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a few more words on the 
conformal window...

CP, F. Sannino, Phys.Rev. D83, 116001 (2011)
 CP, F. Sannino, Phys.Rev. D83, 035013 (2011)



Particle Physics & Origin of Mass

CP  - Origins3
Claudio Pica

Conformal Window at 4-loops

SU(N)

2 3 4 5 6 7 8

2

4

6

8

10

12

14

16

18

N

n f

Fund

A-Sym

Sym
Adj



Particle Physics & Origin of Mass

CP  - Origins3
Claudio Pica

Conformal Window at 4-loops

5 6 7 8

2

4

6

8

10

12

N

n f

SO(N) Fund

Sym
Adj



Particle Physics & Origin of Mass

CP  - Origins3
Claudio Pica

Conformal Window at 4-loops
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UV "xed point at large nf
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At leading order in nf:

where H(x) is:

H(x) can be found, f.x., in this review:

B. Holdom, Phys. Lett. B694,74-79 (2010). 

UV "xed point at large nf
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Minimal Walking Technicolor
on the Lattice

L. Del Debbio, B. Lucini, A. Patella, CP, A.Rago, Phys. Rev. D82, 014509 (2010)
 L. Del Debbio, B. Lucini, A. Patella, CP, A.Rago, Phys. Rev. D82, 014510 (2010)

E. Kerrane, et al. , Phys.Rev. D84, 034506 (2011)
L. Del Debbio, B. Lucini, A. Patella, CP, A. Rago, arXiv:1111.4672 [hep-lat]
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SU(2)TC + 2 Dirac Adjoint fermions
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Minimal Walking Technicolor

close/inside the conformal window by analytic 
estimates 

minimum value of the naïve S-parameter:  

expected SB pattern:                                               3+6 GBs 

glue-fermion composite states

dark matter candidates

SU(2)TC + 2 Dirac Adjoint fermions

S =
NDdR
6π

SU(4) → SO(4) ⇒
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Consider a 2-point function at zero-momentum:

we have

Deforming an IR conformal theory

C (t , g ,m,µ) =
�

d 3x 〈ΦR (t ,x)ΦR (0)〉(g ,m,µ)

.
�

t
∂

∂t
+β(g )

∂

∂g
−

�
1+γ(g )

�
m

∂

∂m
+2

�
dΦ−γΦ(g )

��
C (t , g ,m,µ) = 0
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the solution is:

Consider a 2-point function at zero-momentum:

we have

Deforming an IR conformal theory

C (t , g ,m,µ) =
�

d 3x 〈ΦR (t ,x)ΦR (0)〉(g ,m,µ)

.
�

t
∂

∂t
+β(g )

∂

∂g
−

�
1+γ(g )

�
m

∂

∂m
+2

�
dΦ−γΦ(g )

��
C (t , g ,m,µ) = 0

near a !x point

! ! !

C (t , g ,m,µ) = b2(dΦ−γΦ)C (bt , g∗,b−(1+γ)m,µ) =

=µ2dΦ
�

m
µ

�2
dΦ−γΦ

1+γ
F

�
tm

1
1+γ ,µ

�
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With an explicit mass m a mass gap is expected to be generated:

so that

Deforming an IR conformal theory

C (t , g ,m,µ) = b2(dΦ−γΦ)C (bt , g∗,b−(1+γ)m,µ) =

=µ2dΦ
�

m
µ

�2
dΦ−γΦ

1+γ
F

�
tm

1
1+γ ,µ

�

C (t , g ,m,µ) ∼ A exp(−MΦt )

MΦ = aΦµ
�

m
µ

� 1
1+γ

m → 0
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Qualitative behavior
with chiral SB:

What we know or should expect... Some cartoons

Some cartoons
Confinement and χSB

large fermion mass
(pure YM + NR fermions)

MPS � MV � 2mq

MV/MPS � 1

MG � M(YM)
G

chiral limit (χPT)

M2
PS � −

�ψ̄ψ�
F2

PS
mq

MV � M(0)
V

MG � M(0)
G

Agostino Patella (Swansea) SU(2) with adjoint fermions Edinburgh, 28/09/09 16 / 44
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Qualitative behavior
IR conformal:

What we know or should expect... Some cartoons

Some cartoons
IR conformality

large fermion mass
(pure YM + NR fermions)

MPS � MV � 2mq

MV/MPS � 1

MG � M(YM)
G

σ � σ(YM)

chiral limit (scaling region)

MX � aXµ1−αmα
q

σ1/2 � aσµ1−αmα
q

MX/MY � aX/aY

MX/σ1/2 � aX/aσ

Agostino Patella (Swansea) SU(2) with adjoint fermions Edinburgh, 28/09/09 17 / 44
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Qualitative behavior
IR conformal:

What we know or should expect... Some cartoons

Some cartoons
IR conformality

at all scales

MV/MPS � 1 + �

MPS � σ1/2

MG/σ1/2 �
h

MG/σ1/2
i(YM)

Agostino Patella (Swansea) SU(2) with adjoint fermions Edinburgh, 28/09/09 18 / 44
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Lattice phase structure
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Lattice phase structure
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A. J. Hietanen, K. Rummukainen, K. Tuominen. JHEP 0905 (2009) 025
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Spectrum Hierarchy
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String Tension vs mPS
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Vector vs PseudoscalarVector over Pseudoscalar
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C. Pica (CP
3
-Origins, SDU) Lattice Tools II StrongBSM, 19 Aug 2010 16 / 37
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Finite Size Scaling

26

σ1/2 mPS m(q)
V /m(q)

PS

0.4053(51) 2.6546(47) 1.00303(32)

0.3976(51) 2.4936(57) 1.00442(38)

0.352(11) 2.3120(68) 1.00693(30)

0.3561(42) 2.0939(80) 1.01152(44)

0.2794(63) 1.8172(95) 1.01983(59)

0.2405(58) 1.579(12) 1.0304(11)

0.2184(23) 1.4748(24) 1.0355(27)

0.2066(97) 1.4094(42) 1.0389(40)

0.1851(33) 1.3493(28) 1.0379(21)

0.1587(23) 1.1874(28) 1.0419(37)

0.1455(19) 1.0811(31) 1.0464(30)

0.1205(56) 0.9613(35) 1.0396(70)

0.1130(54) 0.8017(41) 1.053(13)

TABLE VIII: The results of the interpolation procedure for the quenched data of m(q)
V /m(q)

PS at the values of σ1/2 and mPS

equal to the ones found in the dynamical simulations. The errors on the third column have been obtained from the variation
of the measure on maximal and the minimal interpolating function.

0 5 10 15 20
mPS Ns

0

0.2

0.4

0.6

!
t1/

2  / 
m

PS
Ns  =  8  
Ns  = 12
N s  = 16

FIG. 15: The ratio σ1/2
t /mPS as a function of mPSNs at

various values of Ns. In the shaded region the crossover
between the S and the A phase takes place.

0.12 0.25 0.50 1.00
mPCAC

0.06

0.12

0.25

0.50

!
1/
2

FIG. 16: σ1/2 as a function of mPCAC . A fit of the date
to Eq. (71) is also shown. In particular, the two lines
represent the extremal values γ∗ = 0.16 and γ∗ = 0.28.

true for both the S and the A phases of the system. In Fig. 15 we show the ratio σ1/2
t /mPS as a function of mPSNs.

The universality of the ratio is verified up to values of mPSNs � 12.
If the system is in the scaling region (for which we have support from our data) and the asymptotic estimates

for spectral quantities are correct, Eq. (71) can be used for determining γ∗. We have shown in Sect. V that our
determination of the string tension is reasonably under control. Hence, we perform a fit of our data for σ1/2 using
Eq. (71). With a good quality of the fit (see Fig. 16), we find γ∗ = 0.22(6). Both horizontal and vertical errors
have been taken into account for the fit, and the error has been computed with a bootstrap procedure. The value
we find for γ∗ is compatible with determinations obtained in the same theory using other quantities (e.g. related to
mesonic physics [44]) or independent techniques like the Schröedinger functional [25]. One possible explanation for
this universality could be that the theory is in fact IR conformal and not walking. Even if the theory is walking, the
fact that independent measurements of γ∗ fall all in the same window of values is a clear message for model building.

X. CONCLUSIONS

In this work, using numerical simulations of the lattice model for several sizes of the system and a wide range
of fermion masses, we have shown that at sufficiently low masses the spectrum of Minimal Walking Technicolor is
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Finite Size Scaling
FPS and finite size scaling

0 1 2 3 4
x

1.0

2.0

3.0
f π

N
s

16x8
3

24x12
3

32x16
3

FPSNs = f(x) x ≡ Nsm1/(1+γ∗)

C. Pica (CP
3
-Origins, SDU) Lattice Tools II StrongBSM, 19 Aug 2010 17 / 37

LFPS = f (x) with x ≡ Lm1/(1+γ∗)
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Scaling of the string tension
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Finite Size E#ects
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Finite Size E#ects
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β and γ function
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Schrödinger Functional
We consider the system in the presence of a background !eld parametrized by ":

The renormalized coupling is de!ned by:

We de!ne the lattice step scaling function: 

The continuum limit of gives the beta function:

Z [η] = e−Γ[η] =
�

η
DU DψDψ̄e−S[U ,ψ,ψ̄]

k
ḡ 2(L)

= ∂Γ

∂η

����
η=0

, ḡ 2 = g 2
0 +O (g 4

0 )

Σ(u, s, a/L) = ḡ 2(g0, sL/a)
��

ḡ 2(g0,L/a)=u

σ(u, s) = lim
a/L→0

Σ(u, s, a/L) −2log s =
�σ(u,s)

u

d x
�

xβ(
�

x)
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Schrödinger Functional
The continuum limit of gives the beta function:

N.B.

σ(u, s) = lim
a/L→0

Σ(u, s, a/L) −2log s =
�σ(u,s)

u

d x
�

xβ(
�

x)

β(u) = 0 ⇒ σ(u, s) = u
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Running of the coupling
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Running of the coupling
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Running of the mass

Consistent with: 0.05 < γ∗ < 0.56

0 0.5 1 1.5 2 2.5 3 3.5
u

0.84

0.86

0.88

0.90

0.92

0.94

0.96

0.98

1.00

1.02

1.04

σ
P
(4

/3
,u

)
1-loop

Statistical Error



Particle Physics & Origin of Mass

CP  - Origins3
Claudio Pica

Conclusions
MWT inside the CW

spectrum scaling consistently with IR conformality

SF analysis also consistent with an IR !xed point

small γ ≤ 0.6 



Thank you!


