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1. Introduction

Discovery of “Higgs” particle @ LHC
mH ∼ 126 GeV

Still we have lots of things to understand, such as

- Property of “Higgs” particle
elementary composite

- Mechanism of electroweak symmetry breaking
〈H〉 $= 0 VEV from dynamics

- Gauge hierarchy problem
fine tuning of mH no fine tuning

Standard Model Technicolor: strongly coupled theory
Beyond Standard Model: SUSY, Little Higgs, Technicolor, · · ·
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Technicolor

Nf massless fermions + SU(NTC) gauge at µTC = O(1) TeV
Nf , representation of fermions, NTC not determined

FTC, 〈QQ〉 $= 0 → similar to QCD

FTC = O(250) GeV → FQCD
π = 93 MeV

But, Technicolor $= scale up of QCD

• FCNC vs quark mass
Inconsistency of constraints

FCNC (K0 −K
0
mixing) ⇐⇒ large quark mass mt = O(100) GeV

• Small Higgs mass

mHigss

FTC ∼< 1 ⇐⇒
mQCD

f0(500)

Fπ
= 4 ∼ 6
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Walking Technicolor

Nf massless fermions + SU(NTC) gauge at µTC = O(1) TeV

• Spontaneous chiral symmetry breaking
• Slow running (walking) coupling in wide scale range
• Large anomalous mass dimension γ∗ ∼ 1 in walking region
• Composite, light scalar state
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Candidate of walking technicolor
SU(3) gauge theory with Nf massless fermions

• Spontaneous chiral symmetry breaking
Small Nf = 0, 2, 2+1, 3, 2+1+1 ← lattice QCD

• Slow running (walking) coupling in wide scale range
→ No running in 9 ≤ Nf ≤ 16 (2-loop perturbation)
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Small Nf Large Nf ≤ 16

• Large anomalous mass dimension γ∗ ∼ 1 in walking region
γ = 1 in Nf ∼ 12 by Schwinger-Dyson equation

• Composite, light scalar state
Nambu-Goldstone boson of scale invariance (Dilaton)

5



Candidate of walking technicolor
SU(3) gauge theory with Nf massless fermions

• Spontaneous chiral symmetry breaking
Small Nf = 0, 2, 2+1, 3, 2+1+1 ← lattice QCD

• Slow running (walking) coupling in wide scale range
→ No running in 9 ≤ Nf ≤ 16 (2-loop perturbation)

!!"#

"

!!"#

"

Nf

NAF
f

N crit
f

Asymptotic non-free

Conformal window

conformal window and walking gauge coupling

 - non-Abelian gauge theory with Nf massless fermions -

chiral symmetry

(QCD-like)

2012年12月16日日曜日

!!"#

"

!!"#

"

!!"#

"

Nf

NAF
f

N crit
f

Asymptotic non-free

Conformal window

Walking Technicolor

conformal window and walking gauge coupling

 - non-Abelian gauge theory with Nf massless fermions -

chiral symmetry

(QCD-like)

2012年12月16日日曜日

!!"#

"

!!"#

"

!!"#

"

Nf

NAF
f

N crit
f

Asymptotic non-free

Conformal window

Walking Technicolor

conformal window and walking gauge coupling

 - non-Abelian gauge theory with Nf massless fermions -

chiral symmetry

(QCD-like)

2012年12月16日日曜日

Small Nf Middle Nf Large Nf ≤ 16

• Large anomalous mass dimension γ∗ ∼ 1 in walking region
γ = 1 in Nf ∼ 12 by Schwinger-Dyson equation

• Composite, light scalar state
Nambu-Goldstone boson of scale invariance (Dilaton)

5-a



Candidate of walking technicolor
SU(3) gauge theory with Nf massless fermions

• Spontaneous chiral symmetry breaking
Small Nf = 0, 2, 2+1, 3, 2+1+1 ← lattice QCD

• Slow running (walking) coupling in wide scale range
→ No running in 9 ≤ Nf ≤ 16 (2-loop perturbation)

!!"#

"

!!"#

"

Nf

NAF
f

N crit
f

Asymptotic non-free

Conformal window

conformal window and walking gauge coupling

 - non-Abelian gauge theory with Nf massless fermions -

chiral symmetry

(QCD-like)

2012年12月16日日曜日

!!"#

"

!!"#

"

!!"#

"

Nf

NAF
f

N crit
f

Asymptotic non-free

Conformal window

Walking Technicolor

conformal window and walking gauge coupling

 - non-Abelian gauge theory with Nf massless fermions -

chiral symmetry

(QCD-like)

2012年12月16日日曜日

!!"#

"

!!"#

"

!!"#

"

Nf

NAF
f

N crit
f

Asymptotic non-free

Conformal window

Walking Technicolor

conformal window and walking gauge coupling

 - non-Abelian gauge theory with Nf massless fermions -

chiral symmetry

(QCD-like)

2012年12月16日日曜日

Small Nf Middle Nf Large Nf ≤ 16

• Large anomalous mass dimension γ∗ ∼ 1 in walking region
γ = 1 in Nf ∼ 12 by Schwinger-Dyson equation

• Composite, light scalar state
Nambu-Goldstone boson of scale invariance (Dilaton)

5-b



Candidate of walking technicolor

• Spontaneous chiral symmetry breaking
• Slow running (walking) coupling in wide scale range
• Large anomalous mass dimension γ∗ ∼ 1 in walking region
• Composite, light scalar state

Question: Such theory really exists?

Nonperturbative calculation is important.
→ numerical calculation with lattice gauge theory
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Lattice gauge theory

L

a Uµ(x)

ψ(x+ µ̂)

ψ(x)

Lattice spacing a

Momentum cutoff: |p| ≤ π/a

4-dim. Spacetime = L3 × T

Fermion ψ(x): on site
Gauge Uµ(x): link between sites

Nonperturbative calculation by Monte Carlo simulation

〈O(ψ,ψ, U)〉 =
∫

DUProb[U ]O(ψ, ψ, U) =
1

Nconf

Nconf∑

i

O(D−1[Ui], Ui)

+δ
(
1/

√
Nconf

)

Prob[U ] ∝
∫

DψDψ eNfψD[U ]ψ−Sg[U ], Grassmann integral: ψψ → D−1[U ]

Most of all computational cost
D[U ] : (L3 · T ·Ncolor ·Ndirac)× (L3 · T ·Ncolor ·Ndirac) matrix
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Lattice gauge theory

2-point function; P (t) =
∑

%x

ψ(%x, t)γ5ψ(%x, t), JP = 0−

〈0|P (t)P †(0)|0〉 =
∑

i

〈0|P |πi〉〈πi|P †|0〉e−mπit

t.1−−−→ |〈0|P (0)|π0〉|2e−mπ0t

→ mπ0 and Fπ0 from |〈0|P (0)|π0〉|

|πi〉: i-th state with same quantum numbers as operator P

same mπ0 obtained
if different operator P ′ has same quantum numbers as P

〈0|P ′(t)(P ′)†(0)|0〉 t.1−−−→ |〈0|P ′(0)|π0〉|2e−mπ0t

But |〈0|P (0)|π0〉| $= |〈0|P ′(0)|π0〉|

call 0th state of pseudoscalar → π in all Nf
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Purpose of our project

Systematic investigation of Nf dependence
SU(3) gauge theory with Nf (massless) fermions

Nf = 0,4,8,12,16

• Search for candidate of walking technicolor
Mearsure mmeson, Fπ, 〈ψψ〉 c.f. g2(µ), γm from Zm(µ)

• If candidate exists, property of theory
Scalar state in (approximate) conformal theory

9



Recent study of LatKMI Collaboration
PRD86(2012)054506; arXiv:1302.6859

Unique setup for all Nf : Improved staggered action (HISQ/Tree)
Cheapest calculation cost in lattice fermion actions

+ small a systematic error

Simulation parameters
• β ≡ 6/g2 → lattice spacing a

• L, T ∼ O(10)
• mf $= 0 → IR scales mf . 1/L

Large enough L at each mf : mπL ∼> 6 (∼> 4 in Nf = 4)

Nf β L3 × T mf
4 3.7 123 × 18–203 × 30 0.005–0.05
8 3.8 183 × 24–363 × 48 0.015–0.016
12 3.7 183 × 24–303 × 40 0.04–0.2
12 4.0 183 × 24–303 × 40 0.05–0.2

Machines: ϕ at KMI, CX400 at Kyushu Univ.
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Recent study of LatKMI Collaboration
Search for candidate of walking technicolor

PRD86(2012)054506; arXiv:1302.6859

chiral broken → walking → conformal increasing Nf

Signal of phase

• Chiral broken phase
Simulations at mf $= 0

mf → 0: mπ → 0 and Fπ $= 0 ⇒
Fπ
mπ

mπ→0−−−−→ ∞

• Conformal phase
Simulations at mf $= 0: scale invariance breaking → confinement phase
Hyperscaling with anomalous dimension γ∗ at small mf

mH = CH m
1/(1+γ∗)
f

Fπ = CF m
1/(1+γ∗)
f

⇒
Fπ
mπ

mπ→0−−−−→ constant

Different mf(mπ) dependence in two phases
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Recent study of LatKMI Collaboration
Nf = 12: PRD86(2012)054506; Nf = 8: arXiv:1302.6859

Fπ/mπ → ∞ Fπ/mπ → constant
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Recent study of LatKMI Collaboration
Nf = 12: PRD86(2012)054506; Nf = 8: arXiv:1302.6859

Chiral broken Conformal
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Recent study of LatKMI Collaboration
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Recent study of LatKMI Collaboration
PRD86(2012)054506; arXiv:1302.6859

Chiral broken Fπ → F $= 0 Conformal Fπ → Cm
1/(1+γ)
f
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Recent study of LatKMI Collaboration
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Recent study of LatKMI Collaboration
PRD86(2012)054506; arXiv:1302.6859

Possible explanation through walking coupling
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If Nf = 8 QCD has walking coupling ...
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Recent study of LatKMI Collaboration
PRD86(2012)054506; arXiv:1302.6859

Possible explanation through walking coupling
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QCDf

α(µ)

µ

α*

mf mD Λm
mf is regarded as IR scale cutoff of system.

Large mf . mD
Confine system at mf
Not care spontaneous chiral symmetry breaking

→ same as conformal system with large mf
Small mf ∼< mD

Contain spontaneous chiral symmetry breaking effect

Dual nature maybe signal of walking coupling
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Recent study of LatKMI Collaboration
Search for candidate of walking technicolor

PRD86(2012)054506; arXiv:1302.6859

Nf = 4 QCD: Spontaneous chiral symmetry breaking

Nf = 12 QCD: Consistent with conformal phase

Nf = 8 QCD seems to have
• Spontaneous chiral symmetry breaking

Fπ $= 0 in mf → 0
• Slow running (walking) coupling in wide scale range

Dual nature of Fπ and if explanation is true
• Large anomalous mass dimension γ∗ ∼ 1 in walking region

if explanation is true, γ = 0.62–0.97 from larger mf

• Composite, light scalar state ⇐ Important to check!

Next: Flavor-singlet scalar in (approximate) conformal theory

15
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Flavor-singlet scalar
in (approximate) conformal theory

All results are preliminary.



Previous study of flavor-singlet scalar meson

Nf ≤ 2+ 1 QCD

1. McNeile and Micheal; PRD63(2001)114503
2. Kunihiro et al. (SCALAR); NPPS119(2003)275
3. Hart et. al.; PRD74(2006)114504
4. Bernard et. al.; PRD76(2007)094504
5. Prelovsek and Mohler; PRD79(2009)014503
6. Prelovsek et al.; PRD82(2010)094507
7. Fu; JHEP07(2012)142
8. Cossu et al. (JLQCD); PoS(Lattice 2012)197

Only one study in large Nf QCD, but
Nf = 12 QCD at unphysical phase

Jin and Mawhinney; PoS(Lattice 2011)066

No realistic calculation in large Nf QCD
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Difficulty

• Flavor-nonsinglet scalar meson SNS(t) =
∑

%x

ψa(%x, t)ψb(%x, t) (a $= b)

〈0|SNS(t)S
†
NS(0)|0〉 = = −C(t)

c.f. mπ,Fπ from nonsinglet pseudoscalar

O(100) configuration × O(1) D−1[U ](x, y) = ψ(x)ψ(y)

• Flavor-singlet scalar meson S(t) =
∑

%x

ψa(%x, t)ψa(%x, t)

〈0|S(t)S†(0)|0〉 = −C(t) +D(t) (disconnected)

D(t) = −
2

Essential for flavor-singlet but much harder
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Difficulty

〈0|S(t)S†(0)|0〉, S(t) =
∑

%x

ψa(%x, t)ψa(%x, t)

D(t) = −
2

1. = ψ(x)ψ(x) = D−1[U ](x, x) at each U

O(L3 × T ) D−1[U ] in naive mehtod

O(1000) D−1[U ] in simple mehtod

→ O(100) D−1[U ] in noise reduction method

2. 〈Large + small〉 − 〈Large〉 = 〈small〉+ (stat. error)
〈small〉: exp(−mσt); stat. error: independent of t

→ O(10000) configuration

Huge calculation cost necessary
18
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Calculation method
Random source propagator

φi(x, t) =
∑

x0,t0

D−1ξi(x0, t0), lim
Nr→∞

1

Nr

Nr∑

i=1

[
ξ†i (x, t)ξi(x0, t0)

]
= δx,x0δt,t0

Simple method

=
1

Nr

Nr∑

i=1

[
∑

x
ξ†i (x, t)φi(x, t)

]

Noise reduction method in staggered action
(Kilcup and Sharpe;NPB283(1987)493, Venkataraman and Kilcup;hep-lat/9711006)

=
1

Nr

Nr∑

i=1

[

mf
∑

x
φ†i(x, t)φi(x, t)

]

→ mf × (π correlator)

Regarded as integrated Ward-Takahashi identity (a $= b,ma = mb)
ψaψa(x0, t0) = ma

∑

x,t
ψaγ5ψb(x, t)ψbγ5ψa(x0, t0)

Jin and Mawhinney, Nf = 12 σ; Gregory et al., Nf = 2+ 1 η′
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Comparison with two methods
20 configuraions in Nf = 12 QCD with mf = 0.06, 243 × 32, β = 4

Nr dependence of D(t)

Simple method Noise reduction method

0 4 8 12 16 20 24 28 32
t

0

1e-07

2e-07

3e-07

4e-07

Nr=1
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How many Nr is necessary for convergence?
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Comparison with two methods
20 configuraions in Nf = 12 QCD with mf = 0.06, 243 × 32, β = 4

Nr dependence of D(t)

Simple method Noise reduction method
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Reduction method is ∼ 10 times efficient.
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Nf = 12 QCD (Preliminary)

Consistent with conformal phase (LatKMI; PRD86(2012)054506)

Simulation parameters
• β = 4
• Noise reduction method with Nr = 64
• O(103 ∼ 104) configuration at each mf and L, T

L, T mf confs
18,24 0.06 5000

0.08 5000
0.10 5000

24,32 0.05 3600
0.06 14000
0.08 15000
0.10 9000

30,40 0.05 1500
0.06 3800
0.08 10000
0.10 4000
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Effective mass in Nf = 12 (mf = 0.06,243×32 with Nconf = 14000,

Preliminary)

meff(t) = log(CH(t)/CH(t+1)) t.1−−−→ mH
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Effective mass mf=0.06

Nonsinglet scalar
a0: −C+(2t)

Singlet scalar
σ: D+(2t)− C+(2t)

mσ < ma0

X+(2t) = 2X(2t) +X(2t+1)+X(2t− 1)
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Effective mass in Nf = 12 (mf = 0.06,243×32 with Nconf = 14000,
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meff(t) = log(CH(t)/CH(t+1)) t.1−−−→ mH
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Effective mass mf=0.06

Nonsinglet scalar
a0: −C+(2t)

Singlet scalar
σ: D+(2t)− C+(2t)

mσ < ma0

Only D(t)
Consistent mσ

Smaller error

X+(2t) = 2X(2t) +X(2t+1)+X(2t− 1)

Good signal of mσ from D(t)
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Flavor-singlet state from Glueball operator

Flavor-singlet scalar (0++glueball) operator from U

Oi =

Glueball spectroscopy: operators

! eigenstates of the Hamiltonian are classified according to the 
irreducible representations of the cubic group

! suitable gauge-invariant operators must be constructed that 
respect the symmetries

! vacuum contributions must be subtracted in the scalar case

! improved operators are obtained by blocking and smearing 
algorithms

Lucini, Rago, ER JHEP08(2010)

J
H
E
P
0
8
(
2
0
1
0
)
1
1
9

J A1 A2 E T1 T2

0 1 0 0 0 0

1 0 0 0 1 0

2 0 0 1 0 1

3 0 1 0 1 1

4 1 0 1 1 1

Table 1. Subduced representations J ↓ GO of the octahedral group up to J = 4. This table
illustrates the spin content of the irreducible representations of GO in terms of the continuum J .

3 Extracting glueball masses

In this section we present the construction of our operators and we review the general

methodology for extracting glueball masses. While the standard variational procedure and

the construction of operators in irreducible representations of the cubic lattice group is well

known, this is, up to our knowledge, the first systematic attempt of inserting scattering

and torelon operators into the variational set, in order to rule out from the spectrum

contributions of these spurious states.

Symmetries of the lattice spectrum. At finite lattice spacing a the continuum rota-

tion group is not an exact symmetry of the system. The full continuum rotational symmetry

is dynamically restored only when a → 0. On the lattice, eigenstates of the Hamiltonian

have to fall into the irreducible representations of the octahedral point group GO, the sym-

metry group of the cube. The octahedral point group has 5 irreducible representations A1,

A2, E, T1 and T2 respectively with dimensions 1, 1, 2, 3, 3.

Since we are interested in the glueball spectrum of the gauge theory in the continuum,

we need to consider GO as a subgroup of the complete rotation group SO(3): irreducible

representations of SO(3) are decomposed in terms of those of GO. Irreducible representa-

tions of integer spin J in SO(3) restricted to GO are referred to as subduced representations

J ↓ GO. When considered as a representation of GO, the (2J +1) degeneracy of the contin-

uum spin J state is split onto different irreducible representations of GO. A simple example

of this kind of pattern is the spin 2 (tensor) glueball, whose 5 polarisations are seen on

the lattice as different states, 2 in the E and 3 in the T2 representation of GO. Due to

the breaking of continuum rotational symmetry on the lattice, the aforementioned pattern

of degeneracies is exact in the limit a → 0, but it is only approximate at finite a. Com-

paring the measured glueball spectrum with the expected pattern of degeneracy can give

information on the relevance of lattice artifacts.

Near the continuum limit, it is possible to identify the masses of spin J glueballs by

matching the patterns of degeneracies of the subduced representations J ↓ GO from the

degeneracy coefficients. We report these coefficients up to J = 4 in table 1. For any given

operator Ō on the lattice, we define a rotation transformation as Ri(Ō) where the index i

labels all the elements of the group GO.

Since a generic representation of the group will not be irreducible, in order to create

states that transform only in a given symmetry channel, we will need to create an appro-

– 4 –

{A1(1), A2(1), E(2), T1(3), T2(3)}

OG(t) =
1

L3

�

x∈L3

Tr




�

l∈W(x)

Ul



 O
(R)
G (t) =

24�

α=1

a(R)
α Rα [OG(t)]

O
(A1)(t)− �0|O(A1)|0�

Tuesday, 19 March 13

〈0|Oi(t)O
†
j(0)|0〉 − 〈0|Oi|0〉〈0|O

†
j |0〉, i, j = a, b, c

Same difficulty as meson operator → Huge statistical noise

Noise reduction techniques (Lucini, Rago, Rinaldi;JHEP08(2010)119)

• Fatting link
• Large size operator
• Diagonalization of correlation function matrix

Same mσ is obtained from meson and glueball correlators, in principle.

→ Reliability check of result, but never done before
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Comparison of effective mass in Nf = 12
(mf = 0.06, 183 × 24 with Nconf = 5000, 243 × 32 with Nconf = 14000, Preliminary)

meff(t) = log(CH(t)/CH(t+1)) t.1−−−→ mH

Glueball correlator and meson D(t)

Results: comparison with gluonic observables Preliminary

0 2 4 6 8 10 12
t/a
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0.4

0.6
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a
m
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ff

gluonic operators only

fermionic operators only

Scalar spectrum L=18 T=24 β=4 am
f
=0.06

0 2 4 6 8 10 12
t/a

0

0.2

0.4

0.6

0.8

a
m

e
ff

gluonic operators only

fermionic operators only

Scalar spectrum L=24 T=32 β=4 am
f
=0.06

Tuesday, 19 March 13

Larger error in glueball correlator

Reasonably consistent in large t

→ show only meson results
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mf dependence in Nf = 12 (Preliminary)

mσ from effective mass of D(t) at t = 5

0 0.02 0.04 0.06 0.08 0.1
mf

0

0.2

0.4

0.6
L=18
L=24
L=30

m
σ

Clear mf dependence
Large finite volume effect at only mf = 0.06, L = 18
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mf dependence in Nf = 12 (Preliminary)

mσ from effective mass of D(t) at t = 5

0 0.02 0.04 0.06 0.08 0.1
mf

0

0.2

0.4

0.6
L=18
L=24
L=30

m
σ

Flavor-singlet scalar is relatively light?
Lighter than π

Hyperscaling is seen as in mπ?
Not inconsistent with hyperscaling
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mf dependence in Nf = 12 (Preliminary)

mσ from effective mass of D(t) at t = 5

0 0.02 0.04 0.06 0.08 0.1
mf

0

0.2

0.4

0.6
L=18
L=24
L=30
m
π

m
σ

Flavor-singlet scalar is relatively light?
Lighter than π

Hyperscaling is seen as in mπ?

mσ = Cm
1/(1+γ)
f with γ = 0.414 from hyperscaling of mπ
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mf dependence in Nf = 12 (Preliminary)

mσ from effective mass of D(t) at t = 5

0 0.02 0.04 0.06 0.08 0.1
mf

0

0.2

0.4

0.6
L=18
L=24
L=30
m
π

γ=0.414 w/ mf=0.06 L=24

m
σ

Flavor-singlet scalar is relatively light?
Lighter than π

Hyperscaling is seen as in mπ?

mσ = Cm
1/(1+γ)
f with γ = 0.414 from hyperscaling of mπ

25-c



mf dependence in Nf = 12 (Preliminary)

mσ from effective mass of D(t) at t = 5

0 0.2 0.4 0.6
m
π

0.5

0.6

0.7

0.8

0.9

1

1.1

m
σ
/m

π

L=24
L=30

Flavor-singlet scalar is relatively light?
Lighter than π

Hyperscaling is seen as in mπ?
mσ

mπ

mf→0
−−−−→ constant

Not inconsistent with hyperscaling
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Nf = 8 QCD (Preliminary)

Chiral broken phase and might be walking theory
LatKMI; arXiv:1302.6859

Simulation parameters
• β = 3.8
• Noise reduction method with Nr = 64
• Only one parameter

L, T mf confs
24,32 0.06 7600
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Effective mass in Nf = 8 (More preliminary)

meff(t) = log(CH(t)/CH(t+1)) t.1−−−→ mH

0 4 8 12 16
t

0

0.2

0.4

0.6

0.8

1

a0
σ
Only D(t)
m
π

Effective mass mf=0.06

Nonsinglet scalar
a0: −C+(2t)

Singlet scalar
σ: D+(2t)− C+(2t)

mσ∼<mπ < ma0

Fπ ∼ 0.1 at mf = 0.06

X+(2t) = 2X(2t) +X(2t+1)+X(2t− 1)

mσ∼<mπ at mf = 0.06
Important to study mf dependence and if mσ ∼ Fπ in mf → 0
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Summary

Important to study flavor-singlet scalar for walking technicolor model
if mσ ∼ Fπ

Flavor-singlet scalar is difficult due to huge noise in lattice simulation.
Noise reduction method and Huge Nconf

Preliminary results of Nf = 12 QCD (comformal phase)
- Consistent mσ from meson and glueball correlators
- mσ < mπ; much different from small Nf QCD
- Not inconsistent with hyperscaling

More preliminary results of Nf = 8 QCD (might be walking theory)
- mσ∼<mπ at mf = 0.06

Encouraging results
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Discussion

Why flavor-singlet scalar calculation is possible?
- Nice noise reduction methods
- Huge Nconf
- Small mσ → slow exp. dump of correlator
- Small O(a2) error ← improved action, etc.

Future perspectives
- Nf = 8 QCD; Important to check mσ ∼ Fπ in mf → 0
- Decay constant fσ; probably possible at present
- Coupling?, scattering amplitude?; much difficult
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