005210	  	  



Gauge	  theory	  on	  discrete	  space	
ConnecWon	

The	  reality	  condiWon	

real	  	 Complex	  !	  	

L.	  Castellani,	  hep-‐th	  
0005210	  	  



Gauge	  theory	  on	  discrete	  space	
ConnecWon	

The	  reality	  condiWon	

Gauge	  trf.	
real	  	 Complex	  !	  	

L.	  Castellani,	  hep-‐th	  
0005210	  	  



Gauge	  theory	  on	  discrete	  space	
ConnecWon	

The	  reality	  condiWon	

Gauge	  trf.	
real	  	 Complex	  !	  	

L.	  Castellani,	  hep-‐th	  
0005210	  	  



Gauge	  theory	  on	  discrete	  space	
ConnecWon	

The	  reality	  condiWon	

Gauge	  trf.	
real	  	 Complex	  !	  	

Higgs	  field	  transforms	  
as	  a	  bi	  -‐fundamental	  	

L.	  Castellani,	  hep-‐th	  
0005210	  	  



Gauge	  theory	  on	  discrete	  space	
ConnecWon	

The	  reality	  condiWon	

Gauge	  trf.	
real	  	 Complex	  !	  	

Higgs	  field	  transforms	  
as	  a	  bi	  -‐fundamental	  	

⇒	  	   	   	  is	  not	  forbidden	  by	  gauge	  symmetry	  	

L.	  Castellani,	  hep-‐th	  
0005210	  	  



Gauge	  theory	  on	  discrete	  space	
ConnecWon	

The	  reality	  condiWon	

Gauge	  trf.	

This	  model	  does	  not	  solve	  the	  hierarchy	  problem.	

⇒	  	   	   	  is	  not	  forbidden	  by	  gauge	  symmetry	  	

real	  	 Complex	  !	  	

Higgs	  field	  transforms	  
as	  a	  bi	  -‐fundamental	  	

L.	  Castellani,	  hep-‐th	  
0005210	  	  



Gauge	  theory	  on	  discrete	  space	
Curvature	

L.	  Castellani,	  hep-‐th	  
0005210	  	  



Gauge	  theory	  on	  discrete	  space	
Curvature	

L.	  Castellani,	  hep-‐th	  
0005210	  	  



Gauge	  theory	  on	  discrete	  space	
Curvature	

L.	  Castellani,	  hep-‐th	  
0005210	  	  



L.	  Castellani,	  hep-‐th	  
0005210	  	  

Gauge	  theory	  on	  discrete	  space	
Curvature	

The	  YM
H	  Lagr

angian
	  !!	



Gauge	  theory	  on	  discrete	  space	
Curvature	

L.	  Castellani,	  hep-‐th	  
0005210	  	  



Gauge	  theory	  on	  discrete	  space	
Curvature	

Then	

L.	  Castellani,	  hep-‐th	  
0005210	  	  



Gauge	  theory	  on	  discrete	  space	
Curvature	

Then	

The	  mass	  rela4on	  (@	  tree	  level)	  !	

Mass	  of	  the	  	  
broken	  gauge	  boson	

L.	  Castellani,	  hep-‐th	  
0005210	  	  



Gauge	  theory	  on	  discrete	  space	
Curvature	

Then	

The	  mass	  rela4on	  (@	  tree	  level)	  !	

Mass	  of	  the	  	  
broken	  gauge	  boson	

We	  can	  just	  interpret	  Zμ	  is	  	  
the	  1st	  KK	  excitaWon	  of	  Aμ.	

L.	  Castellani,	  hep-‐th	  
0005210	  	  



Gauge	  theory	  on	  discrete	  space	
Curvature	

Then	

The	  mass	  rela4on	  (@	  tree	  level)	  !	

Mass	  of	  the	  	  
broken	  gauge	  boson	

The	  mass	  rela4on	  !	The	  mass	  rela4on	  !	

Ex)	  Coupled	  harmonic	  oscillators	

0	  mode	

1	  mode	

Physical	  origin	  of	  SSB	

We	  can	  just	  interpret	  Zμ	  is	  	  
the	  1st	  KK	  excitaWon	  of	  Aμ.	

L.	  Castellani,	  hep-‐th	  
0005210	  	  



Gauge	  theory	  on	  discrete	  space	
Curvature	

Then	

The	  mass	  rela4on	  (@	  tree	  level)	  !	

Mass	  of	  the	  	  
broken	  gauge	  boson	

L.	  Castellani,	  hep-‐th	  
0005210	  	  



Gauge	  theory	  on	  discrete	  space	
Curvature	

Then	

The	  mass	  rela4on	  (@	  tree	  level)	  !	

Mass	  of	  the	  	  
broken	  gauge	  boson	

The	  Lagrangian	  is	  equivalent	  to	  YMH	  theory	  with	  SSB	  !	

L.	  Castellani,	  hep-‐th	  
0005210	  	  



The	  toy	  standard	  model	

•  Fermionic	  Lagrangian	

A.	  Connes	  and	  J.	  Loh,	  	  
Nucl.	  Phys.	  B18(1990)	  29-‐47,	  

R.	  Coquereaux,	  G.	  Esposito-‐Farese,	  G.	  Vaillant,	  NPB353	  (1991)	  689	  

H	

＋	 ー	

lL	 eR	

SU(2)×U(1)B-L	 U(1)B-L+	2IR
3	



The	  toy	  standard	  model	

•  Fermionic	  Lagrangian	

A.	  Connes	  and	  J.	  Loh,	  	  
Nucl.	  Phys.	  B18(1990)	  29-‐47,	  

R.	  Coquereaux,	  G.	  Esposito-‐Farese,	  G.	  Vaillant,	  NPB353	  (1991)	  689	  

H	

＋	 ー	

lL	 eR	

SU(2)×U(1)B-L	 U(1)B-L+	2IR
3	



The	  toy	  standard	  model	

•  Fermionic	  Lagrangian	

A.	  Connes	  and	  J.	  Loh,	  	  
Nucl.	  Phys.	  B18(1990)	  29-‐47,	  

R.	  Coquereaux,	  G.	  Esposito-‐Farese,	  G.	  Vaillant,	  NPB353	  (1991)	  689	  

H	

＋	 ー	

lL	 eR	

SU(2)×U(1)B-L	 U(1)B-L+	2IR
3	

(Not	  bad	  for	  3rd	  generaWon?)	



The	  toy	  standard	  model	

•  Fermionic	  Lagrangian	

A.	  Connes	  and	  J.	  Loh,	  	  
Nucl.	  Phys.	  B18(1990)	  29-‐47,	  

R.	  Coquereaux,	  G.	  Esposito-‐Farese,	  G.	  Vaillant,	  NPB353	  (1991)	  689	  

H	

＋	 ー	

lL	 eR	

SU(2)×U(1)B-L	 U(1)B-L+	2IR
3	

Chamseddine	  et.	  al.	  introduce	  flavor	  dependent	  “distance”	  	Chamseddine,	  G.	  Felder,	  
J.	  Frohlich,	  ph/9209224,	  	  

(Not	  bad	  for	  3rd	  generaWon?)	



The	  toy	  standard	  model	

•  Fermionic	  Lagrangian	

A.	  Connes	  and	  J.	  Loh,	  	  
Nucl.	  Phys.	  B18(1990)	  29-‐47,	  

R.	  Coquereaux,	  G.	  Esposito-‐Farese,	  G.	  Vaillant,	  NPB353	  (1991)	  689	  

H	

＋	 ー	

lL	 eR	

SU(2)×U(1)B-L	 U(1)B-L+	2IR
3	

(Not	  bad	  for	  3rd	  generaWon?)	

Chamseddine	  et.	  al.	  introduce	  flavor	  dependent	  “distance”	  	Chamseddine,	  G.	  Felder,	  
J.	  Frohlich,	  ph/9209224,	  	  



The	  toy	  standard	  model	

•  Fermionic	  Lagrangian	

A.	  Connes	  and	  J.	  Loh,	  	  
Nucl.	  Phys.	  B18(1990)	  29-‐47,	  

R.	  Coquereaux,	  G.	  Esposito-‐Farese,	  G.	  Vaillant,	  NPB353	  (1991)	  689	  

H	

＋	 ー	

lL	 eR	

SU(2)×U(1)B-L	 U(1)B-L+	2IR
3	

(Not	  bad	  for	  3rd	  generaWon?)	

Chamseddine	  et.	  al.	  introduce	  flavor	  dependent	  “distance”	  	Chamseddine,	  G.	  Felder,	  
J.	  Frohlich,	  ph/9209224,	  	  



The	  toy	  standard	  model	

•  Fermionic	  Lagrangian	

A.	  Connes	  and	  J.	  Loh,	  	  
Nucl.	  Phys.	  B18(1990)	  29-‐47,	  

R.	  Coquereaux,	  G.	  Esposito-‐Farese,	  G.	  Vaillant,	  NPB353	  (1991)	  689	  

H	

＋	 ー	

lL	 eR	

SU(2)×U(1)B-L	 U(1)B-L+	2IR
3	

Higgs	  mass	

(Not	  bad	  for	  3rd	  generaWon?)	

Chamseddine	  et.	  al.	  introduce	  flavor	  dependent	  “distance”	  	Chamseddine,	  G.	  Felder,	  
J.	  Frohlich,	  ph/9209224,	  	  



The	  toy	  standard	  model	

•  Fermionic	  Lagrangian	

Connes	  said	  on	  1004.0464	 on	  1208.1030	

A.	  Connes	  and	  J.	  Loh,	  	  
Nucl.	  Phys.	  B18(1990)	  29-‐47,	  

R.	  Coquereaux,	  G.	  Esposito-‐Farese,	  G.	  Vaillant,	  NPB353	  (1991)	  689	  

H	

＋	 ー	

lL	 eR	

SU(2)×U(1)B-L	 U(1)B-L+	2IR
3	

Higgs	  mass	

(Not	  bad	  for	  3rd	  generaWon?)	

Chamseddine	  et.	  al.	  introduce	  flavor	  dependent	  “distance”	  	Chamseddine,	  G.	  Felder,	  
J.	  Frohlich,	  ph/9209224,	  	  



The	  toy	  standard	  model	

•  Fermionic	  Lagrangian	

Connes	  said	  on	  1004.0464	 on	  1208.1030	

A.	  Connes	  and	  J.	  Loh,	  	  
Nucl.	  Phys.	  B18(1990)	  29-‐47,	  

R.	  Coquereaux,	  G.	  Esposito-‐Farese,	  G.	  Vaillant,	  NPB353	  (1991)	  689	  

H	

＋	 ー	

lL	 eR	

SU(2)×U(1)B-L	 U(1)B-L+	2IR
3	

Higgs	  mass	

(Not	  bad	  for	  3rd	  generaWon?)	

Chamseddine	  et.	  al.	  introduce	  flavor	  dependent	  “distance”	  	Chamseddine,	  G.	  Felder,	  
J.	  Frohlich,	  ph/9209224,	  	  



3.	  (Orbifold)	  SU(5)	  GUT	  in	  NCG	



Grand	  Unified	  Theory	  (GUT)	

•  SU(5) : M4×Z3 	

•  SU(2)L×SU(2)R×U(1)B-L : M4×Z2×Z2 	


•  SO(10) : M4×Z3 , M4×Z6 	  
	  
•  GUT	  requires	  several	  SSB	  scales	  	  	  	  	   	   	   	   	  
	   	  	  ⇒	  several	  discrete	  spaces	  !	  
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Aμ(x)	
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Σ(x)	
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I’m	  so	  sorry,	  but	  confining	  dynamics	  is	  not	  considered.	  
(we	  can	  consider	  this	  type	  of	  model	  from	  NJL	  theory.)	  

Adj	  Σ	
Fund	  H	

Fund	  H†	

Aμ1	


Aμ2	


=
	 0	




Algebra	  of	  M4 × ZN	  	  (for	  insurance)	

•  The	  algebra	  is	  modified	  in	  M4 × ZN .	

2.1 Differential calculus

On the n-sheeted Minkowski space M4 ×Zn, the coordinates are represented by (xµ, y =
1 − N), and a function on n-th sheet is expressed as f(x, n) ≡ fn. In this space, the
exterior derivative is generalized to d = d + dχ introducing extra exterior derivatives dχ
and the differential forms χm. They are defined as follows;

dfn = (d+ dχ)fn, dfn = ∂µfndx
µ,

dχf =
∑

m̸=n

dχm
f =

∑

m̸=n

[Mnmfm − fnMnm]χm,

where the matrix M †
nm = Mmn(n ̸= m) represents the distance between two sheets. In

order to keep the nilpotency of the generalized exterior derivative d2 = 0, the differential
forms dxµ and χm should be anti-commutative dxµ∧χm = −χn∧dxµ , and the dχ should
also be nilpotent d2χ = 0. To proof d2χ = 0, and to keep the differential algebra consistent,
there are several “index shifting rules” between fn,Mnm and χm. These shifting rules are
source of the noncommutativity that corresponds to the relation ydy = −dyy in other
formulations [5–8]. Precise shifting rules and a proof of d2χ = 0 is presented in [15].

2.2 Generalized connection

In several class of models [5–8], the gauge and Higgs bosons are regarded as elemental
fields. By contrast, Connes’s original paper and its successor [3,13,14] treats these bosons
as some kind of composite fields. This formulation is effective in particular to construct
realistic GUT models. Here we adopt this composite formulation, that is also quoted
from [15]. In this picture, a gauge field consists of “constituent fields” or “pre-gauge
fields”, defined on the same sheet, besides a Higgs field does on the different sheets. The
quotation mark “ ” means that the detailed dynamics of the binding mechanism is not
specified.

The above picture is described by utilizing generalized connection one-form A, defined
as

A(x, n) ≡
∑

i

a†i (x, n)dai(x, n),

=
∑

i

a†i(x, n)dai(x, n) +
∑

i

∑

m̸=n

a†i (x, n)[Mnmai(x,m)− ai(x, n)Mnm]χm,

≡ A(x, n) +
∑

m̸=n

Φnm(x)χm. (1)

Here, the “pre-gauge field” ai(x, n) is square-matrix-valued continuous function defined
on the n-th sheet, and the summation over i is assumed to be a finite sum. The last line
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•  dχ2	  =	  0	  (nilpotency)	  under	  a	  new	  NC	  algebra.	

provided

Fmn(x)χnf(x,m) = Fmn(x)f(x, n)χn. (n ̸= m) (12)

We choose it so as to make dχ ≡
∑

n dχn nilpotent:

In fact, we have from Eqs.

d2
χf(x, n) = 0, (13)

証明：

d2
χf(x, n) = dχ

∑

m

[Mnmf(x,m) − f(x, n)Mnm]χm (14)

=
∑

m

∑

l ̸=m

[
MnmMmlχlf(x,m) − Mnm[Mmlf(x, l) − f(x,m)Mml]χl (15)

− [Mnlf(x, l) − f(x, n)Mnl]χlMnm + f(x, n)MnmMmlχl]

]
∧ χm (16)

=
∑

m

∑

l ̸=m

[

✭✭✭✭✭✭✭✭✭✭
MnmMmlf(x, l)χl − Mnm[✘✘✘✘✘✘

Mmlf(x, l) − f(x,m)Mml]χl (17)

− [Mnlf(x, l)✭✭✭✭✭✭✭−f(x, n)Mnl]Mlmχl +✭✭✭✭✭✭✭✭✭✭
f(x, n)MnmMmlχl]

]
∧ χm (18)

=
∑

m

∑

l ̸=m

[
+ Mnmf(x, m)Mml − Mnlf(x, l)Mlm]

]
χl ∧ χm = 0, (19)

we assume the Leibniz rule

dχl
(Mnmf(x,m)) = (dχl

Mnm)f(x,m) − Mnm(dχl
f(x,m)), (20)

and other assumptions

dχMnm =
∑

l ̸=m

MnmMmlχl (21)

F·mχmMnm = F·mMmnχn (22)

F·nχnMml = F·nMnlχn (23)

χk ∧ χl = χl ∧ χk (24)

（確かに全部使った、）
the generalized exterior derivative

d = d + dχ, (25)

In order to d2 = 0,

dxµ ∧ dχn = −dχn ∧ dxµ, (26)
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Graded	  Leibniz	  rule	

DerivaWve	  of	  Mnm	

Index	  shioing	  rules	  
(source	  of	  noncommutaWvity)	

振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 15/03/SCGT

d = d + dχ = d +
∑

n̸=m

dχm , dχ (2)

n,m = 1 − N.

An ≡
∑

i

ai †
n dai

n ≡ A(x, n) +
∑

m̸=n

Φnm(x)χm. (3)

Fn = Fn µνdxµ ∧ dxν +
∑

m̸=n

DµHnm dxµ ∧ χm +
∑

m̸=n,l ̸=m

(HnmHml − X ′
nml)χm ∧ χl,

(4)

where

Fn µν =
1
2

(∂µAn ν − ∂νAn µ + [An µ, An µ]) (5)

DµHnm = ∂µHnm + An µHnm − HnmAm µ, (6)

X ′
nml =

∑

i

ai †
n MnmMmla

i
l. (7)

n = 1 − 3.

If X ′
nml = f(Hnm), χm ∧ χl terms are treated as Higgs interactions.

If not, X ′
nml is an auxiliary field, and eliminated by ∂L/∂X ′

nml = 0.
If elemental,

X ′
nml = MnmMml (8)

例

X ′
123 =

∑

i

ai†
1 M12M23a

i
3 =

∑

i

ai†
1 Σ0H0a

i
3 = −3M(H(x) + H0). (9)

なので、

H12H23 − X ′
123 = (Σ(x) + Σ0)(H(x) + H0) + 3M(H(x) + H0). (10)

1
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in Eq. (1) defines the gauge and Higgs fields as follows,

A(x, n) =
∑

i

a†idai(x, n), (2)

Φnm(x) =
∑

i

a†i (x, n)[Mnmai(x,m)− ai(x, n)Mnm] (n ̸= m). (3)

Afterwards, we use a notationA(x, n) = An, A(x, n) = An, and ai(x, n) = ain as shortened
forms. As in [13–15], we impose the following Hermitian condition

∑

i

ai †n ain = 1, ⇒ A†
n = −An, (

∑

m̸=n

Φnmχm)
† = −

∑

m̸=n

Φmnχn. (4)

From Eq. (4) we assume Φ†
nm = Φmn and χ†

m = −χm. For the later convenience, the
back-shifted Higgs field

Hnm ≡ Φnm +Mnm =
∑

i

ai †n Mnma
i
m, (5)

is also introduced.
The field strength two-form is defined as follows

Fn = dAn +An ∧An, (6)

where
dAn =

∑

i

dai †n ∧ dain, (7)

because of d2 = 0. After some calculation, the explicit form of the Fn contains the
following three pieces:
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振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 15/03/SCGT

d = d + dχ = d +
∑

n̸=m

dχm , (2)

n,m = 1, 2, 3.

n,m = 1 − N.

An ≡
∑

i

ai †
n dai

n ≡ A(x, n) +
∑

m̸=n

Φnm(x)χm. (3)

Fn = Fn µνdxµ ∧ dxν +
∑
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∑
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n MnmMmla

i
l. (7)

n = 1 − 3.

If X ′
nml = f(Hnm), χm ∧ χl terms are treated as Higgs interactions.

If not, X ′
nml is an auxiliary field, and eliminated by ∂L/∂X ′

nml = 0.
If elemental,

X ′
nml = MnmMml (8)

例

X ′
123 =

∑

i

ai†
1 M12M23a

i
3 =

∑

i

ai†
1 Σ0H0a

i
3 = −3M(H(x) + H0). (9)
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n = −An, (

∑

m̸=n

Φnmχm)
† = −

∑

m̸=n

Φmnχn. (4)

From Eq. (4) we assume Φ†
nm = Φmn and χ†

m = −χm. For the later convenience, the
back-shifted Higgs field

Hnm ≡ Φnm +Mnm =
∑

i

ai †n Mnma
i
m, (5)

is also introduced.
The field strength two-form is defined as follows

Fn = dAn +An ∧An, (6)

where
dAn =

∑

i

dai †n ∧ dain, (7)

because of d2 = 0. After some calculation, the explicit form of the Fn contains the
following three pieces:

Fn = Fnµνdx
µ ∧ dxν +

∑

m̸=n

DµHnm dxµ ∧ χm +
∑

m̸=n,l ̸=m

(HnmHml −X ′
nml)χm ∧ χl, (8)

where

Fnµν =
1

2
(∂µAn ν − ∂νAnµ + [Anµ, Anµ]) (9)

DµHnm = ∂µHnm + AnµHnm −HnmAmµ, (10)

X ′
nml =

∑

i

ai †n MnmMmla
i
l. (11)

It contains the gauge boson, Higgs boson, and the new field X ′
nml(x). The treatment of

X ′
nml is decided by whether X ′

nml is dependent function of Higgs fields Hnm or not. If X ′
nml

can be written as a some function of the Higgs fields X ′
nml = f(Hnm), X ′

nml is treated as
a Higgs interaction terms. If not, X ′

nml is regarded as a auxiliary field that does not have

3
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∑
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∑

i

a†i (x, n)[Mnmai(x,m)− ai(x, n)Mnm] (n ̸= m). (3)
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i

ai †n Mnma
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is also introduced.
The field strength two-form is defined as follows

Fn = dAn +An ∧An, (6)

where
dAn =

∑

i

dai †n ∧ dain, (7)

because of d2 = 0. After some calculation, the explicit form of the Fn contains the
following three pieces:

Fn = Fnµνdx
µ ∧ dxν +

∑

m̸=n

DµHnm dxµ ∧ χm +
∑

m̸=n,l ̸=m

(HnmHml −X ′
nml)χm ∧ χl, (8)

where

Fnµν =
1

2
(∂µAn ν − ∂νAnµ + [Anµ, Anµ]) (9)

DµHnm = ∂µHnm + AnµHnm −HnmAmµ, (10)

X ′
nml =

∑

i

ai †n MnmMmla
i
l. (11)

It contains the gauge boson, Higgs boson, and the new field X ′
nml(x). The treatment of

X ′
nml is decided by whether X ′

nml is dependent function of Higgs fields Hnm or not. If X ′
nml

can be written as a some function of the Higgs fields X ′
nml = f(Hnm), X ′

nml is treated as
a Higgs interaction terms. If not, X ′

nml is regarded as a auxiliary field that does not have

3

•  curvature	

2	  vevs	  (chosen	  by	  hand)	

where P = diag(2, 2, 2,−3,−3).
ai

1 ai †
1 ai

2 ai †
2 ai

3 ai †
3

where

ai
1(x) = Pai

2(x)P = 5 × 5 complex matrix (22)

ai
3(x) = real function (23)

with P = diag(−,−,−, +,+).

M12 = Σ0 = Mdiag(2, 2, 2,−3,−3) M13 = M23 = H0 = (0, 0, 0, 0, µ)T

Σ0 = Mdiag(1, 1, 1, 1, 1) H0 = (0, 0, 0, 0, µ)T (24)

−V (Σ,H) = (25)

m2
H = |(MP − M)H|2 = M2diag(4, 4, 4, 0, 0) H†H. (26)

where

ai
1(x) = ai

2(x) = 5 × 5 complex matrix (27)

ai
3(x) = real function (28)

ai
1
′(x) = ai

1(x)G−1
1 (x) ⇒ A(x, 1)′ + d = G1[A(x, 1) + d]G−1

1 . (29)

A(x, n) =
∑
i

ai †
n (x)dai

n(x), d = d + dχ,

A(x, n) =
∑
i

ai †
n (x)dai

n(x), Hnm(x) =
∑
i

ai †
n (x)Mnmai

m(x).

A(x, n) =
∑
i

a†i (x, n)dai(x, n)

A(x, n) =
∑
i

a†i (x, n)dai(x, n)

Hnm(x) =
∑
i

a†i (x, n)Mnmai(x,m)

ai(x,−y) = Pai(x, y)P (30)

3

振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 15/03/SCGT

d = d + dχ = d +
∑

n̸=m

dχm , (2)

n,m = 1, 2, 3.

n,m = 1 − N.

An ≡
∑

i

ai †
n dai

n ≡ A(x, n) +
∑

m̸=n

Φnm(x)χm. (3)

Fn = Fn µνdxµ ∧ dxν +
∑

m̸=n

DµHnm dxµ ∧ χm +
∑

m̸=n,l ̸=m

(HnmHml − X ′
nml)χm ∧ χl,

(4)

where

Fn µν =
1
2

(∂µAn ν − ∂νAn µ + [An µ, An µ]) (5)

DµHnm = ∂µHnm + An µHnm − HnmAm µ, (6)

X ′
nml =

∑

i

ai †
n MnmMmla

i
l. (7)

n = 1 − 3.

If X ′
nml = f(Hnm), χm ∧ χl terms are treated as Higgs interactions.

If not, X ′
nml is an auxiliary field, and eliminated by ∂L/∂X ′

nml = 0.
If elemental,

X ′
nml = MnmMml (8)

例

X ′
123 =

∑

i

ai†
1 M12M23a

i
3 =

∑

i

ai†
1 Σ0H0a

i
3 = −3M(H(x) + H0). (9)

1
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To fix the final form of the lagrangian (27) it is now necessary to investigate 
which are independent of Higgs and which are dependent. Here we 
only quote dependent which should be retained in the lagrangian. 

Xb(x)=X:b(x) 

t(x, 1)M12M21a;(x, 1) 
i 

= tr275- M(.S +.So), 

Xs13(x) = Xs23(x) 

3)M31M13a;(x, 3) 
i 

=Ji' 

X{23(x)=Xz1lx) 

t(x, 1)M12M23a;(x, 3) 
i 

t(x, 1)3MHoa;(x, 3) 
i 

=-3M(H+Ho), 

Xs12(x)=Xs21(x) 

3)M31M12a;(x, 2) 
i 

=- 3)3Hot Ma;(x, 3) 
i 

=-3(H+Ho)tM. (33) 

Other are auxiliary fields independent of Higgs, corresponding to Pnm(x) and 
Qnmz(x) being to be deleted as a whole in Eq. (27). Substituting these results into 
Eq. (27) for N =3 we find that 

1 a2 

..fYMH=- 492 trFJv(x)F"v(x)+ 292 tr(Dp(.S(x)+ 27o))f(D11(27(x)+ .So)) 

+( + ::2 Ho)) 

2p2 2p2 
- Hoi2-Jii2- i(.S(x)+ 27o+3M)(H(x)+ Ho)l2 (34) 

with Av(x)]. Here we have assumed the 
symmetry g12=gl=-g2 and a12=a22=-a2, put 932=g'2, a32=fi2 and the covariant deriva-
tive DP for .S(x)+.So and H(x)+ Ho is defined as usual for the adjoint and fundamental 
representations, respectively. 
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振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 15/03/SCGT

⟨χ1,2,χ1,2⟩ = −α2 (2)

⟨χ3,χ3⟩ = −β2 (3)

(4)

d = d + dχ = d +
∑

n̸=m

dχm , (5)

n,m = 1, 2, 3.

n,m = 1 − N.

An ≡
∑

i

ai †
n dai

n ≡ A(x, n) +
∑

m̸=n

Φnm(x)χm. (6)

Fn = Fn µνdxµ ∧ dxν +
∑

m̸=n

DµHnm dxµ ∧ χm +
∑

m̸=n,l ̸=m

(HnmHml − X ′
nml)χm ∧ χl,

(7)

where

Fn µν =
1
2

(∂µAn ν − ∂νAn µ + [An µ, An µ]) (8)

DµHnm = ∂µHnm + An µHnm − HnmAm µ, (9)

X ′
nml =

∑

i

ai †
n MnmMmla

i
l. (10)

n = 1 − 3.

If X ′
nml = f(Hnm), χm ∧ χl terms are treated as Higgs interactions.

If not, X ′
nml is an auxiliary field, and eliminated by ∂L/∂X ′

nml = 0.

1
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in Eq. (1) defines the gauge and Higgs fields as follows,

A(x, n) =
∑

i

a†idai(x, n), (2)

Φnm(x) =
∑

i

a†i (x, n)[Mnmai(x,m)− ai(x, n)Mnm] (n ̸= m). (3)

Afterwards, we use a notationA(x, n) = An, A(x, n) = An, and ai(x, n) = ain as shortened
forms. As in [13–15], we impose the following Hermitian condition

∑

i

ai †n ain = 1, ⇒ A†
n = −An, (

∑

m̸=n

Φnmχm)
† = −

∑

m̸=n

Φmnχn. (4)

From Eq. (4) we assume Φ†
nm = Φmn and χ†

m = −χm. For the later convenience, the
back-shifted Higgs field

Hnm ≡ Φnm +Mnm =
∑

i

ai †n Mnma
i
m, (5)

is also introduced.
The field strength two-form is defined as follows

Fn = dAn +An ∧An, (6)

where
dAn =

∑

i

dai †n ∧ dain, (7)

because of d2 = 0. After some calculation, the explicit form of the Fn contains the
following three pieces:

Fn = Fnµνdx
µ ∧ dxν +

∑

m̸=n

DµHnm dxµ ∧ χm +
∑

m̸=n,l ̸=m

(HnmHml −X ′
nml)χm ∧ χl, (8)

where

Fnµν =
1

2
(∂µAn ν − ∂νAnµ + [Anµ, Anµ]) (9)

DµHnm = ∂µHnm + AnµHnm −HnmAmµ, (10)

X ′
nml =

∑

i

ai †n MnmMmla
i
l. (11)

It contains the gauge boson, Higgs boson, and the new field X ′
nml(x). The treatment of

X ′
nml is decided by whether X ′

nml is dependent function of Higgs fields Hnm or not. If X ′
nml

can be written as a some function of the Higgs fields X ′
nml = f(Hnm), X ′

nml is treated as
a Higgs interaction terms. If not, X ′

nml is regarded as a auxiliary field that does not have

3
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∑
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∑
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The field strength two-form is defined as follows

Fn = dAn +An ∧An, (6)

where
dAn =
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Fn = Fnµνdx
µ ∧ dxν +

∑

m̸=n
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(∂µAn ν − ∂νAnµ + [Anµ, Anµ]) (9)

DµHnm = ∂µHnm + AnµHnm −HnmAmµ, (10)

X ′
nml =
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ai †n MnmMmla
i
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It contains the gauge boson, Higgs boson, and the new field X ′
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X ′
nml is decided by whether X ′

nml is dependent function of Higgs fields Hnm or not. If X ′
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can be written as a some function of the Higgs fields X ′
nml = f(Hnm), X ′

nml is treated as
a Higgs interaction terms. If not, X ′

nml is regarded as a auxiliary field that does not have

3

•  curvature	

2	  vevs	  (chosen	  by	  hand)	

where P = diag(2, 2, 2,−3,−3).
ai

1 ai †
1 ai

2 ai †
2 ai

3 ai †
3

where

ai
1(x) = Pai

2(x)P = 5 × 5 complex matrix (22)

ai
3(x) = real function (23)

with P = diag(−,−,−, +,+).

M12 = Σ0 = Mdiag(2, 2, 2,−3,−3) M13 = M23 = H0 = (0, 0, 0, 0, µ)T

Σ0 = Mdiag(1, 1, 1, 1, 1) H0 = (0, 0, 0, 0, µ)T (24)

−V (Σ,H) = (25)

m2
H = |(MP − M)H|2 = M2diag(4, 4, 4, 0, 0) H†H. (26)

where

ai
1(x) = ai

2(x) = 5 × 5 complex matrix (27)

ai
3(x) = real function (28)

ai
1
′(x) = ai

1(x)G−1
1 (x) ⇒ A(x, 1)′ + d = G1[A(x, 1) + d]G−1

1 . (29)

A(x, n) =
∑
i

ai †
n (x)dai

n(x), d = d + dχ,

A(x, n) =
∑
i

ai †
n (x)dai

n(x), Hnm(x) =
∑
i

ai †
n (x)Mnmai

m(x).

A(x, n) =
∑
i

a†i (x, n)dai(x, n)

A(x, n) =
∑
i

a†i (x, n)dai(x, n)

Hnm(x) =
∑
i

a†i (x, n)Mnmai(x,m)

ai(x,−y) = Pai(x, y)P (30)

3

振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 15/03/SCGT

d = d + dχ = d +
∑

n̸=m

dχm , (2)

n,m = 1, 2, 3.

n,m = 1 − N.

An ≡
∑

i

ai †
n dai

n ≡ A(x, n) +
∑

m̸=n

Φnm(x)χm. (3)

Fn = Fn µνdxµ ∧ dxν +
∑

m̸=n

DµHnm dxµ ∧ χm +
∑

m̸=n,l ̸=m

(HnmHml − X ′
nml)χm ∧ χl,

(4)

where

Fn µν =
1
2

(∂µAn ν − ∂νAn µ + [An µ, An µ]) (5)

DµHnm = ∂µHnm + An µHnm − HnmAm µ, (6)

X ′
nml =

∑

i

ai †
n MnmMmla

i
l. (7)

n = 1 − 3.

If X ′
nml = f(Hnm), χm ∧ χl terms are treated as Higgs interactions.

If not, X ′
nml is an auxiliary field, and eliminated by ∂L/∂X ′

nml = 0.
If elemental,

X ′
nml = MnmMml (8)

例

X ′
123 =

∑

i

ai†
1 M12M23a

i
3 =

∑

i

ai†
1 Σ0H0a

i
3 = −3M(H(x) + H0). (9)

1
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To fix the final form of the lagrangian (27) it is now necessary to investigate 
which are independent of Higgs and which are dependent. Here we 
only quote dependent which should be retained in the lagrangian. 

Xb(x)=X:b(x) 

t(x, 1)M12M21a;(x, 1) 
i 

= tr275- M(.S +.So), 

Xs13(x) = Xs23(x) 

3)M31M13a;(x, 3) 
i 

=Ji' 

X{23(x)=Xz1lx) 

t(x, 1)M12M23a;(x, 3) 
i 

t(x, 1)3MHoa;(x, 3) 
i 

=-3M(H+Ho), 

Xs12(x)=Xs21(x) 

3)M31M12a;(x, 2) 
i 

=- 3)3Hot Ma;(x, 3) 
i 

=-3(H+Ho)tM. (33) 

Other are auxiliary fields independent of Higgs, corresponding to Pnm(x) and 
Qnmz(x) being to be deleted as a whole in Eq. (27). Substituting these results into 
Eq. (27) for N =3 we find that 

1 a2 

..fYMH=- 492 trFJv(x)F"v(x)+ 292 tr(Dp(.S(x)+ 27o))f(D11(27(x)+ .So)) 

+( + ::2 Ho)) 

2p2 2p2 
- Hoi2-Jii2- i(.S(x)+ 27o+3M)(H(x)+ Ho)l2 (34) 

with Av(x)]. Here we have assumed the 
symmetry g12=gl=-g2 and a12=a22=-a2, put 932=g'2, a32=fi2 and the covariant deriva-
tive DP for .S(x)+.So and H(x)+ Ho is defined as usual for the adjoint and fundamental 
representations, respectively. 
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Higgs	  potenWal	

振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 15/03/SCGT

⟨χ1,2,χ1,2⟩ = −α2 (2)

⟨χ3,χ3⟩ = −β2 (3)

(4)

d = d + dχ = d +
∑

n̸=m

dχm , (5)

n,m = 1, 2, 3.

n,m = 1 − N.

An ≡
∑

i

ai †
n dai

n ≡ A(x, n) +
∑

m̸=n

Φnm(x)χm. (6)

Fn = Fn µνdxµ ∧ dxν +
∑

m̸=n

DµHnm dxµ ∧ χm +
∑

m̸=n,l ̸=m

(HnmHml − X ′
nml)χm ∧ χl,

(7)

where

Fn µν =
1
2

(∂µAn ν − ∂νAn µ + [An µ, An µ]) (8)

DµHnm = ∂µHnm + An µHnm − HnmAm µ, (9)

X ′
nml =

∑

i

ai †
n MnmMmla

i
l. (10)

n = 1 − 3.

If X ′
nml = f(Hnm), χm ∧ χl terms are treated as Higgs interactions.

If not, X ′
nml is an auxiliary field, and eliminated by ∂L/∂X ′

nml = 0.

1

n = l,	  Self	  interacWons	  (determines	  the	  mass)	
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in Eq. (1) defines the gauge and Higgs fields as follows,

A(x, n) =
∑

i

a†idai(x, n), (2)

Φnm(x) =
∑

i

a†i (x, n)[Mnmai(x,m)− ai(x, n)Mnm] (n ̸= m). (3)

Afterwards, we use a notationA(x, n) = An, A(x, n) = An, and ai(x, n) = ain as shortened
forms. As in [13–15], we impose the following Hermitian condition

∑

i

ai †n ain = 1, ⇒ A†
n = −An, (

∑

m̸=n

Φnmχm)
† = −

∑

m̸=n

Φmnχn. (4)

From Eq. (4) we assume Φ†
nm = Φmn and χ†

m = −χm. For the later convenience, the
back-shifted Higgs field

Hnm ≡ Φnm +Mnm =
∑

i

ai †n Mnma
i
m, (5)

is also introduced.
The field strength two-form is defined as follows

Fn = dAn +An ∧An, (6)

where
dAn =

∑

i

dai †n ∧ dain, (7)

because of d2 = 0. After some calculation, the explicit form of the Fn contains the
following three pieces:

Fn = Fnµνdx
µ ∧ dxν +

∑

m̸=n

DµHnm dxµ ∧ χm +
∑

m̸=n,l ̸=m

(HnmHml −X ′
nml)χm ∧ χl, (8)

where

Fnµν =
1

2
(∂µAn ν − ∂νAnµ + [Anµ, Anµ]) (9)

DµHnm = ∂µHnm + AnµHnm −HnmAmµ, (10)

X ′
nml =

∑

i

ai †n MnmMmla
i
l. (11)

It contains the gauge boson, Higgs boson, and the new field X ′
nml(x). The treatment of

X ′
nml is decided by whether X ′

nml is dependent function of Higgs fields Hnm or not. If X ′
nml

can be written as a some function of the Higgs fields X ′
nml = f(Hnm), X ′

nml is treated as
a Higgs interaction terms. If not, X ′

nml is regarded as a auxiliary field that does not have

3

in Eq. (1) defines the gauge and Higgs fields as follows,

A(x, n) =
∑

i

a†idai(x, n), (2)

Φnm(x) =
∑

i

a†i (x, n)[Mnmai(x,m)− ai(x, n)Mnm] (n ̸= m). (3)

Afterwards, we use a notationA(x, n) = An, A(x, n) = An, and ai(x, n) = ain as shortened
forms. As in [13–15], we impose the following Hermitian condition

∑

i

ai †n ain = 1, ⇒ A†
n = −An, (

∑

m̸=n

Φnmχm)
† = −

∑

m̸=n

Φmnχn. (4)

From Eq. (4) we assume Φ†
nm = Φmn and χ†

m = −χm. For the later convenience, the
back-shifted Higgs field

Hnm ≡ Φnm +Mnm =
∑

i

ai †n Mnma
i
m, (5)

is also introduced.
The field strength two-form is defined as follows

Fn = dAn +An ∧An, (6)

where
dAn =

∑

i

dai †n ∧ dain, (7)

because of d2 = 0. After some calculation, the explicit form of the Fn contains the
following three pieces:

Fn = Fnµνdx
µ ∧ dxν +

∑

m̸=n

DµHnm dxµ ∧ χm +
∑

m̸=n,l ̸=m

(HnmHml −X ′
nml)χm ∧ χl, (8)

where

Fnµν =
1

2
(∂µAn ν − ∂νAnµ + [Anµ, Anµ]) (9)

DµHnm = ∂µHnm + AnµHnm −HnmAmµ, (10)

X ′
nml =

∑

i

ai †n MnmMmla
i
l. (11)

It contains the gauge boson, Higgs boson, and the new field X ′
nml(x). The treatment of

X ′
nml is decided by whether X ′

nml is dependent function of Higgs fields Hnm or not. If X ′
nml

can be written as a some function of the Higgs fields X ′
nml = f(Hnm), X ′

nml is treated as
a Higgs interaction terms. If not, X ′

nml is regarded as a auxiliary field that does not have

3

•  curvature	

2	  vevs	  (chosen	  by	  hand)	

where P = diag(2, 2, 2,−3,−3).
ai

1 ai †
1 ai

2 ai †
2 ai

3 ai †
3

where

ai
1(x) = Pai

2(x)P = 5 × 5 complex matrix (22)

ai
3(x) = real function (23)

with P = diag(−,−,−, +,+).

M12 = Σ0 = Mdiag(2, 2, 2,−3,−3) M13 = M23 = H0 = (0, 0, 0, 0, µ)T

Σ0 = Mdiag(1, 1, 1, 1, 1) H0 = (0, 0, 0, 0, µ)T (24)

−V (Σ,H) = (25)

m2
H = |(MP − M)H|2 = M2diag(4, 4, 4, 0, 0) H†H. (26)

where

ai
1(x) = ai

2(x) = 5 × 5 complex matrix (27)

ai
3(x) = real function (28)

ai
1
′(x) = ai

1(x)G−1
1 (x) ⇒ A(x, 1)′ + d = G1[A(x, 1) + d]G−1

1 . (29)

A(x, n) =
∑
i

ai †
n (x)dai

n(x), d = d + dχ,

A(x, n) =
∑
i

ai †
n (x)dai

n(x), Hnm(x) =
∑
i

ai †
n (x)Mnmai

m(x).

A(x, n) =
∑
i

a†i (x, n)dai(x, n)

A(x, n) =
∑
i

a†i (x, n)dai(x, n)

Hnm(x) =
∑
i

a†i (x, n)Mnmai(x,m)

ai(x,−y) = Pai(x, y)P (30)

3

振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 15/03/SCGT

d = d + dχ = d +
∑

n̸=m

dχm , (2)

n,m = 1, 2, 3.

n,m = 1 − N.

An ≡
∑

i

ai †
n dai

n ≡ A(x, n) +
∑

m̸=n

Φnm(x)χm. (3)

Fn = Fn µνdxµ ∧ dxν +
∑

m̸=n

DµHnm dxµ ∧ χm +
∑

m̸=n,l ̸=m

(HnmHml − X ′
nml)χm ∧ χl,

(4)

where

Fn µν =
1
2

(∂µAn ν − ∂νAn µ + [An µ, An µ]) (5)

DµHnm = ∂µHnm + An µHnm − HnmAm µ, (6)

X ′
nml =

∑

i

ai †
n MnmMmla

i
l. (7)

n = 1 − 3.

If X ′
nml = f(Hnm), χm ∧ χl terms are treated as Higgs interactions.

If not, X ′
nml is an auxiliary field, and eliminated by ∂L/∂X ′

nml = 0.
If elemental,

X ′
nml = MnmMml (8)

例

X ′
123 =

∑

i

ai†
1 M12M23a

i
3 =

∑

i

ai†
1 Σ0H0a

i
3 = −3M(H(x) + H0). (9)

1
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To fix the final form of the lagrangian (27) it is now necessary to investigate 
which are independent of Higgs and which are dependent. Here we 
only quote dependent which should be retained in the lagrangian. 

Xb(x)=X:b(x) 

t(x, 1)M12M21a;(x, 1) 
i 

= tr275- M(.S +.So), 

Xs13(x) = Xs23(x) 

3)M31M13a;(x, 3) 
i 

=Ji' 

X{23(x)=Xz1lx) 

t(x, 1)M12M23a;(x, 3) 
i 

t(x, 1)3MHoa;(x, 3) 
i 

=-3M(H+Ho), 

Xs12(x)=Xs21(x) 

3)M31M12a;(x, 2) 
i 

=- 3)3Hot Ma;(x, 3) 
i 

=-3(H+Ho)tM. (33) 

Other are auxiliary fields independent of Higgs, corresponding to Pnm(x) and 
Qnmz(x) being to be deleted as a whole in Eq. (27). Substituting these results into 
Eq. (27) for N =3 we find that 

1 a2 

..fYMH=- 492 trFJv(x)F"v(x)+ 292 tr(Dp(.S(x)+ 27o))f(D11(27(x)+ .So)) 

+( + ::2 Ho)) 

2p2 2p2 
- Hoi2-Jii2- i(.S(x)+ 27o+3M)(H(x)+ Ho)l2 (34) 

with Av(x)]. Here we have assumed the 
symmetry g12=gl=-g2 and a12=a22=-a2, put 932=g'2, a32=fi2 and the covariant deriva-
tive DP for .S(x)+.So and H(x)+ Ho is defined as usual for the adjoint and fundamental 
representations, respectively. 

 at H
igh Energy A

ccelerator Research O
rganization(K

EK
) on M

ay 17, 2014
http://ptp.oxfordjournals.org/

D
ow

nloaded from
 

Higgs	  potenWal	

振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 15/03/SCGT

⟨χ1,2,χ1,2⟩ = −α2 (2)

⟨χ3,χ3⟩ = −β2 (3)

(4)

d = d + dχ = d +
∑

n̸=m

dχm , (5)

n,m = 1, 2, 3.

n,m = 1 − N.

An ≡
∑

i

ai †
n dai

n ≡ A(x, n) +
∑

m̸=n

Φnm(x)χm. (6)

Fn = Fn µνdxµ ∧ dxν +
∑

m̸=n

DµHnm dxµ ∧ χm +
∑

m̸=n,l ̸=m

(HnmHml − X ′
nml)χm ∧ χl,

(7)

where

Fn µν =
1
2

(∂µAn ν − ∂νAn µ + [An µ, An µ]) (8)

DµHnm = ∂µHnm + An µHnm − HnmAm µ, (9)

X ′
nml =

∑

i

ai †
n MnmMmla

i
l. (10)

n = 1 − 3.

If X ′
nml = f(Hnm), χm ∧ χl terms are treated as Higgs interactions.

If not, X ′
nml is an auxiliary field, and eliminated by ∂L/∂X ′

nml = 0.

1

n ≠ l,	  Higgs	  interacWons	  (2-‐3	  splipng	  is	  solved)	  	
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in Eq. (1) defines the gauge and Higgs fields as follows,

A(x, n) =
∑

i

a†idai(x, n), (2)

Φnm(x) =
∑

i

a†i (x, n)[Mnmai(x,m)− ai(x, n)Mnm] (n ̸= m). (3)

Afterwards, we use a notationA(x, n) = An, A(x, n) = An, and ai(x, n) = ain as shortened
forms. As in [13–15], we impose the following Hermitian condition

∑

i

ai †n ain = 1, ⇒ A†
n = −An, (

∑

m̸=n

Φnmχm)
† = −

∑

m̸=n

Φmnχn. (4)

From Eq. (4) we assume Φ†
nm = Φmn and χ†

m = −χm. For the later convenience, the
back-shifted Higgs field

Hnm ≡ Φnm +Mnm =
∑

i

ai †n Mnma
i
m, (5)

is also introduced.
The field strength two-form is defined as follows

Fn = dAn +An ∧An, (6)

where
dAn =

∑

i

dai †n ∧ dain, (7)

because of d2 = 0. After some calculation, the explicit form of the Fn contains the
following three pieces:

Fn = Fnµνdx
µ ∧ dxν +

∑

m̸=n

DµHnm dxµ ∧ χm +
∑

m̸=n,l ̸=m

(HnmHml −X ′
nml)χm ∧ χl, (8)

where

Fnµν =
1

2
(∂µAn ν − ∂νAnµ + [Anµ, Anµ]) (9)

DµHnm = ∂µHnm + AnµHnm −HnmAmµ, (10)

X ′
nml =

∑

i

ai †n MnmMmla
i
l. (11)

It contains the gauge boson, Higgs boson, and the new field X ′
nml(x). The treatment of

X ′
nml is decided by whether X ′

nml is dependent function of Higgs fields Hnm or not. If X ′
nml

can be written as a some function of the Higgs fields X ′
nml = f(Hnm), X ′

nml is treated as
a Higgs interaction terms. If not, X ′

nml is regarded as a auxiliary field that does not have

3

in Eq. (1) defines the gauge and Higgs fields as follows,

A(x, n) =
∑

i

a†idai(x, n), (2)

Φnm(x) =
∑

i

a†i (x, n)[Mnmai(x,m)− ai(x, n)Mnm] (n ̸= m). (3)

Afterwards, we use a notationA(x, n) = An, A(x, n) = An, and ai(x, n) = ain as shortened
forms. As in [13–15], we impose the following Hermitian condition

∑

i

ai †n ain = 1, ⇒ A†
n = −An, (

∑

m̸=n

Φnmχm)
† = −

∑

m̸=n

Φmnχn. (4)

From Eq. (4) we assume Φ†
nm = Φmn and χ†

m = −χm. For the later convenience, the
back-shifted Higgs field

Hnm ≡ Φnm +Mnm =
∑

i

ai †n Mnma
i
m, (5)

is also introduced.
The field strength two-form is defined as follows

Fn = dAn +An ∧An, (6)

where
dAn =

∑

i

dai †n ∧ dain, (7)

because of d2 = 0. After some calculation, the explicit form of the Fn contains the
following three pieces:

Fn = Fnµνdx
µ ∧ dxν +

∑

m̸=n

DµHnm dxµ ∧ χm +
∑

m̸=n,l ̸=m

(HnmHml −X ′
nml)χm ∧ χl, (8)

where

Fnµν =
1

2
(∂µAn ν − ∂νAnµ + [Anµ, Anµ]) (9)

DµHnm = ∂µHnm + AnµHnm −HnmAmµ, (10)

X ′
nml =

∑

i

ai †n MnmMmla
i
l. (11)

It contains the gauge boson, Higgs boson, and the new field X ′
nml(x). The treatment of

X ′
nml is decided by whether X ′

nml is dependent function of Higgs fields Hnm or not. If X ′
nml

can be written as a some function of the Higgs fields X ′
nml = f(Hnm), X ′

nml is treated as
a Higgs interaction terms. If not, X ′

nml is regarded as a auxiliary field that does not have

3

(If	  H&Aμ	  are	  elemental,	  X’nml = MnmMml	  .)	

•  curvature	

2	  vevs	  (chosen	  by	  hand)	

where P = diag(2, 2, 2,−3,−3).
ai

1 ai †
1 ai

2 ai †
2 ai

3 ai †
3

where

ai
1(x) = Pai

2(x)P = 5 × 5 complex matrix (22)

ai
3(x) = real function (23)

with P = diag(−,−,−, +,+).

M12 = Σ0 = Mdiag(2, 2, 2,−3,−3) M13 = M23 = H0 = (0, 0, 0, 0, µ)T

Σ0 = Mdiag(1, 1, 1, 1, 1) H0 = (0, 0, 0, 0, µ)T (24)

−V (Σ,H) = (25)

m2
H = |(MP − M)H|2 = M2diag(4, 4, 4, 0, 0) H†H. (26)

where

ai
1(x) = ai

2(x) = 5 × 5 complex matrix (27)

ai
3(x) = real function (28)

ai
1
′(x) = ai

1(x)G−1
1 (x) ⇒ A(x, 1)′ + d = G1[A(x, 1) + d]G−1

1 . (29)

A(x, n) =
∑
i

ai †
n (x)dai

n(x), d = d + dχ,

A(x, n) =
∑
i

ai †
n (x)dai

n(x), Hnm(x) =
∑
i

ai †
n (x)Mnmai

m(x).

A(x, n) =
∑
i

a†i (x, n)dai(x, n)

A(x, n) =
∑
i

a†i (x, n)dai(x, n)

Hnm(x) =
∑
i

a†i (x, n)Mnmai(x,m)

ai(x,−y) = Pai(x, y)P (30)

3

振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 15/03/SCGT

d = d + dχ = d +
∑

n̸=m

dχm , (2)

n,m = 1, 2, 3.

n,m = 1 − N.

An ≡
∑

i

ai †
n dai

n ≡ A(x, n) +
∑

m̸=n

Φnm(x)χm. (3)

Fn = Fn µνdxµ ∧ dxν +
∑

m̸=n

DµHnm dxµ ∧ χm +
∑

m̸=n,l ̸=m

(HnmHml − X ′
nml)χm ∧ χl,

(4)

where

Fn µν =
1
2

(∂µAn ν − ∂νAn µ + [An µ, An µ]) (5)

DµHnm = ∂µHnm + An µHnm − HnmAm µ, (6)

X ′
nml =

∑

i

ai †
n MnmMmla

i
l. (7)

n = 1 − 3.

If X ′
nml = f(Hnm), χm ∧ χl terms are treated as Higgs interactions.

If not, X ′
nml is an auxiliary field, and eliminated by ∂L/∂X ′

nml = 0.
If elemental,

X ′
nml = MnmMml (8)

例

X ′
123 =

∑

i

ai†
1 M12M23a

i
3 =

∑

i

ai†
1 Σ0H0a

i
3 = −3M(H(x) + H0). (9)

1

Gauge Theory on Discrete Space M4 X ZN 985 

To fix the final form of the lagrangian (27) it is now necessary to investigate 
which are independent of Higgs and which are dependent. Here we 
only quote dependent which should be retained in the lagrangian. 

Xb(x)=X:b(x) 

t(x, 1)M12M21a;(x, 1) 
i 

= tr275- M(.S +.So), 

Xs13(x) = Xs23(x) 

3)M31M13a;(x, 3) 
i 

=Ji' 

X{23(x)=Xz1lx) 

t(x, 1)M12M23a;(x, 3) 
i 

t(x, 1)3MHoa;(x, 3) 
i 

=-3M(H+Ho), 

Xs12(x)=Xs21(x) 

3)M31M12a;(x, 2) 
i 

=- 3)3Hot Ma;(x, 3) 
i 

=-3(H+Ho)tM. (33) 

Other are auxiliary fields independent of Higgs, corresponding to Pnm(x) and 
Qnmz(x) being to be deleted as a whole in Eq. (27). Substituting these results into 
Eq. (27) for N =3 we find that 

1 a2 

..fYMH=- 492 trFJv(x)F"v(x)+ 292 tr(Dp(.S(x)+ 27o))f(D11(27(x)+ .So)) 

+( + ::2 Ho)) 

2p2 2p2 
- Hoi2-Jii2- i(.S(x)+ 27o+3M)(H(x)+ Ho)l2 (34) 

with Av(x)]. Here we have assumed the 
symmetry g12=gl=-g2 and a12=a22=-a2, put 932=g'2, a32=fi2 and the covariant deriva-
tive DP for .S(x)+.So and H(x)+ Ho is defined as usual for the adjoint and fundamental 
representations, respectively. 
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Higgs	  potenWal	

振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 15/03/SCGT

⟨χ1,2,χ1,2⟩ = −α2 (2)

⟨χ3,χ3⟩ = −β2 (3)

(4)

d = d + dχ = d +
∑

n̸=m

dχm , (5)

n,m = 1, 2, 3.

n,m = 1 − N.

An ≡
∑

i

ai †
n dai

n ≡ A(x, n) +
∑

m̸=n

Φnm(x)χm. (6)

Fn = Fn µνdxµ ∧ dxν +
∑

m̸=n

DµHnm dxµ ∧ χm +
∑

m̸=n,l ̸=m

(HnmHml − X ′
nml)χm ∧ χl,

(7)

where

Fn µν =
1
2

(∂µAn ν − ∂νAn µ + [An µ, An µ]) (8)

DµHnm = ∂µHnm + An µHnm − HnmAm µ, (9)

X ′
nml =

∑

i

ai †
n MnmMmla

i
l. (10)

n = 1 − 3.

If X ′
nml = f(Hnm), χm ∧ χl terms are treated as Higgs interactions.

If not, X ′
nml is an auxiliary field, and eliminated by ∂L/∂X ′

nml = 0.

1
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in Eq. (1) defines the gauge and Higgs fields as follows,

A(x, n) =
∑

i

a†idai(x, n), (2)

Φnm(x) =
∑

i

a†i (x, n)[Mnmai(x,m)− ai(x, n)Mnm] (n ̸= m). (3)

Afterwards, we use a notationA(x, n) = An, A(x, n) = An, and ai(x, n) = ain as shortened
forms. As in [13–15], we impose the following Hermitian condition

∑

i

ai †n ain = 1, ⇒ A†
n = −An, (

∑

m̸=n

Φnmχm)
† = −

∑

m̸=n

Φmnχn. (4)

From Eq. (4) we assume Φ†
nm = Φmn and χ†

m = −χm. For the later convenience, the
back-shifted Higgs field

Hnm ≡ Φnm +Mnm =
∑

i

ai †n Mnma
i
m, (5)

is also introduced.
The field strength two-form is defined as follows

Fn = dAn +An ∧An, (6)

where
dAn =

∑

i

dai †n ∧ dain, (7)

because of d2 = 0. After some calculation, the explicit form of the Fn contains the
following three pieces:

Fn = Fnµνdx
µ ∧ dxν +

∑

m̸=n

DµHnm dxµ ∧ χm +
∑

m̸=n,l ̸=m

(HnmHml −X ′
nml)χm ∧ χl, (8)

where

Fnµν =
1

2
(∂µAn ν − ∂νAnµ + [Anµ, Anµ]) (9)

DµHnm = ∂µHnm + AnµHnm −HnmAmµ, (10)

X ′
nml =

∑

i

ai †n MnmMmla
i
l. (11)

It contains the gauge boson, Higgs boson, and the new field X ′
nml(x). The treatment of

X ′
nml is decided by whether X ′

nml is dependent function of Higgs fields Hnm or not. If X ′
nml

can be written as a some function of the Higgs fields X ′
nml = f(Hnm), X ′

nml is treated as
a Higgs interaction terms. If not, X ′

nml is regarded as a auxiliary field that does not have

3

in Eq. (1) defines the gauge and Higgs fields as follows,

A(x, n) =
∑

i

a†idai(x, n), (2)

Φnm(x) =
∑

i

a†i (x, n)[Mnmai(x,m)− ai(x, n)Mnm] (n ̸= m). (3)

Afterwards, we use a notationA(x, n) = An, A(x, n) = An, and ai(x, n) = ain as shortened
forms. As in [13–15], we impose the following Hermitian condition

∑

i

ai †n ain = 1, ⇒ A†
n = −An, (

∑

m̸=n

Φnmχm)
† = −

∑

m̸=n

Φmnχn. (4)

From Eq. (4) we assume Φ†
nm = Φmn and χ†

m = −χm. For the later convenience, the
back-shifted Higgs field

Hnm ≡ Φnm +Mnm =
∑

i

ai †n Mnma
i
m, (5)

is also introduced.
The field strength two-form is defined as follows

Fn = dAn +An ∧An, (6)

where
dAn =

∑

i

dai †n ∧ dain, (7)

because of d2 = 0. After some calculation, the explicit form of the Fn contains the
following three pieces:

Fn = Fnµνdx
µ ∧ dxν +

∑

m̸=n

DµHnm dxµ ∧ χm +
∑

m̸=n,l ̸=m

(HnmHml −X ′
nml)χm ∧ χl, (8)

where

Fnµν =
1

2
(∂µAn ν − ∂νAnµ + [Anµ, Anµ]) (9)

DµHnm = ∂µHnm + AnµHnm −HnmAmµ, (10)

X ′
nml =

∑

i

ai †n MnmMmla
i
l. (11)

It contains the gauge boson, Higgs boson, and the new field X ′
nml(x). The treatment of

X ′
nml is decided by whether X ′

nml is dependent function of Higgs fields Hnm or not. If X ′
nml

can be written as a some function of the Higgs fields X ′
nml = f(Hnm), X ′

nml is treated as
a Higgs interaction terms. If not, X ′

nml is regarded as a auxiliary field that does not have

3

(If	  H&Aμ	  are	  elemental,	  X’nml = MnmMml	  .)	

•  curvature	

2	  vevs	  (chosen	  by	  hand)	

where P = diag(2, 2, 2,−3,−3).
ai

1 ai †
1 ai

2 ai †
2 ai

3 ai †
3

where

ai
1(x) = Pai

2(x)P = 5 × 5 complex matrix (22)

ai
3(x) = real function (23)

with P = diag(−,−,−, +,+).

M12 = Σ0 = Mdiag(2, 2, 2,−3,−3) M13 = M23 = H0 = (0, 0, 0, 0, µ)T

Σ0 = Mdiag(1, 1, 1, 1, 1) H0 = (0, 0, 0, 0, µ)T (24)

−V (Σ,H) = (25)

m2
H = |(MP − M)H|2 = M2diag(4, 4, 4, 0, 0) H†H. (26)

where

ai
1(x) = ai

2(x) = 5 × 5 complex matrix (27)

ai
3(x) = real function (28)

ai
1
′(x) = ai

1(x)G−1
1 (x) ⇒ A(x, 1)′ + d = G1[A(x, 1) + d]G−1

1 . (29)

A(x, n) =
∑
i

ai †
n (x)dai

n(x), d = d + dχ,

A(x, n) =
∑
i

ai †
n (x)dai

n(x), Hnm(x) =
∑
i

ai †
n (x)Mnmai

m(x).

A(x, n) =
∑
i

a†i (x, n)dai(x, n)

A(x, n) =
∑
i

a†i (x, n)dai(x, n)

Hnm(x) =
∑
i

a†i (x, n)Mnmai(x,m)

ai(x,−y) = Pai(x, y)P (30)

3

振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 15/03/SCGT

d = d + dχ = d +
∑

n̸=m

dχm , (2)

n,m = 1, 2, 3.

n,m = 1 − N.

An ≡
∑

i

ai †
n dai

n ≡ A(x, n) +
∑

m̸=n

Φnm(x)χm. (3)

Fn = Fn µνdxµ ∧ dxν +
∑

m̸=n

DµHnm dxµ ∧ χm +
∑

m̸=n,l ̸=m

(HnmHml − X ′
nml)χm ∧ χl,

(4)

where

Fn µν =
1
2

(∂µAn ν − ∂νAn µ + [An µ, An µ]) (5)

DµHnm = ∂µHnm + An µHnm − HnmAm µ, (6)

X ′
nml =

∑

i

ai †
n MnmMmla

i
l. (7)

n = 1 − 3.

If X ′
nml = f(Hnm), χm ∧ χl terms are treated as Higgs interactions.

If not, X ′
nml is an auxiliary field, and eliminated by ∂L/∂X ′

nml = 0.
If elemental,

X ′
nml = MnmMml (8)

例

X ′
123 =

∑

i

ai†
1 M12M23a

i
3 =

∑

i

ai†
1 Σ0H0a

i
3 = −3M(H(x) + H0). (9)

1
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To fix the final form of the lagrangian (27) it is now necessary to investigate 
which are independent of Higgs and which are dependent. Here we 
only quote dependent which should be retained in the lagrangian. 

Xb(x)=X:b(x) 

t(x, 1)M12M21a;(x, 1) 
i 

= tr275- M(.S +.So), 

Xs13(x) = Xs23(x) 

3)M31M13a;(x, 3) 
i 

=Ji' 

X{23(x)=Xz1lx) 

t(x, 1)M12M23a;(x, 3) 
i 

t(x, 1)3MHoa;(x, 3) 
i 

=-3M(H+Ho), 

Xs12(x)=Xs21(x) 

3)M31M12a;(x, 2) 
i 

=- 3)3Hot Ma;(x, 3) 
i 

=-3(H+Ho)tM. (33) 

Other are auxiliary fields independent of Higgs, corresponding to Pnm(x) and 
Qnmz(x) being to be deleted as a whole in Eq. (27). Substituting these results into 
Eq. (27) for N =3 we find that 

1 a2 

..fYMH=- 492 trFJv(x)F"v(x)+ 292 tr(Dp(.S(x)+ 27o))f(D11(27(x)+ .So)) 

+( + ::2 Ho)) 

2p2 2p2 
- Hoi2-Jii2- i(.S(x)+ 27o+3M)(H(x)+ Ho)l2 (34) 

with Av(x)]. Here we have assumed the 
symmetry g12=gl=-g2 and a12=a22=-a2, put 932=g'2, a32=fi2 and the covariant deriva-
tive DP for .S(x)+.So and H(x)+ Ho is defined as usual for the adjoint and fundamental 
representations, respectively. 
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Higgs	  potenWal	

振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 15/03/SCGT

⟨χ1,2,χ1,2⟩ = −α2 (2)

⟨χ3,χ3⟩ = −β2 (3)

(4)

d = d + dχ = d +
∑

n̸=m

dχm , (5)

n,m = 1, 2, 3.

n,m = 1 − N.

An ≡
∑

i

ai †
n dai

n ≡ A(x, n) +
∑

m̸=n

Φnm(x)χm. (6)

Fn = Fn µνdxµ ∧ dxν +
∑

m̸=n

DµHnm dxµ ∧ χm +
∑

m̸=n,l ̸=m

(HnmHml − X ′
nml)χm ∧ χl,

(7)

where

Fn µν =
1
2

(∂µAn ν − ∂νAn µ + [An µ, An µ]) (8)

DµHnm = ∂µHnm + An µHnm − HnmAm µ, (9)

X ′
nml =

∑

i

ai †
n MnmMmla

i
l. (10)

n = 1 − 3.

If X ′
nml = f(Hnm), χm ∧ χl terms are treated as Higgs interactions.

If not, X ′
nml is an auxiliary field, and eliminated by ∂L/∂X ′

nml = 0.

1

	  (2-‐3	  splipng	  is	  not	  solved)	  	



SU(5)	  GUT	 Chamseddine,	  G.	  Felder	  and	  J.	  Frohlich,	  ph/9209224,	  	  
K.	  Morita	  and	  Y.	  Okumura,	  Prog.Theor.Phys.	  91	  (1994)	  975	  

in Eq. (1) defines the gauge and Higgs fields as follows,

A(x, n) =
∑

i

a†idai(x, n), (2)

Φnm(x) =
∑

i

a†i (x, n)[Mnmai(x,m)− ai(x, n)Mnm] (n ̸= m). (3)

Afterwards, we use a notationA(x, n) = An, A(x, n) = An, and ai(x, n) = ain as shortened
forms. As in [13–15], we impose the following Hermitian condition

∑

i

ai †n ain = 1, ⇒ A†
n = −An, (

∑

m̸=n

Φnmχm)
† = −

∑

m̸=n

Φmnχn. (4)

From Eq. (4) we assume Φ†
nm = Φmn and χ†

m = −χm. For the later convenience, the
back-shifted Higgs field

Hnm ≡ Φnm +Mnm =
∑

i

ai †n Mnma
i
m, (5)

is also introduced.
The field strength two-form is defined as follows

Fn = dAn +An ∧An, (6)

where
dAn =

∑

i

dai †n ∧ dain, (7)

because of d2 = 0. After some calculation, the explicit form of the Fn contains the
following three pieces:

Fn = Fnµνdx
µ ∧ dxν +

∑

m̸=n

DµHnm dxµ ∧ χm +
∑

m̸=n,l ̸=m

(HnmHml −X ′
nml)χm ∧ χl, (8)

where

Fnµν =
1

2
(∂µAn ν − ∂νAnµ + [Anµ, Anµ]) (9)

DµHnm = ∂µHnm + AnµHnm −HnmAmµ, (10)

X ′
nml =

∑

i

ai †n MnmMmla
i
l. (11)

It contains the gauge boson, Higgs boson, and the new field X ′
nml(x). The treatment of

X ′
nml is decided by whether X ′

nml is dependent function of Higgs fields Hnm or not. If X ′
nml

can be written as a some function of the Higgs fields X ′
nml = f(Hnm), X ′

nml is treated as
a Higgs interaction terms. If not, X ′

nml is regarded as a auxiliary field that does not have

3

in Eq. (1) defines the gauge and Higgs fields as follows,

A(x, n) =
∑

i

a†idai(x, n), (2)

Φnm(x) =
∑

i

a†i (x, n)[Mnmai(x,m)− ai(x, n)Mnm] (n ̸= m). (3)

Afterwards, we use a notationA(x, n) = An, A(x, n) = An, and ai(x, n) = ain as shortened
forms. As in [13–15], we impose the following Hermitian condition

∑

i

ai †n ain = 1, ⇒ A†
n = −An, (

∑

m̸=n

Φnmχm)
† = −

∑

m̸=n

Φmnχn. (4)

From Eq. (4) we assume Φ†
nm = Φmn and χ†

m = −χm. For the later convenience, the
back-shifted Higgs field

Hnm ≡ Φnm +Mnm =
∑

i

ai †n Mnma
i
m, (5)

is also introduced.
The field strength two-form is defined as follows

Fn = dAn +An ∧An, (6)

where
dAn =

∑

i

dai †n ∧ dain, (7)

because of d2 = 0. After some calculation, the explicit form of the Fn contains the
following three pieces:

Fn = Fnµνdx
µ ∧ dxν +

∑

m̸=n

DµHnm dxµ ∧ χm +
∑

m̸=n,l ̸=m

(HnmHml −X ′
nml)χm ∧ χl, (8)

where

Fnµν =
1

2
(∂µAn ν − ∂νAnµ + [Anµ, Anµ]) (9)

DµHnm = ∂µHnm + AnµHnm −HnmAmµ, (10)

X ′
nml =

∑

i

ai †n MnmMmla
i
l. (11)

It contains the gauge boson, Higgs boson, and the new field X ′
nml(x). The treatment of

X ′
nml is decided by whether X ′

nml is dependent function of Higgs fields Hnm or not. If X ′
nml

can be written as a some function of the Higgs fields X ′
nml = f(Hnm), X ′

nml is treated as
a Higgs interaction terms. If not, X ′

nml is regarded as a auxiliary field that does not have

3

•  curvature	

2	  vevs	  (chosen	  by	  hand)	

where P = diag(2, 2, 2,−3,−3).
ai

1 ai †
1 ai

2 ai †
2 ai

3 ai †
3

where

ai
1(x) = Pai

2(x)P = 5 × 5 complex matrix (22)

ai
3(x) = real function (23)

with P = diag(−,−,−, +,+).

M12 = Σ0 = Mdiag(2, 2, 2,−3,−3) M13 = M23 = H0 = (0, 0, 0, 0, µ)T

Σ0 = Mdiag(1, 1, 1, 1, 1) H0 = (0, 0, 0, 0, µ)T (24)

−V (Σ,H) = (25)

m2
H = |(MP − M)H|2 = M2diag(4, 4, 4, 0, 0) H†H. (26)

where

ai
1(x) = ai

2(x) = 5 × 5 complex matrix (27)

ai
3(x) = real function (28)

ai
1
′(x) = ai

1(x)G−1
1 (x) ⇒ A(x, 1)′ + d = G1[A(x, 1) + d]G−1

1 . (29)

A(x, n) =
∑
i

ai †
n (x)dai

n(x), d = d + dχ,

A(x, n) =
∑
i

ai †
n (x)dai

n(x), Hnm(x) =
∑
i

ai †
n (x)Mnmai

m(x).

A(x, n) =
∑
i

a†i (x, n)dai(x, n)

A(x, n) =
∑
i

a†i (x, n)dai(x, n)

Hnm(x) =
∑
i

a†i (x, n)Mnmai(x,m)

ai(x,−y) = Pai(x, y)P (30)

3

振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 15/03/SCGT

d = d + dχ = d +
∑

n̸=m

dχm , (2)

n,m = 1, 2, 3.

n,m = 1 − N.

An ≡
∑

i

ai †
n dai

n ≡ A(x, n) +
∑

m̸=n

Φnm(x)χm. (3)

Fn = Fn µνdxµ ∧ dxν +
∑

m̸=n

DµHnm dxµ ∧ χm +
∑

m̸=n,l ̸=m

(HnmHml − X ′
nml)χm ∧ χl,

(4)

where

Fn µν =
1
2

(∂µAn ν − ∂νAn µ + [An µ, An µ]) (5)

DµHnm = ∂µHnm + An µHnm − HnmAm µ, (6)

X ′
nml =

∑

i

ai †
n MnmMmla

i
l. (7)

n = 1 − 3.

If X ′
nml = f(Hnm), χm ∧ χl terms are treated as Higgs interactions.

If not, X ′
nml is an auxiliary field, and eliminated by ∂L/∂X ′

nml = 0.
If elemental,

X ′
nml = MnmMml (8)

例

X ′
123 =

∑

i

ai†
1 M12M23a

i
3 =

∑

i

ai†
1 Σ0H0a

i
3 = −3M(H(x) + H0). (9)

1

Gauge Theory on Discrete Space M4 X ZN 985 

To fix the final form of the lagrangian (27) it is now necessary to investigate 
which are independent of Higgs and which are dependent. Here we 
only quote dependent which should be retained in the lagrangian. 

Xb(x)=X:b(x) 

t(x, 1)M12M21a;(x, 1) 
i 

= tr275- M(.S +.So), 

Xs13(x) = Xs23(x) 

3)M31M13a;(x, 3) 
i 

=Ji' 

X{23(x)=Xz1lx) 

t(x, 1)M12M23a;(x, 3) 
i 

t(x, 1)3MHoa;(x, 3) 
i 

=-3M(H+Ho), 

Xs12(x)=Xs21(x) 

3)M31M12a;(x, 2) 
i 

=- 3)3Hot Ma;(x, 3) 
i 

=-3(H+Ho)tM. (33) 

Other are auxiliary fields independent of Higgs, corresponding to Pnm(x) and 
Qnmz(x) being to be deleted as a whole in Eq. (27). Substituting these results into 
Eq. (27) for N =3 we find that 

1 a2 

..fYMH=- 492 trFJv(x)F"v(x)+ 292 tr(Dp(.S(x)+ 27o))f(D11(27(x)+ .So)) 

+( + ::2 Ho)) 

2p2 2p2 
- Hoi2-Jii2- i(.S(x)+ 27o+3M)(H(x)+ Ho)l2 (34) 

with Av(x)]. Here we have assumed the 
symmetry g12=gl=-g2 and a12=a22=-a2, put 932=g'2, a32=fi2 and the covariant deriva-
tive DP for .S(x)+.So and H(x)+ Ho is defined as usual for the adjoint and fundamental 
representations, respectively. 
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Higgs	  potenWal	

振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 15/03/SCGT

⟨χ1,2,χ1,2⟩ = −α2 (2)

⟨χ3,χ3⟩ = −β2 (3)

(4)

d = d + dχ = d +
∑

n̸=m

dχm , (5)

n,m = 1, 2, 3.

n,m = 1 − N.

An ≡
∑

i

ai †
n dai

n ≡ A(x, n) +
∑

m̸=n

Φnm(x)χm. (6)

Fn = Fn µνdxµ ∧ dxν +
∑

m̸=n

DµHnm dxµ ∧ χm +
∑

m̸=n,l ̸=m

(HnmHml − X ′
nml)χm ∧ χl,

(7)

where

Fn µν =
1
2

(∂µAn ν − ∂νAn µ + [An µ, An µ]) (8)

DµHnm = ∂µHnm + An µHnm − HnmAm µ, (9)

X ′
nml =

∑

i

ai †
n MnmMmla

i
l. (10)

n = 1 − 3.

If X ′
nml = f(Hnm), χm ∧ χl terms are treated as Higgs interactions.

If not, X ′
nml is an auxiliary field, and eliminated by ∂L/∂X ′

nml = 0.

1

	  (2-‐3	  splipng	  is	  not	  solved)	  	

Composite	  scheme	  is	  necessary	  for	  successful	  GUT.	  

(If	  H&Aμ	  are	  elemental,	  X’nml = MnmMml	  .)	



SU(5)	  GUT	

•  SU(5) : M4×Z3 	

•  Gauge	  and	  Higgs	  bosons	  are	  	  
	  	  	  	  treated	  as	  “composites”	  

Chamseddine,	  G.	  Felder	  and	  J.	  Frohlich,	  ph/9209224,	  	  
K.	  Morita	  and	  Y.	  Okumura,	  Prog.Theor.Phys.	  91	  (1994)	  975	  

where	

Gauge	  trf.	

Adj	  Σ	
Fund	  H	

Fund	  H†	

Aμ1	


Aμ2 	


=
	 0	




SU(5)	  Orbifold	  GUT	

•  SU(5) : M4×Z3 	

•  Gauge	  and	  Higgs	  bosons	  are	  	  
	  	  	  	  treated	  as	  “composites”	  

MJSY,	  1501.03888	  	  

where	

Gauge	  trf.	

Adj	  Σ	
Fund	  H	

Fund	  H†	

Aμ1	


Aμ2 	


=
	 0	




SU(5)	  Orbifold	  GUT	

•  SU(5) : M4×Z3 	

•  Gauge	  and	  Higgs	  bosons	  are	  	  
	  	  	  	  treated	  as	  “composites”	  

MJSY,	  1501.03888	  	  

where	

Gauge	  trf.	

Adj	  Σ	
Fund	  H	

Fund	  H†	

Aμ1	


Aμ2 	


=
	 0	




SU(5)	  Orbifold	  GUT	

•  SU(5) : M4×Z3 	

•  Gauge	  and	  Higgs	  bosons	  are	  	  
	  	  	  	  treated	  as	  “composites”	  

MJSY,	  1501.03888	  	  

where	

Gauge	  trf.	

Adj	  Σ	
Fund	  H	

Fund	  PH†	

Aμ1	


P Aμ1 P	


=
	 0	




SU(5)	  Orbifold	  GUT	

•  SU(5) : M4×Z3 	


MJSY,	  1501.03888	  	  

Adj	  Σ	
Fund	  H	

Fund	  PH†	

Aμ1	


P Aμ1 P	


=
	 0	




SU(5)	  Orbifold	  GUT	

•  SU(5) : M4×Z3 	


MJSY,	  1501.03888	  	  

2	  vevs	  (chosen	  by	  hand)	

Adj	  Σ	
Fund	  H	

Fund	  PH†	

Aμ1	


P Aμ1 P	


=
	 0	




SU(5)	  Orbifold	  GUT	

•  SU(5) : M4×Z3 	


MJSY,	  1501.03888	  	  

2	  vevs	  (chosen	  by	  hand)	

Higgs	  potenWal	

Adj	  Σ	
Fund	  H	

Fund	  PH†	

Aμ1	


P Aμ1 P	


=
	 0	




SU(5)	  Orbifold	  GUT	

•  SU(5) : M4×Z3 	


MJSY,	  1501.03888	  	  

Adj	  Σ	
Fund	  H	

Fund	  PH†	

Aμ1	


P Aμ1 P	


=
	 0	


Higgs	  potenWal	 Higgs-‐Higgs	  interacWons	

2	  vevs	  (chosen	  by	  hand)	



SU(5)	  Orbifold	  GUT	

•  SU(5) : M4×Z3 	


MJSY,	  1501.03888	  	  
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•  Gauge	  and	  Higgs	  bosons	  are	  

treated	  as	  “composites”	

Dependent	  condi4on	

Fermionic	  sector,	  proton	  decay	  	  
⇒	  Future	  work	  …	
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That’s	  all.	  Thank	  you!	





Back	  up	



Auxiliary	  fields	  	

•  The	  curvature	  has	  an	  auxiliary	  fields	  Xnml.	

in Eq. (1) defines the gauge and Higgs fields as follows,

A(x, n) =
∑

i

a†idai(x, n), (2)

Φnm(x) =
∑

i

a†i (x, n)[Mnmai(x,m)− ai(x, n)Mnm] (n ̸= m). (3)

Afterwards, we use a notationA(x, n) = An, A(x, n) = An, and ai(x, n) = ain as shortened
forms. As in [13–15], we impose the following Hermitian condition

∑

i

ai †n ain = 1, ⇒ A†
n = −An, (

∑

m̸=n

Φnmχm)
† = −

∑

m̸=n

Φmnχn. (4)

From Eq. (4) we assume Φ†
nm = Φmn and χ†

m = −χm. For the later convenience, the
back-shifted Higgs field

Hnm ≡ Φnm +Mnm =
∑

i

ai †n Mnma
i
m, (5)

is also introduced.
The field strength two-form is defined as follows

Fn = dAn +An ∧An, (6)

where
dAn =

∑

i

dai †n ∧ dain, (7)

because of d2 = 0. After some calculation, the explicit form of the Fn contains the
following three pieces:

Fn = Fnµνdx
µ ∧ dxν +

∑

m̸=n

DµHnm dxµ ∧ χm +
∑

m̸=n,l ̸=m

(HnmHml −X ′
nml)χm ∧ χl, (8)

where

Fnµν =
1

2
(∂µAn ν − ∂νAnµ + [Anµ, Anµ]) (9)

DµHnm = ∂µHnm + AnµHnm −HnmAmµ, (10)

X ′
nml =

∑

i

ai †n MnmMmla
i
l. (11)

It contains the gauge boson, Higgs boson, and the new field X ′
nml(x). The treatment of

X ′
nml is decided by whether X ′

nml is dependent function of Higgs fields Hnm or not. If X ′
nml

can be written as a some function of the Higgs fields X ′
nml = f(Hnm), X ′

nml is treated as
a Higgs interaction terms. If not, X ′

nml is regarded as a auxiliary field that does not have
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where	

振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 15/03/SCGT

n = 1 − 3.

If X ′
nml = f(Hnm), χm ∧ χl terms are treated as Higgs interactions.

If not, X ′
nml is an auxiliary field, and eliminated by ∂L/∂X ′

nml = 0.
例

X ′
123 =

∑

i

ai†
1 M12M23a

i
3 =

∑

i

ai†
1 Σ0H0a

i
3 = −3M(H(x) + H0). (2)

なので、

H12H23 − X ′
123 = (Σ(x) + Σ0)(H(x) + H0) + 3M(H(x) + H0). (3)

LDirac = Ψ̄iγMDMΨ = (4)
(
l̄L ēR

)
g

(
i(∂µ + AL

µ)γµ µ + h

µ + h† i(∂µ + AR
µ )γµ

)(
lL
eR

)
, (5)

mh =
√

2mW → mh(Y u, Y d, Y e) (6)

⇒ y = gKij , M → M ⊗ Kij (µ + h)Kij , (µ + h†)K†
ij

　

M2Φ†Φ

L =
∑

y=±

1
g2

F ∧ ∗F, A → gA (7)

(∂µ + Aµ)′ = G(x, y)(∂µ + Aµ)G(x, y)−1, (8)

Φ(x, y)′ ≡ (M + yA•)′ = G(x, y)(M + yA•)G(x,−y)−1, (9)

1

振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 15/03/SCGT

n = 1 − 3.

If X ′
nml = f(Hnm), χm ∧ χl terms are treated as Higgs interactions.

If not, X ′
nml is an auxiliary field, and eliminated by ∂L/∂X ′

nml = 0.
例

X ′
123 =

∑

i

ai†
1 M12M23a

i
3 =

∑

i

ai†
1 Σ0H0a

i
3 = −3M(H(x) + H0). (2)

なので、

H12H23 − X ′
123 = (Σ(x) + Σ0)(H(x) + H0) + 3M(H(x) + H0). (3)

LDirac = Ψ̄iγMDMΨ = (4)
(
l̄L ēR
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If	  H&Aμ	  are	  elemental,	



170	  GeV	  →	  126	  GeV,	  1208.1030	
The new field � and the Higgs mass

Spectral action requires a unique unification scale. With ⇤ = 1017GeV, the
running of the Higgs quartic selfcoupling �H under the big desert hypothesis yields

mH ' 170 GeV.

A new scalar field � - that lives at high energy and gives mass to the neutrinos -
has been introduced by phenomenologists† to solve some instability due to the
low mass of the Higgs (radiative corrections may drive �H negative and
destabilize the electroweak vacuum):

V (H, �) =
1

4
(�HH4 + ���4 + 2�H�H2�2).

As a bonus, it pulls mH back to 126 GeV.
Resilience of the spectral SM, Chamseddine, Connes 2012

Is � natural in NCG, or is it just an artifact for solving the model ?

†
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Degrassi, Di Vita, Elias-Miro, Espinosa, Guidice, Isidori and A. Sturmia, Higgs mass and Vacuum Stability in the SM at NNLO, arXiv:1205.6497;
Chian-Shu Chen and Yong Tang, Vacuum Stability, Neutrinos and Dark matter, JHEP 1204 (2012) 019;
Oleg Lebedev, On Stability of the Higgs Potential and the Higgs Portal, JHEP, arXiv:1203.0156.
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Depends	  several	  assump4ons	
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Worries,	  concerns,	  issues	

Less	  discussed	  problems	  
•  Quantum	  correcWons	  
– No	  RGE	  inv.	  mass	  relaWon	  	  
– RGE	  analyses	  mh(μ) = g(μ) λ(μ)	  are	  done.	  

•  QuadraWc	  Divergence	  
–  I	  can’t	  found	  discussion	  about	  this	  problem.	  	  

E.	  Alvarez,	  Jose	  M.	  Gracia-‐Bondia,	  C.P.	  MarWn,	  	  
Phys.Leh.	  B306	  (1993)	  55-‐58	



Turn	  back	  the	  scale	

with tH = log(mH/mZ).
The top quark mass has a considerable effect on the Higgs boson mass through Eq.(3.15). The top

quark mass mtop reported in a review regarding work on the top quark [10] is given as

mtop = 175 ± 6GeV. (3.19)

We investigated the Higgs boson mass by varying the top quark mass in the range of Eq.(3.19). Table 1.
shows the physical Higgs boson mass versus the top quark mass. Compared with the one loop analysis
of the Higgs boson mass in Ref. [8], two loop effects lower the numerical values by around 6GeV because,
for example, mH = 164.01GeV for mtop = 175GeV in the one loop analysis. This difference seems crucial
since a Higgs boson with mass below 160GeV could not decay into W+W− and also experiments designed
to search for the Higgs boson depend greatly upon the present analysis. It should be noted that owing to
the unitarity requirement, mtop cannot exceed 190GeV because λ would become minus at a much higher
value of t in such a case.

It is interesting to investigate the running of the gauge and Higgs quartic coupling constants, because
these coupling constants are unified at a point t0 as shown in Eq.(3.16). FIG. 1 displays the running of
the three coupling constants.

Table 1. Higgs boson mass versus top quark mass.

top quark (GeV) Higgs boson (GeV)
169.34 150.25
170.39 151.50
171.74 153.40
172.68 154.76
173.63 156.12
174.34 157.14
175.04 158.18
176.44 160.24
177.37 161.61
178.29 163.00
179.65 165.07
180.34 166.12
181.02 167.15

0 10 20 30

20

40

60

 α 1–1

 α 2–1

 1/4α H–1

mtop=175.04GeV

t=log( µ/mZ)

Fig. 1: The running of the three coupling constants.

4 Conclusion

In this paper, we have determined the Higgs boson mass by numerically solving the renomalization group
equations with the relation between coupling constants Eq.(3.8). It is introduced in the reconstruction
of the standard model based on our new scheme of NCG [5]. We assumed that Eq.(3.8) holds at a
renormalization point t0. However, this leads to an interesting result that the weak, electromagnetic
and Higgs quartic coupling constants become equal at t0 as shown Fig.1. In the case of ttop = 175.04,
t0 = 26.635 which amounts to µ = 3.37 × 1013GeV.

We obtain 150.25 ≤ mH ≤ 167.15 in the range of top quark mass 169.34 ≤ mtop ≤ 181.02. We hope
that this result will be useful for experiments searching for the Higgs boson.
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An estimation of the Higgs boson mass in the two loop

approximation in a noncommutative differential geometry
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Abstract

In the two loop approximation, a renormalization group analysis of the Higgs boson mass is
performed based on the condition g2 = (5/3)g′2 = 4λ for SU(2)L, U(1)Y gauge and the Higgs
quartic coupling constants, respectively. This condition is introduced in the new scheme of our
noncommutative differential geometry (NCG) for the reconstruction of the standard model. However,
contrary to SU(5) GUT without supersymmetry, the grand unification of coupling constants is not
realized in this scheme. The physical mass of the Higgs boson depends strongly on the top quark
mass mtop through the Yukawa coupling of the top quark in the β functions. The two loop effect
lowers the numerical value calculated within the one loop approximation by several GeV. The Higgs
boson mass varies from 150.25GeV to 167.15GeV corresponding to 169.34GeV ≤ mtop ≤ 181.02GeV.
We find mH = 158.18GeV for mtop = 175.04GeV and mH = 166.12GeV for mtop = 180.34GeV.

1 Introduction

The Higgs mechanism is essential for any spontaneously broken gauge theory. Its presence ensures the
renormalizability of the theory and makes the theory realistic by giving masses to particles, such as gauge
and matter fields, through the vacuum expectation value of the Higgs boson field. The standard model in
particle physics also involves the Higgs mechanism and shows remarkable agreement with existing data.
After the discovery of the top quark in 1994, the only undetected particle in the standard model is the
Higgs boson. Now, studies concerning the Higgs boson search are being conducted in both theoretical
and experimental settings and it is expected that the Higgs boson will be discovered within a decade in
future experiments at Fermi-Lab and CERN.

Many models (most notably, the technicolor model, the Kaluza-Klein model and recently the approach
based on noncommutative differential geometry (NCG) on the discrete) have been constructed for the
purpose of understanding the Higgs mechanism. Among these, the NCG approach, originally proposed
by Connes [1], provides a unified picture of gauge and Higgs fields as a generalized connection on the
principal bundle with the base space M4 × Z

N
. It should be noted that the NCG approach does not

demand any physical modes other than the usual one.
Many versions of the NCG approach have appeared since Connes’s original presentation, and the

standard model has been successfully reconstructed using these approaches. The characteristic feature of
the reconstruction of the gauge theory in the NCG approach is to impose restrictions on the gauge and
the Higgs quartic coupling constants. This is because the gauge and Higgs fields are represented together
as a generalized gauge field. These restrictions yield numerical estimates of the Weinberg angle and mass
relations involving the gauge boson and other particles, such as the Higgs boson and top quark in tree
level. Several works have appeared [6, 7, 8] estimating the quantum effects of these relations by assuming
them to hold at some renormalization point.

The present author has also proposed an unique formulation based on a NCG [3, 5]. Our formulation
using a NCG employs a generalization of the usual differential geometry on an ordinary manifold to the
discrete manifold M4×Z

N
. The reconstruction of SO(10) GUT and the left-right symmetric gauge model
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With	  the	  2-‐loop	  SM	  RGEs,	  	

Perhaps	  M	  〜	  v	  doesn’t	  	  hold?	  
(Connes	  treat	  Λ	  is	  GUT	  scale	  =	  1017	  GeV	  )	  	

•  We	  can	  search	  unificaWon	  scale	  from 	  	  
observed	  parameter	  (gi, mZ,W,t)	  and	  SM	  RGEs	

RenormalizaWon	  Group	  EquaWon	  analysis	
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