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FIG. 1: Quadratically divergent diagrams contributing to the Higgs mass, with the interaction vertices

given by (2). The gauge boson exchanges are computed in Landau gauge: then the seagull diagrams,

with a single W and Z exchange, are the only quadratically divergent one-loop diagrams with gauge

boson exchanges.

by the breaking of the electroweak symmetry, U = exp
�
i⇤aTa/v

⇥
, with covariant derivative DµU ⇥

�µU � igWa
µTaU + ig⇧UBµT3, 2Ta are the Pauli matrices, with a = 1, 2, 3, and V[H] is the TC Higgs

potential. �S is the contribution to the S parameter from the physics at the cuto⇤ scale, and is

assumed to vanish in the M⌅ ⌅ ⌃ limit. The interactions contributing to the Higgs self-energy

are

LH ⇤
2 m2

W r⇤
v

H W+
µ W�µ +

m2
Z r⇤
v

H Zµ Zµ � mt rt

v
H t̄ t

+
m2

W s⇤
v2 H2 W+

µ W�µ +
m2

Z s⇤
2 v2 H2 Zµ Zµ . (2)

The tree-level SM is recovered for

r⇤ = s⇤ = rt = rb = 1 . (3)

We divide the radiative corrections to the TC Higgs mass into two classes: external contributions,

corresponding to loop corrections involving elementary SM fields, and TC contributions, corre-

sponding to loop corrections involving TC composites only. The latter contribute to the dynamical

mass M0
H, whose size will be estimated in the next section by non-perturbative analysis. In order

to isolate the SM contributions we work in Landau gauge. Here transversely polarized gauge

boson propagators correspond to elementary fields, and massless Goldstone boson propagators

correspond to TC composites. The only SM contributions to the TC Higgs mass which are quadrat-

ically divergent in the cuto⇤ come from the diagrams of Fig. 1. Retaining only the quadratically

divergent terms leads to a physical mass MH given by

M2
H = (M0

H)2 +
3(4⇤�F⇥)2

16⇤2v2

⇧
    ⌥�4r2

t m2
t + 2s⇤

⇤
����↵m2

W +
m2

Z
2

⌅
�����

⌃
⌦⌦⌦⌦� + �M2

H
(4⇤�F⇥) , (4)

where �M2
H

(4⇤�F⇥) is the scale-dependent counterterm and � is a order unity number. To be able

to provide a physical estimate we assume that the counterterm is negligible at the scale 4⇤�F⇥,
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where F� is the TC pion decay constant and ⇥ scales like 1/
�

d(RTC) if the cuto⇥ is identified

with the technirho mass, or is a constant if the cuto⇥ is of the order of 4⇤F�. Provided rt is also

of order one, the dominant radiative correction is due to the top quark. For instance, if F� = v,

which is appropriate for a TC theory with one weak technidoublet, then �M2
H ⌅ �12⇥2r2

t m2
t ⌅

�⇥2r2
t (600 GeV)2. This demonstrates that the dynamical mass of the TC Higgs can be substantially

heavier than the physical mass, MH ⇧ 125 GeV.

III. THE DYNAMICAL MASS OF THE TC HIGGS

In QCD the lightest scalar is the ⌅meson (also termed f0(500) in PDG), with a measured mass

between 400 and 550 MeV [23] in agreement with early determinations [11]. Scaling up two-flavor

QCD yields a TC Higgs dynamical mass in the 1.0 TeV � M0
H � 1.4 TeV range. This estimate

changes when considering TC theories which are not an exact replica of two-flavor QCD. Here we

determine the geometric scaling of the TC Higgs dynamical mass, i.e. the value of M0
H as function of

the TC matter representation d(RTC), NTC and the number of techniflavors NTF for a given SU(NTC)

gauge theory. For a generalization to di⇥erent gauge groups see [24, 25]. We then discuss possible

e⇥ects of walking dynamics on M0
H, which are not automatically included in the geometric scaling.

Taking into account the SM induced radiative corrections discussed in Sec. II, we argue that TC can

accommodate a TC Higgs with a physical mass of 125 GeV, with or without e⇥ects from walking.

A. Geometric Scaling of the TC Higgs mass

We will consider at most two-index representations for TC matter, since at large NTC even

higher representations loose quickly asymptotic freedom [26]. The relevant scaling rules are:

F2
� ⌅ d(RTC) m2

TC , v2 = NTD F2
� , (5)

where F� is the technipion decay constant, mTC is the dynamically generated constituent techni-

quark mass, and NTD = N⇥TF/2, where N⇥TF is the actual number of techniflavors arranged in weak

doublets and therefore N⇥TF ⇤ NTF. v = 246 GeV is the electroweak vacuum expectation value and

will be kept fix in the following.

The squared mass of any large NTC leading technimeson scales like:

(M0
H)2 =

3
d(RTC)

1
NTD

v2

f 2
⇤

m2
⌅ . (6)
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There is no doubt that the SM is incomplete since we cannot even account for a number
of basic observations:

• Neutrino physics: Only recently it has been possible to have some definite an-
swers about properties of neutrinos. We now know that they have a tiny mass,
which can be naturally accommodated in extensions of the SM, featuring for ex-
ample a see-saw mechanism. We do not yet know if the neutrinos have a Dirac
or a Majorana nature.

• Origin of bright and dark mass: Leptons, quarks and the gauge bosons medi-
ating the weak interactions possess a rest mass. Within the SM this mass can be
accounted for by the Higgs mechanism, which constitutes the electroweak sym-
metry breaking sector of the SM. However, the associated Higgs particle has not
yet been discovered. Besides, the SM cannot account for the observed large frac-
tion of dark mass of the universe. What is interesting is that in the universe the
dark matter is about five times more abundant than the known baryonic matter,
i.e. bright matter. We do not know why the ratio of dark to bright matter is of
order unity.

• Matter-antimatter asymmetry: From our everyday experience we know that
there is very little bright antimatter in the universe. The SM fails to predict the
observed excess of matter.

These arguments do not imply that the SM is necessarily incorrect, but it must be
extended to answer any of the questions raised above. The truth is that we do not have
an answer to the basic question: What lies beneath the SM?

A number of possible generalizations have been conceived (see [2, 3, 4, 5, 6, 7] for
reviews). Such extensions are introduced on the base of one or more guiding principles
or prejudices. Two technical reviews are [8, 9].

In the models we will consider here the electroweak symmetry breaks via a fermion
bilinear condensate. The Higgs sector of the SM becomes an e�ective description of a
more fundamental fermionic theory. This is similar to the Ginzburg-Landau theory of
superconductivity. If the force underlying the fermion condensate driving electroweak
symmetry breaking is due to a strongly interacting gauge theory these models are
termed Technicolor (TC).

TC, in brief, is an additional non-abelian and strongly interacting gauge theory
augmented with (techni)fermions transforming under a given representation of the
gauge group. The Higgs Lagrangian is replaced by a suitable new fermion sector
interacting strongly via a new gauge interaction (technicolor). Schematically:

LHiggs ⇤ �
1
4

Fµ⇤Fµ⇤ + iQ̄�µDµQ + . . . , (1.14)

where, to be as general as possible, we have left unspecified the underlying nonabelian
gauge group and the associated technifermion (Q) representation. The dots represent

9

quarks and leptons without introducing Flavor Changing Neutral Currents (FCNC)s
at the tree level. The Higgs sector of the SM possesses, when the gauge couplings are
switched o�, an SU(2)L ⇤ SU(2)R symmetry. The full symmetry group can be made
explicit when re-writing the Higgs doublet field

H =
1⌦
2

⇤
⇤2 + i⇤1
⌅ � i⇤3

⌅
(1.1)

as the right column of the following two by two matrix:

1⌦
2

�
⌅ + i⌦⇧ · ⌦⇤⇥ ⇧M . (1.2)

The first column can be identified with the column vector i⇧2H⌅ while the second with
H. ⇧2 is the second Pauli matrix. The SU(2)L⇤SU(2)R group acts linearly on M according
to:

M⌃ gLMg†R and gL/R � SU(2)L/R . (1.3)

One can verify that:

M
�
1 � ⇧3⇥

2
= (0 , H) . M

�
1 + ⇧3⇥

2
= (i ⇧2H⌅ , 0) . (1.4)

The SU(2)L symmetry is gauged by introducing the weak gauge bosons Wa with a =
1, 2, 3. The hypercharge generator is taken to be the third generator of SU(2)R. The
ordinary covariant derivative acting on the Higgs, in the present notation, is:

DµM =  µM � i g WµM + i g⌥M Bµ , with Wµ =Wa
µ
⇧a

2
, Bµ = Bµ

⇧3

2
. (1.5)

The Higgs Lagrangian is

L =
1
2

Tr
⇧
DµM†DµM

⌃
�

m2
M

2
Tr
⇧
M†M

⌃
� �

4
Tr
⇧
M†M

⌃2
. (1.6)

At this point one assumes that the mass squared of the Higgs field is negative and this
leads to the electroweak symmetry breaking. Except for the Higgs mass term the other
SM operators have dimensionless couplings meaning that the natural scale for the SM
is encoded in the Higgs mass1. We recall that the Higgs Lagrangian has a familiar
form since it is identical to the linear ⌅ Lagrangian which was introduced long ago to
describe chiral symmetry breaking in QCD with two light flavors.

1The mass of the proton is due mainly to strong interactions, however its value cannot be determined
within QCD since the associated renormalization group invariant scale must be fixed to an hadronic
observable.

5

quarks and leptons without introducing Flavor Changing Neutral Currents (FCNC)s
at the tree level. The Higgs sector of the SM possesses, when the gauge couplings are
switched o�, an SU(2)L ⇤ SU(2)R symmetry. The full symmetry group can be made
explicit when re-writing the Higgs doublet field

H =
1⌦
2

⇤
⇤2 + i⇤1
⌅ � i⇤3

⌅
(1.1)

as the right column of the following two by two matrix:

1⌦
2

�
⌅ + i⌦⇧ · ⌦⇤⇥ ⇧M . (1.2)

The first column can be identified with the column vector i⇧2H⌅ while the second with
H. ⇧2 is the second Pauli matrix. The SU(2)L⇤SU(2)R group acts linearly on M according
to:

M⌃ gLMg†R and gL/R � SU(2)L/R . (1.3)

One can verify that:

M
�
1 � ⇧3⇥

2
= (0 , H) . M

�
1 + ⇧3⇥

2
= (i ⇧2H⌅ , 0) . (1.4)

The SU(2)L symmetry is gauged by introducing the weak gauge bosons Wa with a =
1, 2, 3. The hypercharge generator is taken to be the third generator of SU(2)R. The
ordinary covariant derivative acting on the Higgs, in the present notation, is:

DµM =  µM � i g WµM + i g⌥M Bµ , with Wµ =Wa
µ
⇧a

2
, Bµ = Bµ

⇧3

2
. (1.5)

The Higgs Lagrangian is

L =
1
2

Tr
⇧
DµM†DµM

⌃
�

m2
M

2
Tr
⇧
M†M

⌃
� �

4
Tr
⇧
M†M

⌃2
. (1.6)

At this point one assumes that the mass squared of the Higgs field is negative and this
leads to the electroweak symmetry breaking. Except for the Higgs mass term the other
SM operators have dimensionless couplings meaning that the natural scale for the SM
is encoded in the Higgs mass1. We recall that the Higgs Lagrangian has a familiar
form since it is identical to the linear ⌅ Lagrangian which was introduced long ago to
describe chiral symmetry breaking in QCD with two light flavors.

1The mass of the proton is due mainly to strong interactions, however its value cannot be determined
within QCD since the associated renormalization group invariant scale must be fixed to an hadronic
observable.

5

quarks and leptons without introducing Flavor Changing Neutral Currents (FCNC)s
at the tree level. The Higgs sector of the SM possesses, when the gauge couplings are
switched o�, an SU(2)L ⇤ SU(2)R symmetry. The full symmetry group can be made
explicit when re-writing the Higgs doublet field

H =
1⌦
2

⇤
⇤2 + i⇤1
⌅ � i⇤3

⌅
(1.1)

as the right column of the following two by two matrix:

1⌦
2

�
⌅ + i⌦⇧ · ⌦⇤⇥ ⇧M . (1.2)

The first column can be identified with the column vector i⇧2H⌅ while the second with
H. ⇧2 is the second Pauli matrix. The SU(2)L⇤SU(2)R group acts linearly on M according
to:

M⌃ gLMg†R and gL/R � SU(2)L/R . (1.3)

One can verify that:

M
�
1 � ⇧3⇥

2
= (0 , H) . M

�
1 + ⇧3⇥

2
= (i ⇧2H⌅ , 0) . (1.4)

The SU(2)L symmetry is gauged by introducing the weak gauge bosons Wa with a =
1, 2, 3. The hypercharge generator is taken to be the third generator of SU(2)R. The
ordinary covariant derivative acting on the Higgs, in the present notation, is:

DµM =  µM � i g WµM + i g⌥M Bµ , with Wµ =Wa
µ
⇧a

2
, Bµ = Bµ

⇧3

2
. (1.5)

The Higgs Lagrangian is

L =
1
2

Tr
⇧
DµM†DµM

⌃
�

m2
M

2
Tr
⇧
M†M

⌃
� �

4
Tr
⇧
M†M

⌃2
. (1.6)

At this point one assumes that the mass squared of the Higgs field is negative and this
leads to the electroweak symmetry breaking. Except for the Higgs mass term the other
SM operators have dimensionless couplings meaning that the natural scale for the SM
is encoded in the Higgs mass1. We recall that the Higgs Lagrangian has a familiar
form since it is identical to the linear ⌅ Lagrangian which was introduced long ago to
describe chiral symmetry breaking in QCD with two light flavors.

1The mass of the proton is due mainly to strong interactions, however its value cannot be determined
within QCD since the associated renormalization group invariant scale must be fixed to an hadronic
observable.
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Probing technicolor theories with staggered fermions Kieran Holland

Figure 1: The conformal window for SU(N) gauge theories with Nf techniquarks in various representations,

from [3]. The shaded regions are the windows, for fundamental (gray), 2-index antisymmetric (blue), 2-index

symmetric (red) and adjoint (green) representations.

1. Introduction

The LHC will probe the mechanism of electroweak symmetry breaking. A very attractive

alternative to the standard Higgs mechanism, with fundamental scalars, involves new strongly-

interacting gauge theories, known as technicolor [1, 2]. Such models avoid difficulties of theories

with scalars, such as triviality and fine-tuning. Chiral symmetry must be spontaneously broken in

a technicolor theory, to provide the technipions which generate the W± and Z masses and break

electroweak symmetry. Although this duplication of QCD is appealing, precise electroweak mea-

surements have made it difficult to find a viable candidate theory. It is also necessary to enlarge the

theory (extended technicolor) to generate quark masses, without generating large flavor-changing

neutral currents, which is challenging.

Technicolor theories have lately enjoyed a resurgence, due to the exploration of various tech-

niquark representations [3]. Feasible candidates have fewer new flavors, reducing tension with

electroweak constraints. If a theory is almost conformal, it is possible this generates additional

energy scales, which could help in building the extended technicolor sector. There are estimates

of which theories are conformal for various representations, shown in Fig. 1. For SU(N) gauge

theory, if the number of techniquark flavors is less than some critical number, conformal and chiral

symmetries are broken and the theory is QCD-like. For future model-building, it is crucial to go be-

yond these estimates and determine precisely where the conformal windows are. There have been

a number of recent lattice simulations of technicolor theories, attempting to locate the conformal

windows for various representations [4, 5, 6, 7, 8].

2. Dirac eigenvalues and chiral symmetry

The connection between the eigenvalues ! of the Dirac operator and chiral symmetry breaking
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I add a remark concerning the model of Hanhart, Peláez and Ríos [32], who apply
the inverse amplitude method to improve the one loop approximation to the chiral
perturbation series of SU(2)×SU(2). In the original formulation of the model, the chiral
expansion t00(s) = t2(s)+t4(s)+ . . . is unitarized with t00(s) = t2(s)/{1−t4(s)/t2(s)}, but
this recipe fails in the vicinity of the Adler zero, because the term t4(s) does not vanish
there. The deficiency is readily cured. It suffices to replace the IAM formula with

t00(s) =
t̃2(s)

1− t̃4(s)/t̃2(s)
, t̃2(s) = t2(s)− t2(sA4) , t̃4(s) = t4(s)+ t2(sA4) , (6)

where sA4 is the position of the Adler zero in one loop approximation. Since t2(sA4)
represents a term of O(p4), the chiral expansion of (6) reproduces the one loop approx-
imation of χPT, also in the vicinity of the Adler zero. A similar recipe is used in [32].
The model exclusively involves the coupling constants Fπ ,!1, . . . ,!4 of the effective

Lagrangian. As discussed above, !3 and !4 are known quite well; !1 and !2 can be
determined on phenomenological grounds [11]. The result for the phase shift obtained
by inserting the numerical values in the above formula is indicated on the right panel of
Fig. 4. This shows that the model yields a decent approximation only below 500 MeV.
The parametrization used by Hanhart eta al. [32] is better, because these authors treat the
coupling constants !1 and !2 as free parameters. This extends the range of energies where
the IAM parametrization makes sense, but since the model does not account for the sharp
increase in the phase towardsKK̄ threshold, it can at best give a semi-quantitative picture
of the σ . For the parameter values adopted in [32], the zero of the denominator in (6)
occurs at 444(6) - i 218(10) MeV: the mass is OK, but the width is too low by 100 MeV.
Inserting the observed values of !1 and !2, the zero moves to 413(12) - i 269(12) MeV:
now the width is OK, but the mass is too low.
ad 3. Finally, I turn to the contributions of the third category: higher energies and

other partial waves. Among these, the one from the P-wave, for example, is by no means
negligible, but, as mentioned above, this wave is known very well. In fact, in the vicinity
of the zero of S00(s), the sum of the contributions of this category can be worked out
quite accurately. In [1], we estimated the net uncertainty in the pole position from this
source at ± 4 ± i 6 MeV. As a check, we can simply replace our central representation
for the contributions of category 3 by the one in [30], retaining our own representation
only for the remainder. The operation shifts the pole position by - 0.6 - i 1.2 MeV, well
within the estimated range.

CONCLUSION

Adding the errors up in square, the result for the pole position becomes [1]
√
sσ = 441+16

−8 − i 272+9
−12.5 MeV . (7)

The error bars account for all sources of uncertainty and are an order of magnitude
smaller than for the crude estimate √sσ = (400 - 1200) - i (250 - 500) MeV quoted by
the Particle Data Group [25]. The dispersive representation of the S-matrix element also
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well as for the P-wave. According to figure 2a in [97], the resulting fit yields
δ0
0(sA) ! 87◦. In view of the relatively large errors attached to the phase shift

in [96], this result must come with a sizable uncertainty and may thus not
be inconsistent with the range obtained in [80], but it is on the high side.
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Figure 9: Behaviour of δ0
0 below KK̄ threshold

The parametrizations of Kamiński, Peláez and Ynduráin [88] yield even
higher values: δ0

0(sA) = 90.7◦ ± 0.7 (A), δ0
0(sA) = 90.5◦ ± 0.7 (B). In view of

the remarkably small error, these results disagree with those obtained from
δ1
1(sA) − δ0

0(sA) [80] or from a Roy equation fit to the data of [94]. One of
the reasons for arriving at such a high value is that the authors include the
result for the phase difference δ0

0(M
2
K)− δ2

0(M
2
K) obtained from K → ππ [53]

in their fitting procedure. This pulls the value of δ0
0(sA) up. The response of

the Roy equations to this change in the input value for δ0
0(sA) is an increase in

δ0
0(M

2
K)−δ2

0(M
2
K) of 2◦. The fit obtained in KPYIII yields a somewhat larger

shift: the value for δ0
0(M

2
K) − δ2

0(M
2
K) is 50.9◦ ± 1.2◦, higher than our result

by 3.2◦. The difference is produced by the kink mentioned in the preceding
section, which can also be seen in figure 9. The kink generates a violation
of causality and hence of the Roy equations: while our amplitude or the
one of Kamiński, Leśniak and Loiseau [97] do represent decent approximate
solutions of the Roy equations, the one in KPYIII does not: in the region
between 0.7 and 1 GeV, the difference between input and output for the real
parts of the S-waves is of order 0.1. Quite irrespective of these details, the
increase in the phase difference δ0

0(M
2
K) − δ2

0(M
2
K) produced by an increase
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Fig. 4. This shows that the model yields a decent approximation only below 500 MeV.
The parametrization used by Hanhart eta al. [32] is better, because these authors treat the
coupling constants !1 and !2 as free parameters. This extends the range of energies where
the IAM parametrization makes sense, but since the model does not account for the sharp
increase in the phase towardsKK̄ threshold, it can at best give a semi-quantitative picture
of the σ . For the parameter values adopted in [32], the zero of the denominator in (6)
occurs at 444(6) - i 218(10) MeV: the mass is OK, but the width is too low by 100 MeV.
Inserting the observed values of !1 and !2, the zero moves to 413(12) - i 269(12) MeV:
now the width is OK, but the mass is too low.
ad 3. Finally, I turn to the contributions of the third category: higher energies and

other partial waves. Among these, the one from the P-wave, for example, is by no means
negligible, but, as mentioned above, this wave is known very well. In fact, in the vicinity
of the zero of S00(s), the sum of the contributions of this category can be worked out
quite accurately. In [1], we estimated the net uncertainty in the pole position from this
source at ± 4 ± i 6 MeV. As a check, we can simply replace our central representation
for the contributions of category 3 by the one in [30], retaining our own representation
only for the remainder. The operation shifts the pole position by - 0.6 - i 1.2 MeV, well
within the estimated range.

CONCLUSION

Adding the errors up in square, the result for the pole position becomes [1]
√
sσ = 441+16

−8 − i 272+9
−12.5 MeV . (7)

The error bars account for all sources of uncertainty and are an order of magnitude
smaller than for the crude estimate √sσ = (400 - 1200) - i (250 - 500) MeV quoted by
the Particle Data Group [25]. The dispersive representation of the S-matrix element also
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well as for the P-wave. According to figure 2a in [97], the resulting fit yields
δ0
0(sA) ! 87◦. In view of the relatively large errors attached to the phase shift

in [96], this result must come with a sizable uncertainty and may thus not
be inconsistent with the range obtained in [80], but it is on the high side.
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Figure 9: Behaviour of δ0
0 below KK̄ threshold

The parametrizations of Kamiński, Peláez and Ynduráin [88] yield even
higher values: δ0

0(sA) = 90.7◦ ± 0.7 (A), δ0
0(sA) = 90.5◦ ± 0.7 (B). In view of

the remarkably small error, these results disagree with those obtained from
δ1
1(sA) − δ0

0(sA) [80] or from a Roy equation fit to the data of [94]. One of
the reasons for arriving at such a high value is that the authors include the
result for the phase difference δ0

0(M
2
K)− δ2

0(M
2
K) obtained from K → ππ [53]

in their fitting procedure. This pulls the value of δ0
0(sA) up. The response of

the Roy equations to this change in the input value for δ0
0(sA) is an increase in

δ0
0(M

2
K)−δ2

0(M
2
K) of 2◦. The fit obtained in KPYIII yields a somewhat larger

shift: the value for δ0
0(M

2
K) − δ2

0(M
2
K) is 50.9◦ ± 1.2◦, higher than our result

by 3.2◦. The difference is produced by the kink mentioned in the preceding
section, which can also be seen in figure 9. The kink generates a violation
of causality and hence of the Roy equations: while our amplitude or the
one of Kamiński, Leśniak and Loiseau [97] do represent decent approximate
solutions of the Roy equations, the one in KPYIII does not: in the region
between 0.7 and 1 GeV, the difference between input and output for the real
parts of the S-waves is of order 0.1. Quite irrespective of these details, the
increase in the phase difference δ0

0(M
2
K) − δ2

0(M
2
K) produced by an increase
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broad Mσ ~ 1.5 TeV in old technicolor, based 
on scaled up QCD, hence the tag “Higgs-less”

This is expected to be different in near-
conformal strongly coupled gauge theories

The light 0++ scalar        QCD (aka old TC) 80ies,90ies
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here for future planning is restricted to the single channel problem using scalar correlators
which are built from connected and disconnected loops of fermion propagators [60].
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FIG. 2. The fermion loops were evaluated using stochastic methods with full time dilution and
48 noise vectors on each gauge configuration [60]. The correlator Cconn(t) on the left plot and the
correlator Csinglet = Cconn +Cdisc(t) on the right plot were assembled from the stochastic fermion
propagators. The left side plot shows the mass of the lowest non-singlet scalar (blue exponential
fit). The plot also displays the oscillating pseudo-scalar parity partner (magenta) and the full
correlator (red) fitting the data. On the right side plot, with larger errors in the limited pilot
study, the scalar singlet mass is considerably downshifted (blue exponential) and the presence of a
pseudo-scalar parity partner is not detectable. The conventional � = 6/g2 lattice gauge coupling,
setting the lattice spacing a, is shown in addition to the finite fermion mass am of the simulation.

The staggered lattice fermion formulation is deployed in the pilot study to demonstrate
feasibility with control of ⇥SB and serves as a lower bound for the required resources.
Domain wall fermions would be 10-20 times more demanding. The Symanzik improved
tree level gauge action is used with stout smeared gauge links to minimize lattice cut-o⇥
e⇥ects in the study. A staggered operator which creates a state that lies in the spin-taste
representation �S⇥�T also couples to one lying in the �4�5�S⇥�4�5�T representation. Thus
a staggered meson correlator has the general form

C(t) =
⇤

n

�
Ane

�mn(�S⇥�T)t + (�1)tBne
�mn(�4�5�S⇥�4�5�T)t

⇥

with oscillating contributions from parity partner states. For the scalar meson (�S ⇥ �T =
1⇥1), the parity partner is �4�5⇥�4�5 which corresponds to one of the pseudoscalars in the
analysis. For flavour singlet mesons, the correlator is of the form C(t) = Cconn(t) + Cdisc(t)
where Cconn(t) is the correlator coupled to the non-singlet meson state and Cdisc(t) is the
contribution of disconnected fermion loops in the annihilation diagram. Figure 2 on the
left shows the propagation of the lowest flavor-nonsinglet state together with its oscillating
parity partner, as determined by Cconn(t). The singlet scalar mass, the Higgs particle of
the strongly coupled gauge model, is determined from the flavor singlet correlator C(t)
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staggered correlator
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FIG. 1: Quadratically divergent diagrams contributing to the Higgs mass, with the interaction vertices

given by (2). The gauge boson exchanges are computed in Landau gauge: then the seagull diagrams,

with a single W and Z exchange, are the only quadratically divergent one-loop diagrams with gauge

boson exchanges.

by the breaking of the electroweak symmetry, U = exp
�
i⇥aTa/v

⇥
, with covariant derivative DµU ⇥

⌅µU � igWa
µTaU + ig⇧UBµT3, 2Ta are the Pauli matrices, with a = 1, 2, 3, and V[H] is the TC Higgs

potential. �S is the contribution to the S parameter from the physics at the cuto⇤ scale, and is

assumed to vanish in the M⇤ ⌅ ⌃ limit. The interactions contributing to the Higgs self-energy

are

LH ⇤
2 m2

W r⇥
v

H W+
µ W�µ +

m2
Z r⇥
v

H Zµ Zµ � mt rt

v
H t̄ t

+
m2

W s⇥
v2 H2 W+

µ W�µ +
m2

Z s⇥
2 v2 H2 Zµ Zµ . (2)

The tree-level SM is recovered for

r⇥ = s⇥ = rt = rb = 1 . (3)

We divide the radiative corrections to the TC Higgs mass into two classes: external contributions,

corresponding to loop corrections involving elementary SM fields, and TC contributions, corre-

sponding to loop corrections involving TC composites only. The latter contribute to the dynamical

mass M0
H, whose size will be estimated in the next section by non-perturbative analysis. In order

to isolate the SM contributions we work in Landau gauge. Here transversely polarized gauge

boson propagators correspond to elementary fields, and massless Goldstone boson propagators

correspond to TC composites. The only SM contributions to the TC Higgs mass which are quadrat-

ically divergent in the cuto⇤ come from the diagrams of Fig. 1. Retaining only the quadratically

divergent terms leads to a physical mass MH given by

M2
H = (M0

H)2 +
3(4⇥�F⇥)2

16⇥2v2

⇧
    ⌥�4r2

t m2
t + 2s⇥

⇤
����↵m2

W +
m2

Z
2

⌅
�����

⌃
⌦⌦⌦⌦� + �M2

H
(4⇥�F⇥) , (4)

where �M2
H

(4⇥�F⇥) is the scale-dependent counterterm and � is a order unity number. To be able

to provide a physical estimate we assume that the counterterm is negligible at the scale 4⇥�F⇥,
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where F� is the TC pion decay constant and ⇥ scales like 1/
�

d(RTC) if the cuto⇥ is identified

with the technirho mass, or is a constant if the cuto⇥ is of the order of 4⇤F�. Provided rt is also

of order one, the dominant radiative correction is due to the top quark. For instance, if F� = v,

which is appropriate for a TC theory with one weak technidoublet, then �M2
H ⌅ �12⇥2r2

t m2
t ⌅

�⇥2r2
t (600 GeV)2. This demonstrates that the dynamical mass of the TC Higgs can be substantially

heavier than the physical mass, MH ⇧ 125 GeV.

III. THE DYNAMICAL MASS OF THE TC HIGGS

In QCD the lightest scalar is the ⌅meson (also termed f0(500) in PDG), with a measured mass

between 400 and 550 MeV [23] in agreement with early determinations [11]. Scaling up two-flavor

QCD yields a TC Higgs dynamical mass in the 1.0 TeV � M0
H � 1.4 TeV range. This estimate

changes when considering TC theories which are not an exact replica of two-flavor QCD. Here we

determine the geometric scaling of the TC Higgs dynamical mass, i.e. the value of M0
H as function of

the TC matter representation d(RTC), NTC and the number of techniflavors NTF for a given SU(NTC)

gauge theory. For a generalization to di⇥erent gauge groups see [24, 25]. We then discuss possible

e⇥ects of walking dynamics on M0
H, which are not automatically included in the geometric scaling.

Taking into account the SM induced radiative corrections discussed in Sec. II, we argue that TC can

accommodate a TC Higgs with a physical mass of 125 GeV, with or without e⇥ects from walking.

A. Geometric Scaling of the TC Higgs mass

We will consider at most two-index representations for TC matter, since at large NTC even

higher representations loose quickly asymptotic freedom [26]. The relevant scaling rules are:

F2
� ⌅ d(RTC) m2

TC , v2 = NTD F2
� , (5)

where F� is the technipion decay constant, mTC is the dynamically generated constituent techni-

quark mass, and NTD = N⇥TF/2, where N⇥TF is the actual number of techniflavors arranged in weak

doublets and therefore N⇥TF ⇤ NTF. v = 246 GeV is the electroweak vacuum expectation value and

will be kept fix in the following.

The squared mass of any large NTC leading technimeson scales like:

(M0
H)2 =

3
d(RTC)

1
NTD

v2

f 2
⇤

m2
⌅ . (6)
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where F� is the TC pion decay constant and ⇥ scales like 1/
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d(RTC) if the cuto⇥ is identified

with the technirho mass, or is a constant if the cuto⇥ is of the order of 4⇤F�. Provided rt is also

of order one, the dominant radiative correction is due to the top quark. For instance, if F� = v,

which is appropriate for a TC theory with one weak technidoublet, then �M2
H ⌅ �12⇥2r2

t m2
t ⌅

�⇥2r2
t (600 GeV)2. This demonstrates that the dynamical mass of the TC Higgs can be substantially

heavier than the physical mass, MH ⇧ 125 GeV.
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In QCD the lightest scalar is the ⌅meson (also termed f0(500) in PDG), with a measured mass

between 400 and 550 MeV [23] in agreement with early determinations [11]. Scaling up two-flavor

QCD yields a TC Higgs dynamical mass in the 1.0 TeV � M0
H � 1.4 TeV range. This estimate

changes when considering TC theories which are not an exact replica of two-flavor QCD. Here we

determine the geometric scaling of the TC Higgs dynamical mass, i.e. the value of M0
H as function of

the TC matter representation d(RTC), NTC and the number of techniflavors NTF for a given SU(NTC)

gauge theory. For a generalization to di⇥erent gauge groups see [24, 25]. We then discuss possible

e⇥ects of walking dynamics on M0
H, which are not automatically included in the geometric scaling.

Taking into account the SM induced radiative corrections discussed in Sec. II, we argue that TC can

accommodate a TC Higgs with a physical mass of 125 GeV, with or without e⇥ects from walking.

A. Geometric Scaling of the TC Higgs mass

We will consider at most two-index representations for TC matter, since at large NTC even

higher representations loose quickly asymptotic freedom [26]. The relevant scaling rules are:

F2
� ⌅ d(RTC) m2

TC , v2 = NTD F2
� , (5)

where F� is the technipion decay constant, mTC is the dynamically generated constituent techni-

quark mass, and NTD = N⇥TF/2, where N⇥TF is the actual number of techniflavors arranged in weak

doublets and therefore N⇥TF ⇤ NTF. v = 246 GeV is the electroweak vacuum expectation value and

will be kept fix in the following.

The squared mass of any large NTC leading technimeson scales like:

(M0
H)2 =

3
d(RTC)

1
NTD
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f 2
⇤
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⌅ . (6)
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FIG. 1: Quadratically divergent diagrams contributing to the Higgs mass, with the interaction vertices

given by (2). The gauge boson exchanges are computed in Landau gauge: then the seagull diagrams,

with a single W and Z exchange, are the only quadratically divergent one-loop diagrams with gauge

boson exchanges.

by the breaking of the electroweak symmetry, U = exp
�
i⇥aTa/v

⇥
, with covariant derivative DµU ⇥

⌅µU � igWa
µTaU + ig⇧UBµT3, 2Ta are the Pauli matrices, with a = 1, 2, 3, and V[H] is the TC Higgs

potential. �S is the contribution to the S parameter from the physics at the cuto⇤ scale, and is

assumed to vanish in the M⇤ ⌅ ⌃ limit. The interactions contributing to the Higgs self-energy

are
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H W+
µ W�µ +
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v
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+
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µ W�µ +
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Z s⇥
2 v2 H2 Zµ Zµ . (2)

The tree-level SM is recovered for

r⇥ = s⇥ = rt = rb = 1 . (3)

We divide the radiative corrections to the TC Higgs mass into two classes: external contributions,

corresponding to loop corrections involving elementary SM fields, and TC contributions, corre-

sponding to loop corrections involving TC composites only. The latter contribute to the dynamical

mass M0
H, whose size will be estimated in the next section by non-perturbative analysis. In order

to isolate the SM contributions we work in Landau gauge. Here transversely polarized gauge

boson propagators correspond to elementary fields, and massless Goldstone boson propagators

correspond to TC composites. The only SM contributions to the TC Higgs mass which are quadrat-

ically divergent in the cuto⇤ come from the diagrams of Fig. 1. Retaining only the quadratically

divergent terms leads to a physical mass MH given by

M2
H = (M0

H)2 +
3(4⇥�F⇥)2
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where �M2
H

(4⇥�F⇥) is the scale-dependent counterterm and � is a order unity number. To be able

to provide a physical estimate we assume that the counterterm is negligible at the scale 4⇥�F⇥,
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where F� is the TC pion decay constant and ⇥ scales like 1/
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d(RTC) if the cuto⇥ is identified

with the technirho mass, or is a constant if the cuto⇥ is of the order of 4⇤F�. Provided rt is also

of order one, the dominant radiative correction is due to the top quark. For instance, if F� = v,

which is appropriate for a TC theory with one weak technidoublet, then �M2
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t m2
t ⌅

�⇥2r2
t (600 GeV)2. This demonstrates that the dynamical mass of the TC Higgs can be substantially

heavier than the physical mass, MH ⇧ 125 GeV.

III. THE DYNAMICAL MASS OF THE TC HIGGS

In QCD the lightest scalar is the ⌅meson (also termed f0(500) in PDG), with a measured mass

between 400 and 550 MeV [23] in agreement with early determinations [11]. Scaling up two-flavor

QCD yields a TC Higgs dynamical mass in the 1.0 TeV � M0
H � 1.4 TeV range. This estimate

changes when considering TC theories which are not an exact replica of two-flavor QCD. Here we

determine the geometric scaling of the TC Higgs dynamical mass, i.e. the value of M0
H as function of

the TC matter representation d(RTC), NTC and the number of techniflavors NTF for a given SU(NTC)

gauge theory. For a generalization to di⇥erent gauge groups see [24, 25]. We then discuss possible

e⇥ects of walking dynamics on M0
H, which are not automatically included in the geometric scaling.

Taking into account the SM induced radiative corrections discussed in Sec. II, we argue that TC can

accommodate a TC Higgs with a physical mass of 125 GeV, with or without e⇥ects from walking.
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We will consider at most two-index representations for TC matter, since at large NTC even

higher representations loose quickly asymptotic freedom [26]. The relevant scaling rules are:
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� , (5)

where F� is the technipion decay constant, mTC is the dynamically generated constituent techni-

quark mass, and NTD = N⇥TF/2, where N⇥TF is the actual number of techniflavors arranged in weak

doublets and therefore N⇥TF ⇤ NTF. v = 246 GeV is the electroweak vacuum expectation value and

will be kept fix in the following.

The squared mass of any large NTC leading technimeson scales like:
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which is appropriate for a TC theory with one weak technidoublet, then �M2
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between 400 and 550 MeV [23] in agreement with early determinations [11]. Scaling up two-flavor

QCD yields a TC Higgs dynamical mass in the 1.0 TeV � M0
H � 1.4 TeV range. This estimate
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H as function of
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Taking into account the SM induced radiative corrections discussed in Sec. II, we argue that TC can

accommodate a TC Higgs with a physical mass of 125 GeV, with or without e⇥ects from walking.
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FIG. 1: Quadratically divergent diagrams contributing to the Higgs mass, with the interaction vertices

given by (2). The gauge boson exchanges are computed in Landau gauge: then the seagull diagrams,

with a single W and Z exchange, are the only quadratically divergent one-loop diagrams with gauge

boson exchanges.

by the breaking of the electroweak symmetry, U = exp
�
i⇥aTa/v

⇥
, with covariant derivative DµU ⇥

⌅µU � igWa
µTaU + ig⇧UBµT3, 2Ta are the Pauli matrices, with a = 1, 2, 3, and V[H] is the TC Higgs

potential. �S is the contribution to the S parameter from the physics at the cuto⇤ scale, and is

assumed to vanish in the M⇤ ⌅ ⌃ limit. The interactions contributing to the Higgs self-energy

are

LH ⇤
2 m2

W r⇥
v

H W+
µ W�µ +

m2
Z r⇥
v

H Zµ Zµ � mt rt

v
H t̄ t

+
m2

W s⇥
v2 H2 W+

µ W�µ +
m2

Z s⇥
2 v2 H2 Zµ Zµ . (2)

The tree-level SM is recovered for

r⇥ = s⇥ = rt = rb = 1 . (3)

We divide the radiative corrections to the TC Higgs mass into two classes: external contributions,

corresponding to loop corrections involving elementary SM fields, and TC contributions, corre-

sponding to loop corrections involving TC composites only. The latter contribute to the dynamical

mass M0
H, whose size will be estimated in the next section by non-perturbative analysis. In order

to isolate the SM contributions we work in Landau gauge. Here transversely polarized gauge

boson propagators correspond to elementary fields, and massless Goldstone boson propagators

correspond to TC composites. The only SM contributions to the TC Higgs mass which are quadrat-

ically divergent in the cuto⇤ come from the diagrams of Fig. 1. Retaining only the quadratically

divergent terms leads to a physical mass MH given by

M2
H = (M0

H)2 +
3(4⇥�F⇥)2

16⇥2v2

⇧
    ⌥�4r2

t m2
t + 2s⇥

⇤
����↵m2

W +
m2

Z
2

⌅
�����

⌃
⌦⌦⌦⌦� + �M2

H
(4⇥�F⇥) , (4)

where �M2
H

(4⇥�F⇥) is the scale-dependent counterterm and � is a order unity number. To be able

to provide a physical estimate we assume that the counterterm is negligible at the scale 4⇥�F⇥,

5

where F� is the TC pion decay constant and ⇥ scales like 1/
�

d(RTC) if the cuto⇥ is identified

with the technirho mass, or is a constant if the cuto⇥ is of the order of 4⇤F�. Provided rt is also

of order one, the dominant radiative correction is due to the top quark. For instance, if F� = v,

which is appropriate for a TC theory with one weak technidoublet, then �M2
H ⌅ �12⇥2r2

t m2
t ⌅

�⇥2r2
t (600 GeV)2. This demonstrates that the dynamical mass of the TC Higgs can be substantially

heavier than the physical mass, MH ⇧ 125 GeV.

III. THE DYNAMICAL MASS OF THE TC HIGGS

In QCD the lightest scalar is the ⌅meson (also termed f0(500) in PDG), with a measured mass

between 400 and 550 MeV [23] in agreement with early determinations [11]. Scaling up two-flavor

QCD yields a TC Higgs dynamical mass in the 1.0 TeV � M0
H � 1.4 TeV range. This estimate

changes when considering TC theories which are not an exact replica of two-flavor QCD. Here we

determine the geometric scaling of the TC Higgs dynamical mass, i.e. the value of M0
H as function of

the TC matter representation d(RTC), NTC and the number of techniflavors NTF for a given SU(NTC)

gauge theory. For a generalization to di⇥erent gauge groups see [24, 25]. We then discuss possible

e⇥ects of walking dynamics on M0
H, which are not automatically included in the geometric scaling.

Taking into account the SM induced radiative corrections discussed in Sec. II, we argue that TC can

accommodate a TC Higgs with a physical mass of 125 GeV, with or without e⇥ects from walking.

A. Geometric Scaling of the TC Higgs mass

We will consider at most two-index representations for TC matter, since at large NTC even

higher representations loose quickly asymptotic freedom [26]. The relevant scaling rules are:

F2
� ⌅ d(RTC) m2

TC , v2 = NTD F2
� , (5)

where F� is the technipion decay constant, mTC is the dynamically generated constituent techni-

quark mass, and NTD = N⇥TF/2, where N⇥TF is the actual number of techniflavors arranged in weak

doublets and therefore N⇥TF ⇤ NTF. v = 246 GeV is the electroweak vacuum expectation value and

will be kept fix in the following.

The squared mass of any large NTC leading technimeson scales like:

(M0
H)2 =

3
d(RTC)

1
NTD

v2

f 2
⇤

m2
⌅ . (6)
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FIG. 1: Quadratically divergent diagrams contributing to the Higgs mass, with the interaction vertices

given by (2). The gauge boson exchanges are computed in Landau gauge: then the seagull diagrams,

with a single W and Z exchange, are the only quadratically divergent one-loop diagrams with gauge

boson exchanges.

by the breaking of the electroweak symmetry, U = exp
�
i⇥aTa/v

⇥
, with covariant derivative DµU ⇥

⌅µU � igWa
µTaU + ig⇧UBµT3, 2Ta are the Pauli matrices, with a = 1, 2, 3, and V[H] is the TC Higgs

potential. �S is the contribution to the S parameter from the physics at the cuto⇤ scale, and is

assumed to vanish in the M⇤ ⌅ ⌃ limit. The interactions contributing to the Higgs self-energy

are

LH ⇤
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v

H Zµ Zµ � mt rt
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H t̄ t

+
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v2 H2 W+

µ W�µ +
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Z s⇥
2 v2 H2 Zµ Zµ . (2)

The tree-level SM is recovered for

r⇥ = s⇥ = rt = rb = 1 . (3)

We divide the radiative corrections to the TC Higgs mass into two classes: external contributions,

corresponding to loop corrections involving elementary SM fields, and TC contributions, corre-

sponding to loop corrections involving TC composites only. The latter contribute to the dynamical

mass M0
H, whose size will be estimated in the next section by non-perturbative analysis. In order

to isolate the SM contributions we work in Landau gauge. Here transversely polarized gauge

boson propagators correspond to elementary fields, and massless Goldstone boson propagators

correspond to TC composites. The only SM contributions to the TC Higgs mass which are quadrat-

ically divergent in the cuto⇤ come from the diagrams of Fig. 1. Retaining only the quadratically

divergent terms leads to a physical mass MH given by

M2
H = (M0

H)2 +
3(4⇥�F⇥)2
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where �M2
H

(4⇥�F⇥) is the scale-dependent counterterm and � is a order unity number. To be able

to provide a physical estimate we assume that the counterterm is negligible at the scale 4⇥�F⇥,
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where F� is the TC pion decay constant and ⇥ scales like 1/
�

d(RTC) if the cuto⇥ is identified

with the technirho mass, or is a constant if the cuto⇥ is of the order of 4⇤F�. Provided rt is also

of order one, the dominant radiative correction is due to the top quark. For instance, if F� = v,

which is appropriate for a TC theory with one weak technidoublet, then �M2
H ⌅ �12⇥2r2

t m2
t ⌅

�⇥2r2
t (600 GeV)2. This demonstrates that the dynamical mass of the TC Higgs can be substantially

heavier than the physical mass, MH ⇧ 125 GeV.

III. THE DYNAMICAL MASS OF THE TC HIGGS

In QCD the lightest scalar is the ⌅meson (also termed f0(500) in PDG), with a measured mass

between 400 and 550 MeV [23] in agreement with early determinations [11]. Scaling up two-flavor

QCD yields a TC Higgs dynamical mass in the 1.0 TeV � M0
H � 1.4 TeV range. This estimate

changes when considering TC theories which are not an exact replica of two-flavor QCD. Here we

determine the geometric scaling of the TC Higgs dynamical mass, i.e. the value of M0
H as function of

the TC matter representation d(RTC), NTC and the number of techniflavors NTF for a given SU(NTC)

gauge theory. For a generalization to di⇥erent gauge groups see [24, 25]. We then discuss possible

e⇥ects of walking dynamics on M0
H, which are not automatically included in the geometric scaling.

Taking into account the SM induced radiative corrections discussed in Sec. II, we argue that TC can

accommodate a TC Higgs with a physical mass of 125 GeV, with or without e⇥ects from walking.

A. Geometric Scaling of the TC Higgs mass

We will consider at most two-index representations for TC matter, since at large NTC even

higher representations loose quickly asymptotic freedom [26]. The relevant scaling rules are:

F2
� ⌅ d(RTC) m2

TC , v2 = NTD F2
� , (5)

where F� is the technipion decay constant, mTC is the dynamically generated constituent techni-

quark mass, and NTD = N⇥TF/2, where N⇥TF is the actual number of techniflavors arranged in weak

doublets and therefore N⇥TF ⇤ NTF. v = 246 GeV is the electroweak vacuum expectation value and

will be kept fix in the following.

The squared mass of any large NTC leading technimeson scales like:

(M0
H)2 =

3
d(RTC)

1
NTD

v2

f 2
⇤

m2
⌅ . (6)
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FIG. 1: Quadratically divergent diagrams contributing to the Higgs mass, with the interaction vertices

given by (2). The gauge boson exchanges are computed in Landau gauge: then the seagull diagrams,

with a single W and Z exchange, are the only quadratically divergent one-loop diagrams with gauge

boson exchanges.

by the breaking of the electroweak symmetry, U = exp
�
i⇥aTa/v

⇥
, with covariant derivative DµU ⇥

⌅µU � igWa
µTaU + ig⇧UBµT3, 2Ta are the Pauli matrices, with a = 1, 2, 3, and V[H] is the TC Higgs

potential. �S is the contribution to the S parameter from the physics at the cuto⇤ scale, and is

assumed to vanish in the M⇤ ⌅ ⌃ limit. The interactions contributing to the Higgs self-energy

are
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µ W�µ +
m2

Z s⇥
2 v2 H2 Zµ Zµ . (2)

The tree-level SM is recovered for

r⇥ = s⇥ = rt = rb = 1 . (3)

We divide the radiative corrections to the TC Higgs mass into two classes: external contributions,

corresponding to loop corrections involving elementary SM fields, and TC contributions, corre-

sponding to loop corrections involving TC composites only. The latter contribute to the dynamical

mass M0
H, whose size will be estimated in the next section by non-perturbative analysis. In order

to isolate the SM contributions we work in Landau gauge. Here transversely polarized gauge

boson propagators correspond to elementary fields, and massless Goldstone boson propagators

correspond to TC composites. The only SM contributions to the TC Higgs mass which are quadrat-

ically divergent in the cuto⇤ come from the diagrams of Fig. 1. Retaining only the quadratically

divergent terms leads to a physical mass MH given by
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H = (M0
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t m2
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(4⇥�F⇥) , (4)

where �M2
H

(4⇥�F⇥) is the scale-dependent counterterm and � is a order unity number. To be able

to provide a physical estimate we assume that the counterterm is negligible at the scale 4⇥�F⇥,

5

where F� is the TC pion decay constant and ⇥ scales like 1/
�

d(RTC) if the cuto⇥ is identified

with the technirho mass, or is a constant if the cuto⇥ is of the order of 4⇤F�. Provided rt is also

of order one, the dominant radiative correction is due to the top quark. For instance, if F� = v,

which is appropriate for a TC theory with one weak technidoublet, then �M2
H ⌅ �12⇥2r2

t m2
t ⌅

�⇥2r2
t (600 GeV)2. This demonstrates that the dynamical mass of the TC Higgs can be substantially

heavier than the physical mass, MH ⇧ 125 GeV.

III. THE DYNAMICAL MASS OF THE TC HIGGS

In QCD the lightest scalar is the ⌅meson (also termed f0(500) in PDG), with a measured mass

between 400 and 550 MeV [23] in agreement with early determinations [11]. Scaling up two-flavor

QCD yields a TC Higgs dynamical mass in the 1.0 TeV � M0
H � 1.4 TeV range. This estimate

changes when considering TC theories which are not an exact replica of two-flavor QCD. Here we

determine the geometric scaling of the TC Higgs dynamical mass, i.e. the value of M0
H as function of

the TC matter representation d(RTC), NTC and the number of techniflavors NTF for a given SU(NTC)

gauge theory. For a generalization to di⇥erent gauge groups see [24, 25]. We then discuss possible

e⇥ects of walking dynamics on M0
H, which are not automatically included in the geometric scaling.

Taking into account the SM induced radiative corrections discussed in Sec. II, we argue that TC can

accommodate a TC Higgs with a physical mass of 125 GeV, with or without e⇥ects from walking.

A. Geometric Scaling of the TC Higgs mass

We will consider at most two-index representations for TC matter, since at large NTC even

higher representations loose quickly asymptotic freedom [26]. The relevant scaling rules are:

F2
� ⌅ d(RTC) m2

TC , v2 = NTD F2
� , (5)

where F� is the technipion decay constant, mTC is the dynamically generated constituent techni-

quark mass, and NTD = N⇥TF/2, where N⇥TF is the actual number of techniflavors arranged in weak

doublets and therefore N⇥TF ⇤ NTF. v = 246 GeV is the electroweak vacuum expectation value and

will be kept fix in the following.

The squared mass of any large NTC leading technimeson scales like:

(M0
H)2 =

3
d(RTC)

1
NTD

v2

f 2
⇤

m2
⌅ . (6)

5

where F� is the TC pion decay constant and ⇥ scales like 1/
�

d(RTC) if the cuto⇥ is identified

with the technirho mass, or is a constant if the cuto⇥ is of the order of 4⇤F�. Provided rt is also

of order one, the dominant radiative correction is due to the top quark. For instance, if F� = v,

which is appropriate for a TC theory with one weak technidoublet, then �M2
H ⌅ �12⇥2r2

t m2
t ⌅

�⇥2r2
t (600 GeV)2. This demonstrates that the dynamical mass of the TC Higgs can be substantially

heavier than the physical mass, MH ⇧ 125 GeV.

III. THE DYNAMICAL MASS OF THE TC HIGGS

In QCD the lightest scalar is the ⌅meson (also termed f0(500) in PDG), with a measured mass

between 400 and 550 MeV [23] in agreement with early determinations [11]. Scaling up two-flavor

QCD yields a TC Higgs dynamical mass in the 1.0 TeV � M0
H � 1.4 TeV range. This estimate

changes when considering TC theories which are not an exact replica of two-flavor QCD. Here we

determine the geometric scaling of the TC Higgs dynamical mass, i.e. the value of M0
H as function of

the TC matter representation d(RTC), NTC and the number of techniflavors NTF for a given SU(NTC)

gauge theory. For a generalization to di⇥erent gauge groups see [24, 25]. We then discuss possible

e⇥ects of walking dynamics on M0
H, which are not automatically included in the geometric scaling.

Taking into account the SM induced radiative corrections discussed in Sec. II, we argue that TC can

accommodate a TC Higgs with a physical mass of 125 GeV, with or without e⇥ects from walking.

A. Geometric Scaling of the TC Higgs mass

We will consider at most two-index representations for TC matter, since at large NTC even

higher representations loose quickly asymptotic freedom [26]. The relevant scaling rules are:

F2
� ⌅ d(RTC) m2

TC , v2 = NTD F2
� , (5)

where F� is the technipion decay constant, mTC is the dynamically generated constituent techni-

quark mass, and NTD = N⇥TF/2, where N⇥TF is the actual number of techniflavors arranged in weak

doublets and therefore N⇥TF ⇤ NTF. v = 246 GeV is the electroweak vacuum expectation value and

will be kept fix in the following.

The squared mass of any large NTC leading technimeson scales like:

(M0
H)2 =

3
d(RTC)

1
NTD

v2

f 2
⇤

m2
⌅ . (6)

a0   

B

near-conformal resonance spectrum separated 
from light scalar

moving up to 2-3 TeV with refined scale setting
3 TeV

Simulation track:

•  new mixed action strategy

•  more accurate scale setting in continuum limit  FL >1!

•  analysis of slowly changing topology

•  glueball mixing

•  to reach decoupling of low mass scalar in RMT limit?

The light 0++ scalar       challenges on two tracks

Theory track:

•  is there a natural explanation for scale  
   separation close to CW?

•  is there testable meaning to dilaton 
    interpretation?

•  how to do mass deformed χPT when scalar 
    is not decoupled from Goldstones?

•  how the low mass scalar is effecting the 
   RMT analysis in m ➝ 0 limit?

563x96  m = 0.0010/15/20  simulations 
running at two lattice cutoffs



β f

βSCGT

Theory track:     BKT (Miransky) conformal phase transition?
tunable deformation of IRFP?

four-fermion operator with 
large anomalous dim?

LSCGT ⇒ LSCGT +
f
Λ2 ψψ( )2

Miransky, Yamawaki
Kaplan,Son,Stephanov
Gies,..  RG flow
large-N double trace limit  
(Witten, Rastelli, Vecchi)
Kutasov, ... (holographic)

sextet? 



β f

βSCGT

Theory track:     BKT (Miransky) conformal phase transition?
tunable deformation of IRFP?

four-fermion operator with 
large anomalous dim?

LSCGT ⇒ LSCGT +
f
Λ2 ψψ( )2

Miransky, Yamawaki
Kaplan,Son,Stephanov
Gies,..  RG flow
large-N double trace limit  
(Witten, Rastelli, Vecchi)
Kutasov, ... (holographic)

sextet? 

In the ivory tower we tune x = N f / Nc  in and out of CW starting from 
LSCGT  at IRFP and adding NJL term.

If anomalous dimension of ψψ( )2  becomes marginal,
the beta function β(g2, f ) can lead to collapse of the pair of the IR FP
and the UV FP (created by the NJL term)⇒ asymptotic safety.
Only if  x is tuned to xc  critical of the BKT (conformal) phase transition.



β f

βSCGT

Theory track:     BKT (Miransky) conformal phase transition?
tunable deformation of IRFP?

four-fermion operator with 
large anomalous dim?

LSCGT ⇒ LSCGT +
f
Λ2 ψψ( )2

Miransky, Yamawaki
Kaplan,Son,Stephanov
Gies,..  RG flow
large-N double trace limit  
(Witten, Rastelli, Vecchi)
Kutasov, ... (holographic)

sextet? 

In the ivory tower we tune x = N f / Nc  in and out of CW starting from 
LSCGT  at IRFP and adding NJL term.

If anomalous dimension of ψψ( )2  becomes marginal,
the beta function β(g2, f ) can lead to collapse of the pair of the IR FP
and the UV FP (created by the NJL term)⇒ asymptotic safety.
Only if  x is tuned to xc  critical of the BKT (conformal) phase transition.

On the lattice all terms are present on the cutoff scale in the
Wilsonian sense and the model will decide what it wants to do with them.

Depending on anomalous dimension of ψψ( )2  any of the scenarios 
can play out at any given point in the SCGT theory space.



β f

βSCGT

Theory track:     BKT (Miransky) conformal phase transition?
tunable deformation of IRFP?

four-fermion operator with 
large anomalous dim?

LSCGT ⇒ LSCGT +
f
Λ2 ψψ( )2

Miransky, Yamawaki
Kaplan,Son,Stephanov
Gies,..  RG flow
large-N double trace limit  
(Witten, Rastelli, Vecchi)
Kutasov, ... (holographic)

sextet? 

In the ivory tower we tune x = N f / Nc  in and out of CW starting from 
LSCGT  at IRFP and adding NJL term.

If anomalous dimension of ψψ( )2  becomes marginal,
the beta function β(g2, f ) can lead to collapse of the pair of the IR FP
and the UV FP (created by the NJL term)⇒ asymptotic safety.
Only if  x is tuned to xc  critical of the BKT (conformal) phase transition.

On the lattice all terms are present on the cutoff scale in the
Wilsonian sense and the model will decide what it wants to do with them.

Depending on anomalous dimension of ψψ( )2  any of the scenarios 
can play out at any given point in the SCGT theory space.

NJL is misinterpreted but 
the general idea is attractive,
does not need NJL:

NUCLEARNuclear Physics B 367 (1991) 105—122 P H Y S I C S B
North-Holland _________________

Four-fermion interaction near four dimensions
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A large class of models with four-fermion interaction is known to be renormalizable and
asymptotically free in two dimensions. It has been noticed very early, in the example of the
U(N)-invariant Gross—Neveu model and within the framework of the 1/N expansion, that then
these models behave also like renormalizable models in higher dimensions. Some of them are
thus natural candidates for composite models of scalar particles like for example the Higgs
boson. An important question, however, has to be answered: Are these models more predictive,
in four dimensions, than the effective models containing the bosons explicitly? We shall show
here that, like for the non-linear o~-modelwhich has been investigated earlier, the answer, at
least in some perturbative sense, is negative for a large class ofmodels. The reason can be easily
understood: These models are more short-distance sensitive than normal renormalizable models.
The new parameters are hidden in the cut-off procedure.
In particular in some models the fermions receive masses by spontaneous chiral symmetry

breaking. The property that ratio of fermion and boson masses can be predicted is simply a
consequence of the JR freedom of both type ofmodels and the natural assumption that coupling
constants have generic values at the cut-off scale.
We shall consider in this article for definiteness the Gross—Neveu model but it will be clear

that the arguments are rather general.

1. Introduction

As has been noticed very early [1—3]the Gross—Neveu model, a fermion model
with a U(N) symmetric four-fermion interaction, is asymptotically free in two
dimensions, the dimension in which it is renormalizable. Moreover, and this is
consistent with the previous result, in the framework of the 1/N expansion it has
all the properties of a renormalizable field theory, in dimensions d, 2 ~ d <4.
Shortly after that a bosonic model, the 0(N) invariant non-linear a--model, was

discovered to have similar properties [4,51.It was further recognized [5,6] that to all
orders in the 1/N expansion and for 2 ~ d <4 the latter model has, in the JR limit
or in the critical region, the same correlation functions as the super-renormalizable
(~2)2 field theory.
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T H E  E Q U I V A L E N C E  O F  T H E  T O P  Q U A R K  C O N D E N S A T E  AND T H E  
E L E M E N T A R Y  H I G G S  F I E L D  
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Several recent works suggested to replace the fundamental Higgs boson by a top quark 
condensate in analogy with the Nambu-Jona-Lasinio (NJL) mechanism. We show that the field 
theoretically correct replacement is a generalized NJL model with the minimal choice of three 
independent interaction terms in the lagrangian. We demonstrate in the large-NcoJo r limit that 
the physics of this model is fully equivalent to the corresponding simplified Standard Model 
where the Higgs boson is represented by an elementary scalar field with the usual Yukawa- and 
self-interactions. The generalized NJL mechanism does not lead to new physical predictions or 
constraints and the complete parameter range of the simplified Standard Model is recovered. 
Since there exists a simple mapping between the couplings of these two models, it is difficult to 
give physical significance to notions like composite versus fundamental, or dynamical symmetry 
breaking in this scheme. We also present some new numerical results on the relevant phase 
diagrams. 

1. Introduction 

The  expe r imen ta l  lower  b o u n d  on the  top  quark  mass  is O(100 G e V )  implying a 
relat ively s t rong t o p - q u a r k - H i g g s  Yukawa  coupl ing.  Accord ingly ,  the  top  q u a r k  
might  play a d i rec t  role  in the  symmet ry  b reak ing  mechan i sm of  the  S t a n d a r d  
Mode l  as discussed in severa l  r ecen t  works  [1-4].  In  the  scenar io  sugges ted  by 
Nambu  [1] and  B a r d e e n  et  al. [4] the  symmet ry  is b r o k e n  "dynamica l ly"  t h rough  
the fo rma t ion  of  a top  quark  c o nd ensa t e  in analogy with the  BCS, or  
N a m b u - J o n a - L a s i n i o  mechan i sm [5]. No  " f u n d a m e n t a l "  Higgs  sca lar  is in t ro-  
duced.  A t  low energ ies  the  S t a n d a r d  M o d e l  emerges  with some const ra in ts  l ead ing  
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** On leave from the Theory Group of the Physics Department of Brookhaven National Laboratory, 

Upton, NY, USA. 
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•  B dropped about a factor of 5 after matching  valence fermion mass        B is not RG invariant

•  very small change in F after matching  (B/F ratio dropped substantially)    F physical, RG invariant

•  Mixed Action analysis is better ChiPT fitting procedure for staggered fermions

•  cutoff effects remain but analysis is freed from taste breaking cutoff problems  
    gives new perspective on rooting!

Simulation track:          mixed action
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Simulation track:          mixed action

epsilon regime, p regime to epsilon regime crossover, valence pqChiPT with Mixed Action:
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Simulation track:          mixed action

•  B drops by large factor after matching, with some small decrease in F

•  GMOR implies large drop of order O(10) in the chiral condensate Σ   
   Σ is not RG invariant, requires renormalization

•  in original analysis mΣV ~ O(100-200)     
   to reach RMT regime close to CW would require enormous resources

•  in Mixed Action analysis λΣV ~ O(10-20)  RMT regime can be reached

epsilon regime, p regime to epsilon regime crossover, valence pqChiPT with Mixed Action:
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Simulation track:          FL < 1 simulations ⇒ no theory  

chiral p-regime
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rotator      pion
energy gap

El =
1

2θ
l(l + 2) with l = 0,1,2,...    rotator spectrum for SU(2) f × SU(2) f

direct application to sextet model 

θ = F2L3
s (1+

C(N f = 2)
F2L2

s

+O(1 / F 4L4
s ))   (P. Hasenfratz and F. Niedermayer)

expansion in 1/F2L2
s  !  

C(N f = 2) = 0.45 (FL=1 is ~ 2fm in lite QCD)   C will grow with  ~  N f  
the constraints are the same in the ε-regime and p-regime

Condition of reaching the chiral expansion regime can 
be estimated from rotator spectrum  ⇒

FL = 0.1  L=0.2 fm in QCD  femto world OK to study volume dependent PT coupling running with V
 

FL = 1     L= 2 fm in QCD and we crossed over to the χSB phase  all 3 regimes (ε,δ,p) OK

FL = 0.4  squeezed L= 0.8 fm, begins to look conformal     not OK, misidentifies infinite volume phase

when in finite volume, it is always an expansion in 1/FL ! 
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spectral density function and mode number function:

the lattice spacing. The Banks–Casher relation consequently cannot be expected to
hold exactly and the detailed properties of the low quark modes could be significantly
different from those in the continuum theory. On the other hand, as long as only
renormalizable quantities are considered, their values in the continuum limit must
in principle be computable using the Wilson theory.

The spectral density of the (hermitian) Dirac operator, and thus the average num-
ber of quark modes in a given range of eigenvalues, are known to be renormalizable
[5]. In the present paper, we first give a second proof of this important fact (sect. 3).
We then discuss the chiral perturbation expansion of the mode numbers and show, in
sect. 5, that their calculation in lattice QCD requires only a modest computational
effort. Taken together, these results allow the chiral condensate to be computed in
the Wilson theory in a straightforward manner (sect. 6). Spectral projectors however
have a wider range of applicability and provide interesting opportunities to explore
the chiral regime of QCD, some of which are briefly mentioned in sect. 7.

2. Preliminaries

For simplicity we focus on QCD with a doublet of mass-degenerate quarks, but the
theoretical discussion is more generally valid and extends to the case of real-world
QCD. The quarks will be referred to as the up and down quarks, the associated
Goldstone bosons as the pions and the SU(2) flavour symmetry as the isospin sym-
metry. We consider both the continuum and the Wilson lattice theory in order to
make it clear in which way the mode number computed on the lattice is related to
the one defined in the continuum theory.

2.1 Spectral density and mode number in the continuum theory

In a space-time box of volume V with periodic or antiperiodic boundary conditions,
the euclidean massless Dirac operator D in presence of a given gauge field has purely
imaginary eigenvalues iλ1, iλ2, . . ., which may be ordered so that those with the
lower magnitude come first. The associated average spectral density is given by

ρ(λ,m) =
1

V

∞
∑

k=1

〈δ(λ − λk)〉 (2.1)

where the bracket 〈. . .〉 denotes the QCD expectation value and m the current-quark

2

mass. Note that the isospin degeneracy is not included in the mode counting, i.e. the
Dirac operator is diagonalized in the subspace of, say, the up-quark fields.

The Banks–Casher relation [1]

lim
λ→0

lim
m→0

lim
V →∞

ρ(λ,m) =
Σ

π
(2.2)

provides a link between the chiral condensate

Σ = − lim
m→0

lim
V →∞

〈ūu〉 (2.3)

(where u is the up-quark field) and the spectral density. In particular, if chiral sym-
metry is spontaneously broken by a non-zero value of the condensate, the density of
the quark modes in infinite volume does not vanish at the origin. A non-zero density
conversely implies that the symmetry is broken, i.e. the Banks–Casher relation can
be read in either direction.

Instead of the spectral density, the average number ν(M,m) of eigenmodes of the
massive hermitian operator D†D + m2 with eigenvalues α ≤ M2 turns out to be a
more convenient quantity to consider. Evidently, since

ν(M,m) = V

∫ Λ

−Λ
dλρ(λ,m), Λ =

√

M2 − m2, (2.4)

the mode number ultimately carries the same information as the spectral density.

2.2 O(a)-improved lattice QCD

The lattice theory is set up as usual on a hyper-cubic lattice with spacing a, time-like
extent T and spatial size L. Periodic boundary conditions are imposed on all fields
and in all directions, the only exception being the quark fields which are taken to
be antiperiodic in time.

As already mentioned, we focus on the Wilson theory in this paper. The details
are not very relevant, but for definiteness we choose the Wilson plaquette action for
the gauge field [2] and the standard expression

SF = a4
∑

x

{

ū(x)Dmu(x) + d̄(x)Dmd(x)
}

(2.5)

for the quark action, in which Dm denotes the massive, O(a)-improved lattice Dirac
operator [3,4]. Apart from the bare coupling g0 and the bare mass m0, the only free
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chiral condensate and RG: mode number distribution of Dirac spectrum

spectral density
(Banks-Casher) 

mode number function

renormalized and RG invariant 

(Giusti and Luscher)

where it is understood that the bare masses are expressed through the renormalized
ones. The factors 1 + bPP amq in eq. (3.6) are required for the cancellation of the
O(amq) terms alluded to above which derive from the short-distance singularities of
the density-chain correlation functions [5].

3.3 Renormalized mode number

If the twisted-mass term is considered to be a perturbation of the theory at µ = 0,
one quickly notices that

Zµ = Z−1
P (3.7)

is a possible (and natural) choice of the renormalization factor Zµ.
Another simplification derives from the identity

∂

∂µ
σk(µ,mq) = −2kµσk+1(µ,mq). (3.8)

When the renormalized spectral sums are similarly differentiated with respect to the
renormalized twisted mass µR, the expressions one obtains must be O(a)-improved.
As it turns out, this is the case if and only if

bµ + bP − bPP = 0. (3.9)

The renormalization factor in eq. (3.6) thus becomes

ZP
1 + bP amq

1 + bPP amq
=

1

Zµ(1 + bµamq)
(3.10)

up to terms of order a2m2
q.

Returning to the integral representation (3.2), we now note that the renormaliza-
tion factor {Zµ(1 + bµamq)}−2k needed to renormalize the spectral sum on the left
of the equation is cancelled on the right if we substitute

MR = Zµ(1 + bµamq)M (3.11)

and renormalize µ. We are thus led to conclude that

νR(MR,mR) = ν(M,mq) (3.12)

is a renormalized and O(a)-improved quantity. In other words, the mode number is
a renormalization-group invariant.
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The eigenvalues λi
2  of the D+D operator are rescaled to the [0,1] interval 

D is the staggered Dirac operator in our applications (method is general)

in rescaling λ 2
min = 0 is set and λ 2

max  is estimated by power iteration

spectral density ρ(t) from ensemble averages
over the D†D matrix with dimension N

ρ(t) = 1
N

δ (t − λi )
i=1

N

∑
gauge  
ensemble

ρ(t) = 1
1− t 2

ckTk
k=0

∞

∑ (t)    expansion in Cebyshev polynomials

ck =

2
π

Tk (t)−1

1

∫ ρ(t)   k = 0

1
π

Tk (t)−1

1

∫ ρ(t)   k ≠ 0

⎧

⎨
⎪⎪

⎩
⎪
⎪

    ⇒  ck =

2
Nπ

Tk (λ
2
i )   k = 0

i=1

N

∑
1
Nπ

Tk (λ
2
i )   k ≠ 0

i=1

N

∑

⎧

⎨
⎪⎪

⎩
⎪
⎪

Tk (λ
2
i )

i=1

N

∑  is given by trace of Tk (D
+D) operator

more details on the poster!

The chiral condensate   new method
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• nf=2 sextet example illustrates results from the Chebyshev expansion 

• full spectrum with 6,000 Chebyshev polynomials in the expansion 

• the integrated spectral density counts the sum of all eigenmodes correctly

• Jackknife errors are so small that they are not visible in the plots.

The chiral condensate   full spectrum



The chiral condensate   GMOR test in far IR

Improved determination of the chiral condensate Σ compared from Dirac spectra 
and the Chebyshev expansion. 
With the additive NLO cutoff term separated from B and new fit to F, the 
improved result on Σ eliminates previous discrepancies in the GMOR relation. 

GMOR relation (nf=2):   2BF2 = Σ     (Σ is the chiral condensate)   
F: decay constant of Goldstone pion   Mπ

2 = 2B ⋅m in LO χPT

BSM chiral condensate from Dirac spectrum Kieran Holland
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Figure 3: (left) The mode number n as a function of the eigenvalue cut M as measured on 483 ⇥ 96 lattice volumes.
The region where the derivative of the mode number is used to extract the effective condensate Seff is shown by the
red line. The derivative dn/dL is approximated by a finite difference between M2 and M1 centered around M. (right)
The volume-dependence of the effective condensate Seff, extracted on all ensembles at L = 0.003. The data are slightly
offset horizontally for visibility.

relatively few gauge configurations, the mode number is quite accurately measured. We measure
on configurations separated by 20 Molecular Dynamics time units to reduce autocorrelation. Moti-
vated by the leading-order linear relationship between Seff and n , we define the effective condensate
via the derivative dn/dL, which we approximate with finite differences around the central value.
Deviation from linearity would reflect the increase in r moving away from l = 0. The choice
L = 0.003 is convenient for all ensembles as being in the central eigenvalue region, neither too
close to the maximal M value due to the finite number of eigenvalues being calculated, nor too
close to the lower end of the eigenvalue spectrum. The location L = 0.003 is shown on the left in
Figure 3 as the red line where the derivative is calculated.

We repeat the analysis for each ensemble at the value L = 0.003, the results are summarized
on the right in Figure 3. At three values of the fermion mass m, there is good consistency in
the determination of Seff from different lattice volumes, an empirical indication that the physical
volume is large enough to allow a non-zero density of small eigenvalues to emerge. For further
analysis, we treat the value of Seff on the largest lattice volume at each fermion mass as being the
infinite-volume result. As shown on the left in Figure 4, we find the data can be described quite
well by linear mass dependence. The extrapolation gives a value for the fermion condensate in the
chiral limit which lies between those obtained from the direct measurement of hȳyi and from the
GMOR relation. We can also compare the data with an expansion in the fermion mass from chiral
perturbation theory. The analytic result from Osborn et al [13] is

Seff

S
= 1+

S
32p3NFF4


2N2

F |L|arctan
|L|
m

�4p|L|�N2
Fm log

L2 +m2

µ2 �4m log
|L|
µ

�
(3.1)

where the scale is set by µ = F2L2
mom/2S and Lmom is the momentum cutoff (the term p3 as above

is a correction). In the special case NF = 2, there is no L correction in the limit m ! 0. As we
show on the right in Figure 4 the chiral form appears to describe the data quite well, with a roughly

5

from chiral perturbation theory of the condensate in the p-regime:
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The chiral condensate   mass anomalous dimension

 Boulder group pioneered fitting procedure

νR(MR ,mR ) = ν(M ,m) ≈ const ⋅M
4

1+γ m (M ) ,  

or equivalently, ν(M ,m) ≈ const ⋅λ
4

1+γ m (λ )  , with γ m (λ) fitted

How to match λ scale 
and g2 ?



0 0.2 0.4 0.6 0.8 1 1.2 1.4
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

 �  scale of anomalous mass dimension

�(
�,

m
) a

no
m

al
ou

s 
m

as
s 

di
m

en
sio

n 

483× 96 (magenta)   �=3.20   m=0.003   LatHC

�−1 ~ footprint of gradient flow?

4−loop (RS)

483× 96 �=3.20  m=0.002 data: blue circles

 anomalous mass dimension from full Dirac spectrum (sextet rep)

0 0.5 1 1.5 2
0

1

2

3

4

5

6

7
x 107

 � scale of mode number count

 �
 (�

,m
 ) 

483× 96    beta=3.20   m=0.002   LatHC

63,700,992 eigenvalues in D+D

� (�,m ) = 2V��0 �(�,m ) mode number distribution

403× 80 data scaled with volume: blue dots

exact sum

 mode number of full Dirac spectrum (sextet rep)

new, preliminary

The chiral condensate   mass anomalous dimension

 Boulder group pioneered fitting procedure

νR(MR ,mR ) = ν(M ,m) ≈ const ⋅M
4

1+γ m (M ) ,  

or equivalently, ν(M ,m) ≈ const ⋅λ
4

1+γ m (λ )  , with γ m (λ) fitted

How to match λ scale 
and g2 ?



0 0.2 0.4 0.6 0.8 1 1.2 1.4
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

 �  scale of anomalous mass dimension

�(
�,

m
) a

no
m

al
ou

s 
m

as
s 

di
m

en
sio

n 

483× 96 (magenta)   �=3.20   m=0.003   LatHC

�−1 ~ footprint of gradient flow?

4−loop (RS)

483× 96 �=3.20  m=0.002 data: blue circles

 anomalous mass dimension from full Dirac spectrum (sextet rep)

0 0.5 1 1.5 2
0

1

2

3

4

5

6

7
x 107

 � scale of mode number count

 �
 (�

,m
 ) 

483× 96    beta=3.20   m=0.002   LatHC

63,700,992 eigenvalues in D+D

� (�,m ) = 2V��0 �(�,m ) mode number distribution

403× 80 data scaled with volume: blue dots

exact sum

 mode number of full Dirac spectrum (sextet rep)

new, preliminary

The chiral condensate   mass anomalous dimension

 Boulder group pioneered fitting procedure

νR(MR ,mR ) = ν(M ,m) ≈ const ⋅M
4

1+γ m (M ) ,  

or equivalently, ν(M ,m) ≈ const ⋅λ
4

1+γ m (λ )  , with γ m (λ) fitted

0 1 2 3 4 5 6 7 8 9 10 11 12

g2

0

0.2

0.4

0.6

0.8

am

`6 = 0
`6 = 0.5
one loop

DeGrand, Shamir, Svetitsky

more details on the poster!
How to match λ scale 
and g2 ?



LatHC group introduced the running coupling and its β function from the gauge field 
gradient flow with the scale set by the finite volume
variations of it are becoming the standard approach32
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Fig. 5: The top plot shows extrapolation to the
continuum step function with scale factor s = 1.5
and stepping from the targeted renormalized cou-
pling g2 = 1.9 in the continuum. The physical
size L is held fixed in some units, while the ratio
a2/L2 is extrapolated to zero with the expected
linear behavior. The lower plot shows agreement
in the continuum limit with the perturbative step
function (related to the �-function) at weak cou-
pling.

Since the gradient flow probes the gauge field
on the scale

⇧
8t, a new running coupling can be

defined as a function of L in finite volume V = L4

while holding c = (8t)1/2/L fixed:

�c(L) =
4⇤

3

⇤t2E(t)⌅
1 + ⇥(c)

.

This volume dependent coupling includes the
normalization factor ⇥(c) to match any defini-
tion of the renormalized coupling on the 1-loop
level [99]. It is not dependent on the coupling
and given by

⇥(c) = ⌅4
3(e

�1/c2)� 1� c4⇤2

3
,

where ⌅3 is the third Jacobi function. In tests
with four massless fermions in the fundamental
representation of the SU(3) color gauge group,
c = 0.3 was chosen probing the renormalized cou-
pling on the scale µ = 1/3L.

The fact that the volume is finite necessi-
tates the separation of the gauge Fourier modes
into zero and non-zero modes. The non-zero
modes can be treated in 1-loop perturbation the-
ory while the non-trivially interacting zero modes
need to be treated exactly. The result at leading
order contains both algebraically and exponen-
tially suppressed finite volume correction terms
relative to the infinite volume result.

Although the method passed all the necessary
tests in the simple gauge model with four fun-
damental flavors, interesting BSM applications
have to come as part of new objectives in Kuti’s proposed research.
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where ⌅3 is the third Jacobi function. In tests
with four massless fermions in the fundamental
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modes can be treated in 1-loop perturbation the-
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This volume dependent coupling includes the
normalization factor ⇥(c) to match any defini-
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level [99]. It is not dependent on the coupling
and given by
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where ⌅3 is the third Jacobi function. In tests
with four massless fermions in the fundamental
representation of the SU(3) color gauge group,
c = 0.3 was chosen probing the renormalized cou-
pling on the scale µ = 1/3L.

The fact that the volume is finite necessi-
tates the separation of the gauge Fourier modes
into zero and non-zero modes. The non-zero
modes can be treated in 1-loop perturbation the-
ory while the non-trivially interacting zero modes
need to be treated exactly. The result at leading
order contains both algebraically and exponen-
tially suppressed finite volume correction terms
relative to the infinite volume result.

Although the method passed all the necessary
tests in the simple gauge model with four fun-
damental flavors, interesting BSM applications
have to come as part of new objectives in Kuti’s proposed research.

t is the gradient flow time  
Running coupling definition (range is (8t)1/2) :

 3rd Jacobi function

Yang–Mills gradient flow M. Lüscher

Figure 1: Local fields Ot(x) constructed at flow time t > 0 depend on the fundamental field variables in a
region of space-time approximately 2

√
8t wide (red area). Further away from the point x, the sensitivity to

the basic fields decreases like a Gaussian and very rapidly becomes totally negligible.

The smoothing property of the gradient flow and the associated quark flow implies that correla-
tion functions of fields at non-zero flow times have no short-distance singularities. Renormalization
is nevertheless required, but turns out to be extremely simple. Explicitly, if Ot(x) is a bare, gauge-
invariant composite field at flow time t > 0 of degree n and n̄ in the quark and antiquark fields, the
renormalized field is given by

OR,t = (Zχ)
1
2 (n+n̄)Ot , (2.9)

where the renormalization constant Zχ is independent of t. In particular, the field (2.7) does not
require renormalization and the chiral densities (2.8) renormalize with the same factor Zχ .

The proof of these statements [2, 3] is based on an exact representation of the correlation
functions through a local field theory in 4+1 dimensions, the extra dimension being the flow time.
Zinn–Justin and Zwanziger [8] introduced the representation many years ago in their work on the
renormalization of the Langevin equation. In the pure gauge theory, the latter actually coincides
with the flow equation (2.1) except for the fact that it includes a noise term, which complicates the
situation and requires a renormalization of the Langevin time, for example.

3. Chiral condensate

In lattice QCD, the expectation value of the scalar density ūu+ d̄d of the up and down quarks
diverges like the second or third inverse power of the lattice spacing when the continuum limit is
taken. The divergent terms are proportional to the light-quark masses if the lattice theory preserves
chiral symmetry, but also in these cases their subtraction tends to give rise to important significance
losses or even some conceptual issues. Using the gradient flow, this problem can now be elegantly
bypassed [3].

3.1 Flow-time dependent condensate

Since the flow equations are chirally invariant, the quark field at non-zero flow times, χ(t,x),
transforms in the same way as the fundamental field ψ(x) under global chiral rotations. In particu-
lar, the light-quark chiral densities

Srst ±Prst , r,s ∈ {u,d}, (3.1)

4
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0
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is considered and its expectation value is worked out to next-to-leading order in the

gauge coupling.

2.1 Gauge fixing

The flow equation (1.1) is invariant under t-independent gauge transformations. E is

therefore a gauge-invariant function of the fundamental field Aµ and its expectation value

can consequently be calculated in any gauge.

In perturbation theory, the gauge invariance of the flow equation leads to some tech-

nical complications that are better avoided by considering the modified equation

Ḃµ = DνGνµ + λDµ∂νBν . (2.2)

For any given value of the gauge parameter λ, the solution of eq. (2.2) is related to the one

at λ = 0 through

Bµ = ΛBµ|λ=0 Λ
−1 + Λ∂µΛ

−1, (2.3)

where the gauge transformation Λ(t, x) is determined by

Λ̇ = −λ∂νBνΛ, Λ|t=0 = 1. (2.4)

The expectation value of E can thus be computed using the modified flow equation. More-

over, one is free to set λ = 1, which turns out to be a particularly convenient choice.

Note that the use of the modified flow equation does not interfere with the fixing of

the gauge of the fundamental field, since E is unchanged and therefore remains a gauge-

invariant function of the latter.

2.2 Solution of the modified flow equation

In perturbation theory the gauge potential is scaled by the bare coupling,

Aµ → g0Aµ, (2.5)

and the functional integral is then expanded in powers of g0. The flow Bµ(t, x) thus becomes

a function of the coupling with an asymptotic expansion of the form

Bµ =
∞
∑

k=1

gk
0Bµ,k, Bµ,k|t=0 = δk1Aµ. (2.6)

When this series is inserted in eq. (2.2), and if one sets λ = 1, a tower of equations

Ḃµ,k − ∂ν∂νBµ,k = Rµ,k, k = 1, 2, . . . , (2.7)

is obtained, where the expressions on the right are given by

Rµ,1 = 0, (2.8)

Rµ,2 = 2[Bν,1, ∂νBµ,1] − [Bν,1, ∂µBν,1], (2.9)

Rµ,3 = 2[Bν,2, ∂νBµ,1] + 2[Bν,1, ∂νBµ,2]

− [Bν,2, ∂µBν,1] − [Bν,1, ∂µBν,2] + [Bν,1, [Bν,1, Bµ,1]], (2.10)
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and so on. In particular, in D dimensions the leading-order equation implies

Bµ,1(t, x) =

∫

dDy Kt(x − y)Aµ(y), (2.11)

Kt(z) =

∫

dDp

(2π)D
eipze−tp2

=
e−z2/4t

(4πt)D/2
, (2.12)

which shows explicitly that the flow is a smoothing operation. More precisely, the gauge

potential is averaged over a spherical range in space whose mean-square radius in four

dimensions is equal to
√

8t.

The higher-order equations (2.7) can be solved one after another by noting that

Bµ,k(t, x) =

∫ t

0
ds

∫

dDy Kt−s(x − y)Rµ,k(s, y). (2.13)

Recalling eqs. (2.9),(2.10), it is clear that this formula generates tree-like expressions, where

the fundamental field Aµ is attached to the endpoints of the trees.

2.3 Expansion of 〈E〉

When the series (2.6) is inserted in

〈E〉 =
1

2
〈∂µBa

ν∂µBa
ν − ∂µBa

ν∂νBa
µ〉 + fabc〈∂µBa

νBb
µBc

ν〉 +
1

4
fabef cde〈Ba

µBb
νB

c
µBd

ν〉, (2.14)

a sequence of terms of increasing order in g0 is obtained. The lowest-order term is

E0 =
1

2
g2
0〈∂µBa

ν,1∂µBa
ν,1 − ∂µBa

ν,1∂νB
a
µ,1〉 (2.15)

and the terms at the next order are

E1 = g3
0f

abc〈∂µBa
ν,1B

b
µ,1B

c
ν,1〉, (2.16)

E2 = g3
0〈∂µBa

ν,2∂µBa
ν,1 − ∂µBa

ν,2∂νB
a
µ,1〉. (2.17)

Each of these terms is a power series in the gauge coupling, which may be worked out by

expressing the coefficients Bµ,k(t, x) through the fundamental field Aµ(x) and by expanding

the correlation functions of the latter using the standard Feynman rules.

In practice it is advantageous to pass to momentum space by inserting the Fourier

representations

Ba
µ,1(t, x) =

∫

p
eipxe−tp2

Ãa
µ(p), (2.18)

Ba
µ,2(t, x) = ifabc

∫ t

0
ds

∫

q,r
ei(q+r)xe−s(q2+r2)−(t−s)(q+r)2

×
{

δµλrσ − δµσqλ +
1

2
δσλ(q − r)µ

}

Ãb
σ(q)Ãc

λ(r), (2.19)
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Figure 6. Our final result for the continuum extrapolated discrete �-function.

5 Conclusion and outlook

In this work we have continued our study of SU(3) gauge theory with many fermions. The
representation was fundamental and after having examined Nf = 4 in our previous work
the �-function of the Nf = 8 model was computed in the present work, in the continuum.
The �-function does not appear to “bend back” in the coupling range we have studied
hence does not support the idea that the Nf = 8 model is already inside the conformal
window. This result is consistent with our study of the mass spectrum which indicated
spontaneous breaking of chiral symmetry at zero fermion mass [54]. The running coupling
does deviate from the perturbative �-function downwards though.

While preparing our manuscript the work [5] appeared. The method used there is
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Figure 1: Local fields Ot(x) constructed at flow time t > 0 depend on the fundamental field variables in a
region of space-time approximately 2

√
8t wide (red area). Further away from the point x, the sensitivity to

the basic fields decreases like a Gaussian and very rapidly becomes totally negligible.

The smoothing property of the gradient flow and the associated quark flow implies that correla-
tion functions of fields at non-zero flow times have no short-distance singularities. Renormalization
is nevertheless required, but turns out to be extremely simple. Explicitly, if Ot(x) is a bare, gauge-
invariant composite field at flow time t > 0 of degree n and n̄ in the quark and antiquark fields, the
renormalized field is given by

OR,t = (Zχ)
1
2 (n+n̄)Ot , (2.9)

where the renormalization constant Zχ is independent of t. In particular, the field (2.7) does not
require renormalization and the chiral densities (2.8) renormalize with the same factor Zχ .

The proof of these statements [2, 3] is based on an exact representation of the correlation
functions through a local field theory in 4+1 dimensions, the extra dimension being the flow time.
Zinn–Justin and Zwanziger [8] introduced the representation many years ago in their work on the
renormalization of the Langevin equation. In the pure gauge theory, the latter actually coincides
with the flow equation (2.1) except for the fact that it includes a noise term, which complicates the
situation and requires a renormalization of the Langevin time, for example.

3. Chiral condensate

In lattice QCD, the expectation value of the scalar density ūu+ d̄d of the up and down quarks
diverges like the second or third inverse power of the lattice spacing when the continuum limit is
taken. The divergent terms are proportional to the light-quark masses if the lattice theory preserves
chiral symmetry, but also in these cases their subtraction tends to give rise to important significance
losses or even some conceptual issues. Using the gradient flow, this problem can now be elegantly
bypassed [3].

3.1 Flow-time dependent condensate

Since the flow equations are chirally invariant, the quark field at non-zero flow times, χ(t,x),
transforms in the same way as the fundamental field ψ(x) under global chiral rotations. In particu-
lar, the light-quark chiral densities

Srst ±Prst , r,s ∈ {u,d}, (3.1)
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Kogut-Sinclair work consistent with χSB phase transition

Relevance in early cosmology (order of the phase transition?)

LatHC is doing a new analysis using different methods

finite temperature 
EW phase transition?Kogut-Sinclair
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The chiral phase transition for QCD with sextet quarks D. K. Sinclair

trajectory runs at m= 0.02. We are currently increasing or plan to increase our run lengths at each
of these masses.

The chiral condensates for each mass decrease as β increases. More importantly, as β in-
creases, the mass dependence of these condensates becomes more pronounced. The decrease in the
chiral condensate with decreasing mass is such that it does appear that it will vanish in the chiral
limit for β sufficiently large. However, the β dependence of 〈ψ̄ψ〉 is sufficiently smooth at all the
masses of our simulations, that we would need a precise analytical form to perform a believable
chiral m→ 0 extrapolation to determine where it vanishes. This we do not have. Hence we examine
the (disconnected) chiral susceptibilities

χψ̄ψ =
V
T
[

〈(ψ̄ψ)2〉− (〈ψ̄ψ〉)2
]

(2.1)

where V is the spatial volume of the lattice and T is the temperature. ψ̄ψ is a lattice averaged
quantity. Because we only have stochastic estimators for ψ̄ψ (5 per trajectory), we obtain un-
biased estimators of (ψ̄ψ)2 as the products of 2 different estimators of ψ̄ψ for the same gauge
configuration.

Figure 1: Chiral susceptibilities on a 163× 8 lattice.

The chiral susceptibility diverges at the chiral phase transition for zero quark mass. At small
but finite mass, it shows a clear peak which becomes sharper as m decreases. Extrapolating the
position of said peak to m= 0 yields βχ , the β value of the chiral phase transition. Figure 1 shows
the chiral susceptibilities from our runs on 163×8 lattices. What is clear from this plot is that the

3
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• lattice BSM phenomenology of dark matter
   Sannino and collaborators  - fundamental and adjoint rep
   LSD collaboration               - fundamental rep

Dark matter
self-interacting?  
O(barn) cross section would be challenging

The Total Energy of the Universe:

Vacuum Energy (Dark Energy)  ~  67 %
Dark Matter                                ~  29 %
Visible Baryonic Matter              ~    4 %

• Nf=2   Qu=2/3 Qd = -1/3  fundamental rep
   udd neutral dark matter candidate

Early universe
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Early universe

• dark matter candidate  sextet Nf=2
   electroweak active in the application

• 1/2 unit of electric charge (anomalies)

• rather subtle sextet baryon                          
  construction (symmetric in color)

• charged relics not expected?

Wong talk/poster



Summary and Outlook

Summary:  simplest composite scalar is probably very light (near conformality?)  
   
•   light scalar (dilaton-like?) emerging            close to conformal window?

•   running (walking) coupling in progress       difficult, Gradient Flow is huge improvement

•   chiral condensate, large γ(λ)                     new method is very promising   poster

•   spectroscopy                                            emerging resonance spectrum  ~ 2-3 TeV

•   dark matter                                              implications are intriguing
                                                                          
•   we are investigating tuning with third flavor (massive EW singlet)
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Outlook: is it worth the big effort?

chances of sextet model           ~ ε
would be significance                ~ 1/ε
it makes sense to work on it     ~ O(ε/ε = 1)
and we learn more about SCGT! 
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