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Introduction P

¥ ()
. VS,
String theory ’%
v A promising candidate for the unified theory binds fhonuceus forc ingsstoms

of the fundamental interactions ‘%’ (
gauge . R e P ot
interactions gravity

v' Higher-dimensional spacetime
Compactification —— A large population of universes
Multiverse
v Branes

* confine the gauge interactions

e curve the surrounding spacetime

Time-dependent brane solutions in the gravity theory
can lead to expansion of the Universe

After brief reviews of black holes and branes,
we introduce the time-dependent brane solutions.



Charged Black Holes in 4D
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Horizons f (Ri ) =0 R+ =M + \/|\/| M Q2 event horizon
R =M - \/|\/| £ Q2 inner horizon

ds® =—f(R)dt® +

Increasing the mass of a point particle with a fixed charge Q.
M <Q no horizon

M =Q the minimal BH is formed.
Extremal BHs mm) Extension to multi-centered case



> Multi-centered extension Majumdar-Papapetrou
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v Black branes in higher-dimensional gravity

4D O-brane (BH) —> Fﬂv=8[ﬂpy]

Higher-dim p-branes e Fp+2 = dAp+1

Higher-dimensional gravity coupled to a (p+1)-form gauge field
has solutions of charged black objects whose horizons are extended over p-dim space.

Black-branes

p-dim

y

(D-p-1)-dim 5




Time-dependent extension

Analogy between 4D and higher-dimensional gravity.

> 4D gravity
Charged Time-dependent BH
(extremal) BH Kastor-Traschen

Majumdar-Papapetrou

» Higher-dimensional gravity

p-brane solution Time-dependent p-brane

Horowitz-Strominger Gibbons-Lu-Pope



> Time-dependent BH in 4D Kastor & Traschen 93

jd XF{R ST

i
_ cosmological
solution A > 0 constant

ds® = -h%(t, y)dt* + h?(t, y)o,dy'dy’

F, =d(h)adt

A M
hit,y)=%.|—t+b+ ) —L=
( y) 3 Zflly_yfl

y =y, extremal black hole horizon

M — 0  Asymptotically de Sitter spacetime



-2 2
ds® =—[\/§t+b+Mj dt2+(\/§t+b+Mj (dr2+r2d£22)
r r

I > o de Sitter space

-1
ds’ ~—dz° + exp(z\f/;t]&ijdy‘dyj = \E In (\Et + bJ

r- 0 (extremal) charged BH M=Q

2 -2
ds? z—(l—%j dt%(l-%] dR? + R%dQ?

Ri=br+M

Horizon R=M or r=0



. Gibbons, Lu & Pope (05),
> Time-dependent p-branes gietruy Uzawa & Sasaki (09)

We consider the higher-dimensional gravity theory

1 1 1
S=—=_[dPxyg| R(X)=-=(54) O 2

graviton  scalar (p+2)-form field strength

2 _4_2(p+1XD_ p_3)
D-2

Coupling constant is chosen, so thatin D =10,11
the theory becomes supergravity theories in Einstein frame.



. Gibbons, Lu & Pope (05),
> Time-dependent p-branes gietruy Uzawa & Sasaki (09)

We consider the higher-dimensional gravity theory
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the theory becomes supergravity theories in Einstein frame.



Time-dependent p-branes

(oped i 5
ds® =h 55 j(x y)n,,dx“dx” +hP-2(x, y)s, (Y dy'dy’

(p+1)-dim (D-p-1)-dim
. Wworldvolume transverse space
e? —h 2
Fiose) = —ad(h™)adx® A-- A dx?
A,h=0 M y
—— h(x,y)= AX‘+B+) — - ‘KDM W
E Y T Yy

Aﬂ B : integration constants
vy >y, p-branes

v Time-dependence appears as a linear function
i
A X" = At + Ax



Dynamical D3-branes D=10 p=3

Gibbons, Lu and Pope (05)

A, <0 A=B=0 / }

M i)

h(x,y)=4Aft+> —=
¢ ‘y_yz‘ O
10-dim Kasner solution ifall M, =0 A &
Singularity appears at infinity at t=0
h = 0: singularity .
hi=0
i i

Regular region shrinks l

h=0
Separation into domains, @

and each contains a single D3-brane. D
12



Dynamical intersecting branes

1007.1762



> |nterseCting branes Guven (92), Bergshoeff, et.al (97)
1007.1762

p—dim

p, —brane p, —brane

Pr+2 Ps+2



The metric of the intersecting brane systems

(p+1)-dim world volume
A
|

[
ds? =hehZ|(h.h )" q,,, (X Jdx“dx” +hty, (Y, Jdy'dy’
+htw (Y, )avTdv” +u,, (Z )dz2dz” ]




The metric of the intersecting brane systems

(p+1)-dim world volume
A

|

dSZ 7 hra hsl,B (hr hs )_1q,u v(X )dx,udXV + hs_lyij (Yl)dyldyJ Ps -Drane
+htw (Y, )avTdv” +u,, (Z )dz2dz”




The metric of the intersecting brane systems
p, —brane

(p+1)-dim world volume
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The metric of the intersecting brane systems
p, —brane

(p+1)-dim world volume
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ds® =h*h/

Ingeneral, h =h(X,y,z2) h =h.(x,v,2)



The metric of the intersecting brane systems
p, —brane

(p+1)-dim world volume
|

|

(yh,)q,,,(X x| + %y, (1, y'dy! . —brans
+htw,, (Y, )Jdvmdv" +u,, (Z )dz?dz" |

ds® =h*h/

Ingeneral, h =h(x,y,z) h,=h(xV,2)

~—~ Here we focuson Casel hr = hr (X,2) hs = hs (X, 2)
Case Il h. =h(XY) h, =h,(X, z)

Case |l h. =h(X,y) h =h(xV)



Classification of the intersecting branes
Behrndt, Bergshoeff & Janssen (96)

Time-dependent generalization

Case |: Both h. and h, depend on the overall transverse coordinates
Maeda, Ohta & Uzawa (09)

h=h(xz) h=h(z) or h=h(z) h=h(xz2)
(P +1)(p, +1) 1

+—gc.£.C.C =0 Argurio, et. al (97), Ohta (97)

D_2 9 r e e
2o 2p +1(D—p, -3) & = +1: electric

! D-2 g, = —1: magnetic

p+1-

Case Il :h, depends on the overall transverse space z°
h. depends on the relative transverse space yi

h=h(xy) h=hz)
no hr Ve hr (y) hs o hs (X’ Z)



Case Il :
h=h(xy) h=h() o h=h(y) h=h(xv)

Intersecting rule

(pr +1)(p3 +l)_|_15 ECC :—2

D—2 2rsrs

p+1-

Common features for all cases
« Linear dependence h, (X, Z)= A X"+ gr(Z)I At+AX + gr(z)
. gr(z) is by the harmonic functions, Azgr(z): 0

» Transverse spaces are Ricci-flat.
R,(X)=0  Ry(Y,)=
Rinn (Yz): 0 Rab(z):



Partially localized branes

1109. 1415
1207.4334



» Localized branes

v If there is solution such as h, =h,(x,v,z) h =h(xy,z)
each brane is localized in both the relative and overall transverse space.
— Difficult to solve analytically

We could find the partially localized branes.

P, -branes are localized on a single P,-brane

h, =h,(2) h,=h.(x.y.2)

~single brane

v/ Static solutions Youm (97)

v Time-dependence appears as a linear function

—— hxyz)=Ax +0.(y,2)
hs(Z)AYlgr(y’ Z)+AZ gr(y’ Z):O
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g, =—1:magnetic
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Ansatz glis hzgr Cr/thZES Cs /N,

F o =—=—dh(x, y. 2l Q(X)A0(Y,)

pr+2) ~ \/W

2

ps+2) \/I\T

Intersecting rule p+1- (pr +1)( s +1)-|— oy R A
D-2 2

Off-diagonal Einstein equations

R d|ht(x,v, 2)| A Q(X ) A Q(Y,)

J\i*hr_l (E};edihr + J\i,ifa}“ In hs'lf}jhr) = (.

2 4

\v h (dlu C)mh N U“ In hrﬁrjmhﬁ) =0,
2 9

\‘f Dby + 18,80y =0,

1¥p i¥g

d;Inh,d,Inh, =0



Ansatz e¢ e hzgr Cr/thzgs Cs /N

R d[h (x,y,2)|r (X )AQ(Y,)

pr+2) ~ \/W

2

ps+2) \/I\T

Intersecting rule p+1- (pr+1)(ps+l)+ oy R A
D-2 2

Off-diagonal Einstein equations

—f'e (d/)ﬂ/—l——d 1//3*/(} h, ) = (.
2
Th (M —|——c) In h,0,,h. ) — 0,

%h 'd/a%Jr—h %h — 0.

d;Inh,d,,Inh, =0

R d|ht(x,v, 2)| A Q(X ) A Q(Y,)

For ayhs 0 O > hr T hO(X)+h1(y’Z) hs i hs(V,Z)



Ansatz glis hzgr Cr/thZES Cs /N,

F o =—=—dh(x, y. 2l Q(X)A0(Y,)

pr+2) ~ \/W

2

ps+2) \/I\T

Intersecting rule p+1- (pr+1)(ps+1)+ oy R A
D-2 2

Off-diagonal Einstein equations

—h (t?; z—l—id;ya/dh)::.
N
z
\_ '(a~ e
\i- d//+ g dh
; In wh_u

For g h, =0 , = X)+ h1 y,z h, = hS(Z)

R d|ht(x,v, 2)| A Q(X ) A Q(Y,)

4
,\—c); InhOrn, h =

|~...1—|—



R,u.u (X) — 0: Ri‘j(Yl) — 0: Rm-n(YQ) — [}: Rab(z) - [}:

h’i" - h’D(l) + h’l(yr z):

D,D,hy =0, (1 -

hiNe Ay, he + Aghg = 0.

he = hs(v,2), O;h,.0nhs =10,

4 .
) uhoOho =0, RN Ay by + Aghy =0,

28



R,(X)=0, R;(Y))=0, Rpn(Ys)=0, Ru(Z)=0,

hy = ho(2) + ha(4,2), = ho(v,2), Dby =0

Dubifto =0, (1 : Y ) Ouhod,ho =0,  hY™ DNy hi + Azhy =0,

hiNe Ay, he + Aghg = 0.

h, =h,(2)

29



R,(X)=0, R;(Y))=0, Rpn(Ys)=0, Ru(Z)=0,

hy = ho(2) + ha(4,2), s = ho(v.2), Dinlahs =0

linear <———D,D, ho =0, (ﬂf ) &J#huayh@hims v, hi + Azhy =0,
function =1z

Of X h’iﬁwr&"fg h‘s + &Zh-s — 0 J/

N =4 h, =h.(2)

30



R,u.u(x) — 0 Rf-j(Y].) — 0 Rmn(Yi) — U: Rab(z) - U:

hy = ho(@) + h1(y,2), by = hy(v,2), CBhyBnhs =0,

function —r

Of X hiﬁwr&‘fg hf,g + ‘&Zh’S — 0. J/

N =4 h, =h.(2)

r

h-sAYl h-l -+ Azhl — O_, Azhs — ()




R,(X)=0, R;(Y))=0, Rpn(Ys)=0, Ru(Z)=0,

hy = ho(2) + ha(4,2), s = ho(v.2), Dinlahs =0

linear <———D,D, ho =0, (ﬂf ) &J#huayh@hims v, hi + Azhy =0,
function =1z

of X h’iﬁNr/—\'Yz hs + Azhg = 0. J/

N =4 h, =h.(2)

}?-.::AYI hl -+ Azhl — O_. Azhs — ()

We further assume

-

Quv = Nuw »  Yij = %5,  Wmn

Omn s Uap = Ogp, N, =Ny =4,

32



Partially localized brane solutions

MZ

h,(x,y,2)= AX" + B+; i(p Cpigpdi
2 4-d,
-l
M (4_dz)
hs(z): g et o MY l
‘Z 2 ZO‘ Localized brane
For d, #2
M
h(x,y,2)=A X +B+> g L
f y_yg\%wz—zo\szs_m

h(z)=M In|Z - 7]

Cosmological properties are the same as the delocalized cases.



Cosmology



(1) Cosmology from intersection of two branes

. : J 3 T ar"’2 2
1. Higher-dimensional picture ° _ (At) 5 e
T (a, +2)A
—2/(ar+2) ar - 2ar [(ar+2) }
ds? = 1+ (_) hl] [drf + (_) Opo(X)do* do%
T T0

—2/(ar+2) N\ 2br/(ar+2) o

{l + ( ) hl} (—) Yij (Y1)dy'dy’

To
2ar [(ar+2)
()
—2/(ar+2) N\ 2br/(ar+2)
+r’5{1+( ) hl} (—) uab(Z)aw:b] .
70 T0

Expansion law of each space can be obtained on a slice in the other spaces.
= Brane world picture

(Yo)dv™dv"

35



2. Lower-dimensional effective theory

ds* = ds*(M) + ds*(N) .,
(D-d)-dim  d-dim d=d,+d,+d,+d,
KNG Y Sy

compactified
ds*(M) = hPhSds*(M) ,
Einstein frame

—(a, +1)d +dy + ds o —(as + 1)d + dy + d4
D—d—?2 ’ o D—d—2 '

B =

ds*(M) = hE'AY [—dtucﬁp@f@“{’)dap’da@’Jrh,_.,q-w(Y{)dyk’dy“

hawpn (Yo Ydo™ dv™ + hy bty (z’)dzﬂ’dzb’} _,

B'=—-B+4a, C'=-C+ a,

Cosmic expansion law of each space can be read.

36



p=3 : higher-dimensional picture

Branes 2 1]5 7 M A(M) Ag (M) BW

D3 o X AX) =-1/3 AE(X) = lzjgdtd—d_;—dj‘
Da-D7||D7 5 oo o or A(Y) = 1/3 Ae(Y1) = s

v r! y!|y? y? Y & Z AMZ)=1/3 AE(Z) = 12—2;{11_5-.%—@

D3 o X & Ys AX)=0 Ae(X) = lG—'.'!d1d—42d3—d_1
D3-D7||D7 o ofe o AM(Y2)=0 A(Y2) = lG—Zdldj'.?d:;—d-l

N 2 pl |v? vl

D4 o o X & Yo )\(X) = A(Y2) = T_Q? AE{}E} =Ae(Y2) = L3—2df2—+di4—_'2?:is—d4
D4-D6 |[ D6 o ofo or | A(Y1) =AZ) = 5 [Ae(Y1) = A6(2) = mor—t—t—

N 2 yl .yﬂ v ‘1”1 & 7

D4 o o X & Y2 |AX) = A(Y2) = T_gl Ae(X) = Ag(Yz) = L-'j—2dch—+di4—_'.?ldg—d4
D4-D6 || D6 o o o or |AY1)=AZ) =35 [Me(Y1) =As(Z) = lS—Edi:dcéjiésdg -

N 72 Y pl 3 Y & Z

D5 o o X & Y2 | AX) = A(Y2) = = |Ae(X) = Ae(Y2) = it =m0,
D5-D5||D5 o oo or A(Y1) =MZ) =2 | e(Y1) =e(Z) = 14_.3d'31‘_d;_31‘:‘23d3_d4

! r2 yl .y'.? p2 Y, & Z
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p=3 : Lower-dimensional effective theory

Branes | TD |dim(M) M (dy,da,ds, dy) || Ag(M) ]| Case
D3| 7 X&Y &7 (0, 3, 0, 0) 4/9 I
D3-D7(D3| 9 X&Y &7 (1,0,0,0) || 3/10 I1
D7 10—d||X & Yo & Zor X & Z or Y2 & Z| (d1, 0, d3, 0) 0 |I& 11
D4| 8 X&Y &Y &7 (0,2,0,00 || 5/11 I
D4| 9 X & Y1 & Yo &7 (1,0,0,0) || 4/11 I1
D4-D6|(D4| 9 X&Y, &Z (0,0,1,0) || 4/11 I1
D6| 9 X&Y1I &Y &7 (1,0,0,0) || 6/13 |1 & 1I
D6| 9 X&YI &Y &Z (0,0,1,0) || 6/13 ||1 & 1I
D5| 9 X&Y & Yo &7 (0,1,0,0) || 6/13 I
D5-D5(D5| 9 X&EY1 &Y &7 (1,0,0,0) || 5/12 I1
D5| 9 X&EY1 &Y &7 (0,0,1,0) || 5/12 I1
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(2) Cosmology in triple brane intersection systems

1. Higher-dimensional picture

Branes oltf2]3l4]sle]|7|s8]o|lTD|| M A(M) Ar(M)
D3 |o| oo o V[X & WA = -1/3 [Ae(X) = perire—s;
D3-D5-NS5|[ D5 [o| o |o|o|e]e AW) = —1/3Ae(W) = mar S mam—a
Nsslof o [ o S E Y&Z| AY)=1/3 [Ae(Y) = o,
eV ||zt 22 |yt |97 | | w |2 222 AlZ)=1/3 | Ag(Z) = 12—2di_—r{ii;-_—d£zw—dz
D5 |oloe]o]e o V[X & WIAR) = —1/7 [Ae(X) = g S S
D5-D7-NS5|| D7 e o | o |[o|e]|e]e]o AW) = —1/TAe(W) = o am—s,
Nsslolo[e]o|e o Y&Z| AYV)=3/T [Ae(Y) = o
e E e R B A(Z)=3/ AE(Z) = 14-2&?;._:{1‘1-_—(:;“-42
2. Lower-dimensional effective theory
Branes |TD|dim(M) M d Ae( M)
D3-D5-NS5|D3| 7 X&Y&W&Z (dg . dy ., dw,dz) = (0,1,0,2) 4/9
D3| 7 X&Y&W&Z (dg .dy ., dw,dz) = (0,2,0,1) 4/9
D5-D7-NS5|D5| 0 X&EY&EW&Z (dg .dy ., dw,dz) = (0,1,0,0) || 6/13
M2-M2-KK|M2| 6 |[|X&Y & U &V & Z|(dg,dy,du,dyv,dz) =(0,1,2,0,2)|| 3/7
D2-D6-KK |D2| 6 X&Y&VEU (dg . dy,dv,dz) = (0,2,0,2) 3/7
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Summary of cosmic expansion

v All spaces X,Y,Z can provide expanding homogeneous and isotropic 3-
space, after compactification.

v In both pictures, expansion cannot be faster than that in the radiation-
dominated universe.



Summary of cosmic expansion

v All spaces X,Y,Z can provide expanding homogeneous and isotropic 3-
space, after compactification.

v In both pictures, expansion cannot be faster than that in the radiation-
dominated universe.

We need a potential term to get accelerated expansion.



Summary



v'  Charged BH solutions can be extended to p-branes in higher-
dimensional theory coupled to (p+2)-form anti-symmetric form
field strength

v Time-dependence can be introduced
by adding a linear function of time into the harmonic function.

v' For intersecting brane systems,
only the particular can be time-dependent.

v' Time-dependent warp factor gives a cosmic expansion,
which cannot be faster than the radiation universe.



Thank you.



